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Dedicated to my mother 
Helen 
and the memory of my father 
Harvey 


The relation between Hardy and Ramanujan is unparalleled in scientific 
history. Each had enormous respect for the abilities of the other. Mrs. 
Ramanujan told the author in 1984 of her husband’s deep admiration for 
Hardy. Although Ramanujan returned from England with a terminal illness, 
he never regretted accepting Hardy’s invitation to visit Cambridge. 


Photograph reprinted with permission from Collected Papers of С. Н. Hardy, Vol. 1, 
Oxford University Press, Oxford, 1969. 


Preface 


During the years 1903-1914, Ramanujan recorded many of his mathematical 
discoveries in notebooks without providing proofs. Although many of his 
results were already in the literature, more were not. Almost a decade after 
Ramanujan’s death in 1920, G. N. Watson and B. M. Wilson began to edit 
his notebooks, but never completed the task. A photostat edition, with no 
editing, was published by the Tata Institute of Fundamental Research in 
Bombay in 1957. 

This book is the second of four volumes devoted to the editing of Ramanu- 
jan’s notebooks. Part I, published in 1985, contains an account of Chapters 
1-9 in the second notebook as well as a description of Ramanujan’s quarterly 
reports. In this volume, we examine Chapters 10-15 in Ramanujan’s second 
notebook. If a result is known, we provide references in the literature where 
proofs may be found; if a result is not known, we attempt to prove it. Except 
in a few instances when Ramanujan’s intent is not clear, we have been able to 
establish each result in these six chapters. 

Chapters 10—15 are among the most interesting chapters in the notebooks. 
Not only are the results fascinating, but for the most part, Ramanujan’s 
methods remain a mystery. Much work still needs to be done. We hope readers 
will strive to discover Ramanujan’s thoughts and further develop his beautiful 
ideas. 


Urbana, Illinois Bruce C. Berndt 
November 1987 
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Introduction 


We take up something-—we know it is finite; but as soon as we begin to analyze it, it 
leads us beyond our reason, and we never find an end to all its qualities, its possibilities, 
its powers, its relations. It has become infinite. 

Vivekananda 


In a certain sense, mathematics has been advanced most by those who are distinguished 
more for intuition than for rigorous methods of proof. 
Felix Klein 


For now we see through a glass, darkly; but then face to face: now I know in part; but 
then shall I know even as also I am known. 
First Corinthians 13:12 


The quoted passages of Vivekananda, Klein, and St. Paul each point to a 
certain facet of Ramanujan's work. First, on June 1—5, 1987, the centenary of 
Ramanujan's birth was celebrated at the University of Illinois with a series of 
28 expository lectures and several contributed papers that traced Ramanujan's 
influence to many areas of current research; see the conference Proceedings 
edited by Andrews et al. [1]. Thus, Ramanujan's mathematics continues to 
generate a vast amount of research in a variety of areas. Second, in the sequel, 
we shall see many instances where Ramanujan made profound contributions 
but for which he probably did not have rigorous proofs; for example, see Entry 
10 of Chapter 13. Third, although St. Paul's passage is eschatological in nature, 
it points to the great need to learn how Ramanujan reasoned and made his 
discoveries. Perhaps we can prove Ramanujan’s claims, but we may not know 
the well from which they sprung. These three aspects of Ramanujan’s work 
will frequently be made manifest in the pages that follow. 
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In this book, we examine Chapters 10-15 in Ramanujan’s second note- 
book. In many respects, these chapters contain some of Ramanujan's most 
fascinating and enigmatic discoveries. Our goal has been to prove each claim 
made by Ramanujan. With a few possible exceptions where the meaning is 
obscure, we either give a proof or indicate where in the literature proofs can 
be found. We emphasize that many (perhaps most) of our proofs are un- 
doubtedly different from those found by Ramanujan. In particular, we have 
often employed the theory of functions of a complex variable, a subject with 
which Ramanujan had no familiarity. In no way should our proofs, or this 
book, be regarded as definitive. In many instances, more transparent proofs, 
especially those that might give insight into Ramanujan's reasoning, should 
be sought. 

Each of Chapters 10—13 and 15 contains 12 pages, while Chapter 14 
encompasses 14 pages in Ramanujan's second notebook. The number of 
theorems, corollaries, and examples in each chapter is listed in the following 
table. 


Chapter Number of Results 
10 116 
11 103 
12 113 
13 92 
14 87 
15 94 
Total 605 


In the sequel, we have employed Ramanujan's designations of corollary, 
example, and so on, although the appellations may not be optimal. Generally, 
we have adhered to Ramanujan's notation so that the reader following our 
account with a copy of Ramanujan's notebooks at hand will have an easier 
task. At times, for clarity, we have changed notation, especially in Chapter 14 
where we make heavy use of complex function theory. Except for some minor 
alterations, especially in Chapter 15, we have also preserved Ramanujan's 
order of presentation. 

Many of the theorems communicated by Ramanujan in his famous letters 
to G. H. Hardy on January 16, 1913 and February 27, 1913 may be found in 
Chapters 10—15. In the table below, we list these results. 
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Location in Collected Papers 


Location in Notebooks 


p. xxvi, V, (2) 
p. xxvi, V, (3) 

. xxvi, V, (4) 

. xxvi, V, (5) 

. xxvi, V, (6) 

. xxvi, VI, (3) 
. Xxvi, VII, (2) 


 sU DTU 


. xxvi, УП, (3) 


. xxvii, IX, (1) 
. xxviii, (3) 

. xxviii, (10) 
xxix, (14) 
349, V, (7) 
349, V, (8) 

. 350, УТ, (4) 

. 350, VI, (5) 

. 350, IX, (2) 


UO'DUUoUoUUoUvvouuv 


of 3 


p. 352, last paragraph of 3 


p. 353, (16) 


. xxvii, VII, (7) 


. 351, last formula in first letter 
. 352, penultimate paragraph 


Chapter 10, Section 7, Example 15 
Chapter 10, Section 7, Example 14 
Chapter 14, Section 13, Corollary (iii) 
Chapter 14, Entry 25(1) 

Chapter 14, Entry 25(vii) 

Chapter 11, Section 20, Example 2 
Chapter 12, Entry 48, Corollary of Entry 48 
Chapter 13, Entry 6 

Chapter 13, Corollary (ii) of Entry 10 
Chapter 15, Section 2, Example (iv) 
Chapter 12, Section 25, Corollary 1 
Chapter 10, Equation (31.1) 

Chapter 11, Entry 29(1) 

Chapter 12, Entry 27 

Chapter 14, Entry 25(xi) 

Chapter 14, Entry 25(xii) 

Chapter 13, Corollary of Entry 21 
Chapter 13, Example for Corollary of Entry 21 
Chapter 12, Entry 34 

Chapter 10, Entry 29(b) 

Chapter 15, Section 2, Example (її) 


Chapter 15, Section 2, Example (iv) 
Chapter 12, Corollary to Entry 34 


Several of Ramanujan's published papers and problems posed in the Journal 
of the Indian Mathematical Society have their origins in the notebooks. In 
most cases, only a small portion of the published paper is actually found in 
the notebooks. We list below those papers with their geneses in Chapters 


10—15, together with the respective locations in the notebooks. 


Paper Location in Notebooks 

On question 330 of Prof. Sanjana Chapter 10, Section 13 

Modular equations and approximations Chapter 14, Section 8, Example 

tor 
n-oo x 3 
On the product 1+ ({— Chapter 13, Section 27 
3 П | (5 + x) | р 
Some definite integrals Chapter 13, Entries 14, 15, 16(111), 


Corollary of Entry 19, Entry 21, 
Corollary of Entry 21, Entry 22 
Chapter 14, Section 6 
Some definite integrals connected with Chapter 14, Entry 22(ii) 
Gauss’s sums 
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Paper Location in Notebooks 
On certain arithmetical functions Chapter 15, Sections 9, 10, 12, 13, 
and 14 
On certain trigonometrical sums and their Chapter 14, Entry 13 
applications in the theory of numbers 
Asymptotic formulae in combinatory Chapter 15, Section 2, Example (iv) 
analysis (with G. H. Hardy) 
A class of definite integrals Chapter 13, Sections 23-25 
Question 289 Chapter 12, Section 4, Examples 
(1), i) 
Question 294 Chapter 12, Section 48 
Chapter 13, Entry 6 
Question 296 Chapter 13, Section 21, Example 
Question 358 Chapter 14, Corollary of Entry 14 
Question 387 Chapter 14, Section 8, Example 
Question 769 Chapter 13, Entry 11(iii) 


We now provide brief summaries for cach of Chapters 10—15. More de- 
tailed descriptions may be found at the beginning of each chapter. 

Of all the topics examined by Ramanujan in his notebooks, only modular 
equations received more attention than hypergeometric series. Chapter 10 is 
the first of two chapters devoted almost entirely to the latter subject. In 1923, 
Hardy [1], [7, pp. 505—516] published a brief overview of the corresponding 
chapter in the first notebook. Ramanujan rediscovered most of the classical 
formulas in the subject, including those attached to the names of Gauss, 
Kummer, Dougall, Dixon, and Saalschütz. Ramanujan possessed the uncanny 
ability for finding the most important examples of theorems, and Chapter 10 
contains many elegant examples of infinite series summed in closed form. 
Ramanujan was the first to discover identities for certain partial sums of 
hypergeometric series, and these may be found in the latter parts of Chapter 
10. Ramanujan continues his study of hypergeometric series in Chapter 11. 
Two topics dominate the chapter. The first concerns products of hypergeo- 
metric series, and most of these results are original with Ramanujan. Second, 
Ramanujan offers several beautiful asymptotic formulas for hypergeometric 
functions. By far, the most interesting is Corollary 2 in Section 24. Quadratic 
transformations of hypergeometric series are also featured in Chapter 11. 

Chapter 12 is almost entirely devoted to continued fractions and is one 
of the most fascinating chapters in the notebooks. Ramanujan’s published 
papers contain only one continued fraction! However, Ramanujan submitted 
some continued fractions as problems to the Journal of the Indian Mathe- 
matical Society, and his letters to Hardy contain some of his most beautiful 
theorems on continued fractions. Nonetheless, the great majority of the results 
in Chapter 12 are new. Perhaps the most exquisite theorems are the many 
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continued fraction expansions for products and quotients of gamma functions. 
We have no idea how Ramanujan discovered these formulas. Especially awe 
inspiring is Entry 40 involving several parameters. 

Equally astonishing is Chapter 13. In the first 11 sections, one finds se- 
veral beautiful, deep asymptotic expansions for integrals and series. Entries 7 
and 10 are perhaps highlights. Ramanujan left us no clues of how he discov- 
ered these fascinating theorems. Are these results prototypes for further yet un- 
discovered theorems? Although we have given proofs, we do not have a 
firm understanding of how these wonderful theorems fit with the rest of 
mathematics. 

Those readers who are fascinated by elegant series evaluations and identi- 
ties will take great pleasure in reading Chapter 14. Here, one can find several 
series identities that have a symmetry that one often associates with certain 
applications of the Poisson summation formula, which, however, does not 
seem to be applicable in most cases here. Several closed form evaluations 
of series involving hyperbolic functions are given. Some of the results in 
this chapter can be established by employing partial fraction decomposi- 
tions. We have utilized two additional primary tools: contour integration and 
some theorems of the author on transformations of Eisenstein series. Since 
neither of these techniques was in Ramanujan’s arsenal, we do not know how 
Ramanujan discovered most of the results in Chapter 14. 

Chapter 15 is the most unorganized of all the chapters in the second 
notebook. The first seven sections are primarily devoted to interesting asymp- 
totic expansions of several series. Entry 8 offers an elegant transformation 
formula for a modified theta-function. 

In the sequel, equation numbers refer to equations in the same chapter, 
unless another chapter is indicated. Unless otherwise stated, page numbers 
refer to pages in Ramanujan’s second notebook [15] in the pagination of the 
Tata Institute. Part I refers to the author’s account [9] of Chapters 1—9, and 
Part III refers to his account [11] of Chapters 16-21. 

In what follows, the principal value of the logarithm is always denoted by 
Log. The set of all (finite) complex numbers is denoted by €. The residue of a 
function f at an isolated singularity a will be denoted by R(a). (The identity 
of f will always be clear.) 

A small portion of this book has been aided by notes left by G. N. Watson 
and B. M. Wilson in their efforts to edit Ramanujan’s notebooks. We are 
grateful to the Master and Fellows of Trinity College, Cambridge, for pro- 
viding a copy of these notes and for permission to use this material in this 
book. 

We sincerely appreciate the collaboration of Robert L. Lamphere on 
Chapter 12 and Ronald J. Evans on Chapters 13 and 15. Because of their 
efforts, our accounts of these chapters are decidedly better than what we would 
have accomplished without their help. Most of the material in this book 
appeared in previously published versions of these chapters. We are grateful 
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for the cooperation shown by each of the journals publishing our earlier 
accounts. A table below indicates the bibliographic data for the original 
publications. (Portions of Chapter 15 were published in two parts.) 


Chapter Coauthors Publication 

10 J. Indian Math. Soc. 46 (1982), 31-76 

11 Bull. London Math. Soc. 15 (1983), 
273—320 

12 R. L. Lamphere, B. M. Wilson Rocky Mt. J. Math. 15 (1985), 235—310 

13 R. J. Evans Expos. Math. 2 (1984), 289—347 

14 L’Enseign. Math. 26 (1980), 1-65 

15 R. J. Evans J. Reine Angew. Math. 361 (1985), 
118-134 

15 R. J. Evans Acta Arith. 47 (1986), 123-142 


Although only one author is listed on the cover of this book, several 
mathematicians have made valuable contributions. We are very grateful to 
George Andrews, Richard Askey, Henri Cohen, Ronald Evans, Jerry Fields, 
P. Flajolet, M. L. Glasser, Mourad Ismail, Lisa Jacobsen, Robert Lamphere, 
David Masser, F. W. J. Olver, R. Sitaramachandrarao, and Don Zagier for the 
many proofs and suggestions that they have contributed. In particular, Askey, 
Evans, and Jacobsen have each supplied several proofs and offered many 
helpful comments, and we are especially indebted to them. Others, not named, 
have made helpful comments, and we publicly offer them our thanks as well. 

The author bears the responsibility for all errors and would like to be 
notified of such, whether they be minor or serious. 

The manuscript was typed by the three best technical typists in Champaign- 
Urbana—- Melody Armstrong, Hilda Britt, and Dee Wrather. We thank them 
for the superb quality of their typing. 

Lastly, we express our deep gratitude to James Vaughn and the Vaughn 
Foundation for the generous funding that they have given the author during 
summers. This book could not have been completed without the support of 
the Vaughn Foundation. 


СНАРТЕК 10 


Hypergeometric Series, I 


In 1923, Hardy published a paper [1], [7, pp. 505—516] providing an overview 
of the contents of Chapter 12 of the first notebook. This chapter, which 
corresponds to Chapter 10 of the second notebook, is concerned primarily 
with hypergeometric series. It should be emphasized that Hardy gave only a 
brief survey of Chapter 12; this chapter contains many interesting results not 
mentioned by Hardy, and Chapter 10 of the second notebook possesses 
material not found in the first. Quite remarkably, Ramanujan independently 
discovered a great number of the primary classical theorems in the theory of 
hypergeometric series. In particular, he rediscovered well-known theorems of 
Gauss, Kummer, Dougall, Dixon, Saalschiitz, and Thomae, as well as special 
cases of Whipple’s transformation. Unfortunately, Ramanujan left us little 
knowledge as to how he made his beautiful discoveries about hypergeometric 
series. The first notebook contains a few brief sketches of proofs, but the only 
sketch in the second notebook is found after Entry 8, which is Gauss’s 
theorem. We shall present this argument of Ramanujan in the sequel. 

As the reader will see, this chapter contains a wealth of beautiful evaluations 
of hypergeometric functions, usually at the argument +1 or —1. In this 
connection, we mention the recent work of R. Wm. Gosper, I. Gessel, and 
D. Stanton. By employing “splitting functions” and the computer algebra 
system MACSYMA, Gosper discovered many new hypergeometric function 
evaluations. Most of these, in the terminating cases, were ingeniously proved 
by Gessel and Stanton [1]. Two conjectures of Gosper were established by 
Р. W. Karlsson [1]. 

Many elegant and useful binomial coefficient sums can be evaluated, 
usually quite simply, by employing the theorems of Gauss, Dixon, Saalschütz, 
Kummer, and others. See the paper by R. Roy [2] for many illustrations. 
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We now offer several remarks about notation. As usual, we put 


_T@+h) 
(а), = Г(а) / 


where k is any complex number. The generalized hypergeometric series „F, is 
defined by 


01, Xas... Kp ©, (ai (x2) (Ap) x* 
Е, ; Р 0.1 
a | D BiB ЭЛИ: н 


where p and q are nonnegative integers and a, o, ..., а, and f,, f, ..., В, 
are complex numbers. If the number of parameters is "small," we may some- 
times use the notation ,F,(a,, %2,...,%p3 fi, Bz, ..., б; x) in place of the nota- 
tion on the left side of (0.1). In this chapter, we are concerned only with 
the cases when p = q + 1. In these instances, the series defining ,F, con- 
verges when |x| < 1 for all choices of the parameters 0, Bj, 1<i<q+1, 
1 < j <q. However, ,,,F, can be continued analytically into the complex 
plane cut at [1, oo). If x = 1, the series converges for Re(x, ++ а) < 
Re(f, ++ + B,); if x = — 1, there is convergence for Re(a, + +++ + O41) < 
Re(f, + + B,) + 1. In all the theorems and examples that follow, when 
x = +1, we state the conditions for convergence, but without further com- 
ment. Moreover, as is customary, if x = 1, we omit the argument in the 
notation (0.1). It should be remarked that Ramanujan has no notation for 
hypergeometric series. All formulas are stated by writing out the first few terms 
in each series. This practice has one distinct advantage in that the elegance of 
formulas involving series is often more easily discerned. Frequently, a compact 
notation obscures the aesthetic beauty of a series relation. For brevity, we 
usually use a compact notation, but, at times, in particularly elegant instances, 
we follow Ramanujan’s practice. To aid readers examining this chapter in con- 
junction with the second notebook, we have usually adhered to Ramanujan’s 
notations for the parameters. 

For the most part, we refer only to primary sources. For example, we give 
a reference to Dougall’s paper wherein his famous theorem is initially proved, 
but we do not usually offer further references to other proofs, applications, 
and so on. The classical texts of Appell and Kampé de Fériet [1], Klein [1], 
Bailey [4], and Slater [1] contain excellent bibliographies on which it would 
be difficult to elaborate. In the sequel, Bailey’s well-known tract [4] will be 
our basic reference. We also indicate which formulas have been discussed by 
Hardy [1] in his overview. For those readers wishing to learn more about the 
history of hypergeometric functions, we recommend the papers of Askey [1], 
Dutka [3], and Buhler [1]. 

In the sequel, always, Y (z) = I"(z)/I (z). Frequent use is made of the classical 
representation (e.g., see Luke’s text [1, p. 12]) 


2 fl 1 
{(:+1)=—у+ У G ) (0.2) 


£k k+z 
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where y denotes Euler’s constant. We also often employ the simple differentia- 
tion formulas 


Peel! een фы (0.3) 
du é 


=0 


Entry 1. Suppose that at least one of the quantities x, y, z, u, or —x — y —z — 
u — 2n — 1 is a positive integer. Then 

nint 1, —x—y—z-uxctyctzckuc2nl 
Telinxtnt+iytnt+i,ztnt+lut¢ndti,—x—-y—z—u-—n 


Te tnt DT(y n4 DT(G- n4 DE(u n DE(x yz n4 1) 
~ Г(а+)Г(х+у+п+1)Г(у+2+п+1)Г(х-+ки+п+1)Г(ж+и+п+1) 


Г(у+2+и+п+1)Г(х+и+г+п+1)Г(х+у+и+п+ 1) 


Г(х+2+п+1)Г(у+и+п+1)Г(х+у+2+и+п+1) 
(1.1) 


Ramanujan did not indicate that (1.1) holds when —x — y — z — u — 2n — 
1 is a positive integer. 

Entry 1 is originally due to Dougall [1] in 1907, which is probably less 
than three years before Ramanujan discovered the theorem. Hardy [1, Eq. 
(2.1)] has thoroughly discussed Entry 1 and gives Dougall's proof, as does 
Bailey [4, p. 34]. 


Entry 2. If either x, y, or z is a positive integer, then 


F =X, - у, =z 
иу и 


_Г(п+1)Г(х+у+п+1)Г(у+2+п+1)Г(@+х+п-+ 1) 
Г(х++п+1)Г(у+п+1)Г(@+п+1)Г(х+у+2+п+1)` 


Entry 2 is known as Saalschiitz’s theorem [1], [2], although according to 
Jacobi [1], [2] and Askey [1], the result was first established by Pfaff [1] in 
1797. In Hardy’s paper [1], Entry 2 corresponds to Eq. (5.1) there. It should 
be mentioned that Hardy’s formulation is incorrect. For a proof of Entry 2, 
see Bailey’s tract [4, р. 9]. 


Entry 3. If х, у, 2, or —x — у — 2 — 2n is a positive integer, then 


ір + 1,1, =x, —y, —-2,x+y+2+2n 
651 х+п+1,у+п+1,2+п+1,—х—у—2—п+1 
(x + n)(y + п)(2+ п)(х+у+7+п) 
n(x +у+п)(у+ 2+ п)(х+2+ п) 
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Proor. Set u = —1 in Entry 1. o 


Entry 4. If either x, y, z, or -x — y — z — 2n — 1 is a positive integer, then 


= (п + 2k)(—x)(—y)(—z)(* + y+ 2+ 2n + 1), 
i К(п + kK)(x - n4 1), (у+п+1)(2+п+1(—х—у—2—п), 


=ф(х+п+1)+ (уп) + ( +п+1)+ (х+у+2+п+1) 
—wW(n-c-1)— y(xt*ytnl) —(ytztntl)—y(zt-xtn4l) 


Proor. Logarithmically differentiate both sides of (1.1) with respect to u and 
then set u = 0. Using (0.3), we complete the proof after a little simplification. 
L1 


Example (i). If x is a positive integer, then 


| i = ake —1 (© — 1)(х —2)\* (4x — 1)(4х) 
TONS FT) 4х—3 (x + I(x + 2)/ (4x — 3)(4х — 4) 
_ T(x + 1)Г4(3х — 1) 
|». T*Qx)T (4x — 2) 


Pnoor. In Entry 1, put n = 1, replace x by x — 1, andsety-z—-u-x-— 1. 
After some simplification, the desired equality follows. О 
Example (ii). If x is an odd, positive integer, then 


(x —133x—1) 1 (s —1)(х— A (Зх – 1)(3х +1). 
(x + 3x — 3) 2005 + D(x-3/ (3х—3)(3х—5) 


1 3x — 1 х +1 
=3{u( ; )-( ; )-se-vay. 


Proor. In Entry 4, put n = 0, replace x by (х — 1) and set y = z = 4(x — 1). 
The proposed equality now readily follows. o 


Example (iii). If x is a positive integer, then 


x—1\33x-1 (x — 1)(x — 2)\? (3x — 1)(3х) 
1+3( ) 5 +(e) (x — 3)(3x — 4) 


_ х%(3х — 2) 
E CU 


Proor. In Entry 3, set n = 1, replace x by x — 1, and let y = z = x — 1. The 
displayed equality now easily follows. L1 
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Example (iv). If x is a nonnegative integer, then 


xx x xx- рү (х=) T3(2x + 1) 
21) 3xBx — 1) © Гэ(х + 1)Г(3х + 1)’ 


Pnoor. In Entry 2, set п = 0 and x = у = z to achieve the desired result. © 


In the notebooks (р. 118), Ramanujan has mistakenly put Г(3х + 1) in the 
numerator instead of the denominator in Example (iv). 
Example (v). If x is a positive integer, then 
"m х-1 x ge Decor). x(x — 1) 
1!\х+14х—1 2! (x + 1)(x + 2) (4x — 1)(4x — 2) 
2 8Г3(3х + D(x + 1) 
©9Г3(2х + DT(4x + 0) 


Proor. In Entry 2, put n =z = x and y = х — 1. The proposed equality 
readily follows. О 


Entry 5. If Ке(х+у+2 - n + 1) > 0, then 
К їр + 1,0, —x,—y,—z 
5 tlin x+n, y+n+l,z+n+1 


_Г(х+п+1)Г(у+п+1)Г@+п+1)Г(х+у+2+п+1) 


= . (54 
Г(п + 1)Г(х+у+п-+1)Г(у+2+п+1)Г(х+2+п+ 1) p 


Entry 5 is again due to Dougall [1]. Hardy [1] discusses Entry 5 ((3.1) in 
his paper) and gives a proof based on a theorem of Carlson. For another proof, 
see Bailey's monograph [4, p. 27]. It is interesting that a q-analogue of Entry 
5 was established by L. J. Rogers [1] in 1895, twelve years before Dougall’s 
discovery. 

Wilson [1] has shown that Dougall’s theorem is intimately connected with 
the orthogonality of certain orthogonal polynomials. Moreover [1, p. 694], 


ә |T' (a + ix) (b + їх)Г(с + ix)T(d + ix) 
б Г(2їх) 


is a continuous analogue of the sum in Entry 5. The special сазе с = 0, d = 4 
was, in fact, evaluated by Ramanujan [8], [16, p. 57]. For further related 
comments, see Section 22 of Chapter 13. 
04,540 
СИИ 
У: 


For brevity, let 
denote the sum of the first m + 1 terms of p41 F (01, ... +15 Bi, ++ Bps 1). 


2 
dx 
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Entry 6. Ifa +6 +7 + 1 = п, then 
Tin + 2)Г(« + DTE + 1)Г(у + 1) 
I(n — a + 1)r(n— В + 0) Г(и — y +1) 
x п + 3), п+ 1+ 16 +1у+1 
Salnt 1) п-ов 1 пу 1" 
~ 2 ов т — (x + 1) – W(B + 1) – (у - 1) - С, 


as m tends to oo, where C denotes Euler's constant. 


In our originally published account of Chapter 10 (see the reference in the 
Introduction), we gave a proof of Entry 6 supplied to us by J. L. Fields based 
on his paper [1]. R. J. Evans [1] has since found a much simpler proof of a 
slightly stronger result. We reformulate this stronger version of Entry 6 and 
give Evans's proof. 


Entry 6 (Second Version). If a, b, c, and a + b + c are not nonpositive integers, 
then as m tends to oo, 
"| 


Г(а + Б + с)Г(а)Г(Ь)Г (с) Жа+Ь+с+1)а+Ь+с—1,а,Ь,с 
Г( + оГ(а + с)Г(а + Б)? | &а+һЬ+с—1),Р+с,а+с,а+Ь 


= 2 Log m — y — (а) — (b) — v(c) + o(=2"), 


where y denotes Euler’s constant. 


Proor. Recall Whipple’s transformation [1] (Bailey [4, p. 25]), 
e a, 1 + ła, b, c,d, e, ~m 
7 б\а,+а—Ь1+а—с,1+а—4@4,1+а—е,1+а+т 


(Et aula d-9, 1+a—b—c,d,e,—m 
_(1+а—4„(1+а—еы„ы°^ |1 +а-Ь,1+а=-сд+е-а- т) 
(6.1) 


where m is a nonnegative integer. Replacing а, d, and e by a + b + c — 1, а, 
and a +b + c + m + e, respectively, in (6.1), where e > 0, we find that 


atb+c—1,4a+b+c4+1),b,c.aatb+c+m+e,—m 
TS! datbt+e—latcatbb+c—m—sgatb+c+m 


_(а+Ь+с)(—а—т—&)„ Е a4,4,a+b+c+m+e,—m 
i (b + c),( m — ә), iE. a+c,a+b,a+1+e 


Letting є tend to 0, we deduce that 
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"| 
| (a t b + о), (а + Dm aaatb+c+m,—m 
B (b + c), (1), з a+c,a+b,a+1 
Thus, the left side of Entry 6 is equal to 
I (a +b + с)Г(а)Г(Ь)Г(с) (а + b + с),„(а + 1), 
Г(Ь + c)T(a + с)Г(а + b) (b + с),„(1),, 


а,а,а+Ь+с+т,‚—т 
рх í Р 6.2 
zal a+c,a+b,a+1 | (62 


Е Ҳа+Б+е+ 1), а+ьЬ+с – 1, а, Б, с 
54| Hatb+e—latcoatbbte 


We now apply a transformation for 1-balanced terminating „Е, series 
found in Bailey's tract [4, p. 56]. Ifut+vo+w=x+y+z—m+ 1, then 
xyz-m| (v—zy(w-—2z, u -- X, U — Y, Z, —m 
4F3 | | E: accen aa 1 . 


и, V, W (v), (w),, -v+z—-ml—w+z-—m,u 


(6.3) 


Lettingx =at+b+c+my=az=au=at+bv=at+candw=a+l, 
we find that 


a4aqa+b+c+m,—m 
з а+с,а+Ьа+1 
(C)m( Dyn a,b, —c— т 
SA а зЁ) т |. 
(a + с)„(а + 1), a+bl—c-—m 
Using this equality in (6.2), we find that the left side in Entry 6 equals 


Г(а+Ь+с+т)Г(с+ m), 


Г(б+с+т)Г(а+с+т) ™ 69 


where 


. T(ag)T'(b) a,b, —c—m 
EO e| ricca] 
EE Г(а + KE)T(b + (с + m) 
— i&y T (a 4- b 4- OT (1 + Kk) (c - m — k) 


By Stirling’s formula, the coefficient of Rm in (6.4) equals 1 + O(1/m). Ex- 
amining Entry 6, we see that it remains to show that 


R,, = 2 Log m — y — V(a) — (Б) — (c) + о(2=") (6.5) 


Let 
Rm = Um + 1, 
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where 
m V(a+k)l(b+k) 
= г Г(а+Ь + ЮГ(1+®Ю) 


апа 
oe Г(а + K)T(b +k) 
hc E Turor Orar 
From Luke’s book [1, p. 110, Eq. (35)], 
U, = Log m — y — y (a) — v (b) + O(1/m), (6.6) 


as m tends to oo. (A slightly weaker version is given in Entry 15 below. See 
also (24.5) of Chapter 11 for (6.6).) By Stirling’s formula and (0.2), 


m 1 
Vn = oq * 00/9) 


m 1 m 1 
акы of 3 C +i) 
= V(m + c) — wc) + O(1/m) 


= Log m — (с) + O(1/m), (6.7) 
by Stirling's formula for y(z) (Luke [1, p. 33]). Combining (6.6) and (6.7), we 
deduce (6.5) to complete the proof. О 


Corollary. Let 0 < x < 1. Then as x tends to 0, 


2 21111 
VH IE +3 Log 2 


Proor. Letn = х = 8 = у = —iin Entry 6 to obtain the formula 
i 


2 Se f 1 
л Е 


eu 
2-* 4| E dd 


n|- 2 Logm - 344) - > 


as m tends to oo, where on the right side above y now denotes Euler's constant. 
Since (4) = —2 Log 2 — y (see Luke's book [1, p. 13]), we find that 


m|-3Log2— y~ teg 


as m tends to œ. It follows that 


кюе з 1 
T(k+4)(k)* k 


b= 3 Log2 


Hence, 


_ (m2 jrk-$r*ke-5 gay 
be GE ne ner cin) 
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Therefore, as x tends (о 1 —, 


2 51111 
эһ]? Е ‚| ~ —Log(1 — x) + 3 Log 2. 
The corollary now follows. g 


For further expansions of hypergeometric functions in the neighborhoods 
of logarithmic singularities, see Section 15 of this chapter and Sections 24-26 
in Chapter 11. B. C. Carlson [1] has established expansions about logarithmic 
branch points for several classes of related functions. 


Entry 7. If Re(x + y + 3n + 1) > 0, then 


Е п, —X, —y 
О хп+1,у+п+1 


_—Г(к+п+1)Г(у+п+1)Г(@п+ 1)Г(х + у * $n +1) 
_Г(+0Г(х+у+п+1)Г(х+1п+1)Г(у+#п-+1)' 


Proor. Set z = —4n in Entry 5. L1 


Entry 7 is a famous theorem of Dixon [1]. In Hardy's paper [1], see (3.2). 
A terminating version of Dixon's theorem can be used to evaluate Selberg's 
integral in two dimensions (Andrews [3]). The case n — 3 of the Dyson- 
Gunson- Wilson identity can also be established from a terminating case of 
Dixon's theorem (Andrews [1]). Gessel and Stanton [2] have found new short 
proofs of both Saalschütz's theorem (Entry 2) and Dixon's theorem by com- 
puting the constant terms in certain Laurent series in two variables. 


Corollary 1. If Re(x + y +n + 1) > 0, then 
efl 1 (= х),(— у), 
б) 

= у(х+и + 1) + (у+п+1)—ф(п+1)—у(х+у+п-+1). (7.1) 


Proor. Logarithmically differentiate both sides of (5.1) with respect to 2 and 
then set z = 0. With the aid of (0.3), we obtain the identity above after a little 
simplification. ð 


Corollary 2. If Re(x + y + 1) > 0, then 
in + 1, n, П, — X, =y 
Ёл 1 
inx+n+l,y+n+1,1 
Г(х+и + )г(у+п + DE(x + у+ 1) 


Tint DF(x +y -n4 DPF(x + DT(y + 1) 
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Proor. Set z = —nin Entry 5. o 


Corollary 3. If Re(x + y + n) > 0, then 


Р їп +1, = х, —y, 1 (+ n)y + n) 
“Sian х+п+1,у+п+1 п(х+у+п)` 


Pnoor. Put z = —1 in Entry 5. o 
Corollary 4. If Re(x + y + 3(п + 1)) > 0, then 
F. in + 1, n, —X, —y 
311 х+п+1,у+п+1 
_Г(х+п+1)Г(у+п+ DT (n 1))Г(х + y + 3(п + 1)) 
Tint 1)Г(х y * n + DE + $(n + 1))Г(у + (п + 0) 


Proor. Set 2 = —4(n + 1) in Entry 5. О 


Corollary 5. For Ве(2х + 2y + n + 2) > 0, 


inrln-x-y . Гое n DI(y n4 1) 
“Sldnxtntlytntl? Га + 1)Г(х+у+п+1)” 


(72) 


Proor. Corollary 5 follows from Entry 5 by letting 2 tend to со. The details 
are easily justified by using Stirling’s formula. o 


Bailey [4, p. 28] gives a proof of Corollary 5 based on Whipple’s trans- 
formation (6.1). 


Corollary 6. If Re(x + n + 1) > 0, then 


eo 1 1 (—x),(k — 1)! _ S 1 20 1 
б) аа p» 2 


Proor. Differentiate both sides of (7.1) with respect to y and then set у = 0. 
With the use of (0.2) and (0.3), we complete the proof. L1 


On the left side of (7.3), Ramanujan (p. 119) has written k! instead of (k — 1)!. 


Corollary 7. If Re(x — n + 1) > 0, then 


E: -dnnn, uj | Sin(zn)F(x n + DT(x ^ n4 1) 
sF4 


= . (74 
n x+n+1,1,1 nnr? (x + 1) Um 


Proor. Set y = z = —nin Entry 5. О 
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Corollary 8. If Re(x — in + 1) > 0, then 
| n,n,—x | Г(х - n + 1)Г(%п + 1)Г(х— 5и + 1) 
342 


х+п+1,1] P+ Dro + ГО inr tint 1) 


Proor. Put у= —n in Entry 7. О 


Corollary 9. If Re(x — 4n + 2) > 0, then 
.[in*hmnm-x| Г(х+п+1)Г(фп1-+Е3)Г(х—1п+4) 
+ з [п xtnt tb 


— F(n  DF(x + DTG — 20) (х + іп + 3) 
Proor. In Entry 5, set y = —nandz = —4(n + 1). o 


Corollary 10. If Re(2x — n + 2) > 0, then 


Зп +1, n,n, =x. Ae Г(х+п+ 1) 
“Slanxtn+4,1’ 7 F(n4 DF(x +1) 


Proor. Let y = —n in Corollary 5. П 


Corollary 11. If Re x > — 1, then 


n їр, n, —x Го +n + Gn + r(x + 1) 
lint ixtnt li] Г(и + 0Г(х + 0+1) ^ 


Proor. Put у = — 5п іп Entry 7. L1 


Corollary 12. If Re x > —4, then 


Г(х+п+1)Г(2х + 1) 


Е, (п, -x;x+n4+)= : 
ifs cox me D go c ГО 1) 


Ramanujan probably deduced Corollary 12 from Entry 7 by setting 
y = —4(n + 1) and then using Legendre's duplication formula to simplify the 
resulting evaluation. However, in fact, Corollary 12 is a special case of Gauss's 
theorem, which is given by Ramanujan in complete generality in Entry 8 
below. See Bailey's monograph [4, pp. 2, 3] for a proof. 


Corollary 13. If Re x > —1, then 
Г(х + n4 D n- 1) 
Г(х + н + 1)Г(п +1) 


2Е (п, =хх+и+ 1; —1)= 


Corollary 13 is known as Kummer's theorem [1], [2, рр. 75-166] and is 
most commonly proved by using a quadratic transformation also due to 
Kummer. See Bailey's tract [4, pp. 9, 10] for details. Ramanujan evidently 
derived Corollary 13 by letting y tend to oo in Entry 7. 
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Corollary 14. If Re x > —4, then 


Р $n + 1,0, =X; _Г(х+п+1)Г($п +) 
Lan x tant 1? Tin + DP + п +) 


Proor. Put y = —i(n + 1) in Corollary 5. Г] 


Corollary 15. If Ren « 4, then 
и + 1, п, п, п, "| I? (n) ѕіп(лп) tan(zn) 
5Ё, 4 = Е 


їп, 1,1,1 п?Г(2п + 1) 
Proor. Let x = у =z = —n in Entry 5 and use the reflection formula to 
simplify the resulting evaluation. D 


Corollary 15 is Eq. (3.33) in Hardy's paper [1]. 
Corollary 16. If Re n « 1, then 


in 1, п n,n) sin(zmP(n + 3)T(3 — Зи) 
e О mU = Fn) 


їп, 1, 1 


Proor. Put x = у= —n in Corollary 4. Г] 


Corollary 16 is (3.31) in Hardy's paper [1] and can also be found in Bailey's 
text [4, p. 96]. 


Corollary 17. If Ren < 2, then 


Зп + lnn, n. А | sin(zn) 
43| inti ^C mE ` 


Proor. Set x = y = —n in Corollary 5. o 


Corollary 17 is Eq. (3.32) in Hardy’s paper [1] and is recorded by Bailey 
[4. p. 96]. 


Corollary 18. If Re n < 1, then 
| innn | 2 {ап(Флп)Г%(%п + 1) 
32 = 


n+ 1,1 ппГ?(п + 1) 
Рвооғ. Put x = —n in Corollary 11 and use the reflection principle to sim- 
plify the resulting equality. g 


Corollary 19. If Ren < 2, then 


ў іп, їп, п Е nnl?(in + 1) 
2110 + 1,3 +1 | 25іп(іли)Г(и + 1)’ 
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Proor. Put x = —inin Corollary 11. [1 


For the evaluation of certain other classes of ,F, and „Ез series at the 
argument 1, see the papers by Lavoie [1], [2]. 


Corollary 20. If Re(2x + n + 2) > 0, then 


o /1 1 (—DM-x) _ , _ 
(ккк ЗЕК" 1) — Wn + 1). 


Proor. Take the logarithmic derivative of both sides of (7.2) with respect to 
y and then set y = 0. Simplifying with the aid of (0.3), we achieve the desired 
equality. o 


Corollary 21. If Re x > —1, then 

Э Lx 1 (— х), (и), -f 1 1 1 

e \k T nk] GEHE DD Ki = Tu k+x+n kf 
Proof. In Entry 5,setz = —n, logarithmically differentiate both sides of (5.1) 


with respect to y, and then set y — 0. Using (0.2) and (0.3), we deduce the 
desired result. О 


Ramanujan (р. 120) neglected to record the summands — 1/6, 1 < k < oo, 
in Corollary 21. 


Corollary 22. If Re n > 0, then 


*( ME: ) DDR (7.5) 
co\k+1 n+kj(n+ È к (k + и)? ` 

Proor. In (7.3), replace n by n — 1, differentiate both sides with respect to x, 
and then set x = 0. Use (0.3) in completing the proof. Г] 


Corollary 23. If Re n > — 2, then 


er 1 МЕ—1!_ г S 1 
:G ) = + іл P quet 


k=1 n+k/(n+1) i(k +5) 
Proor. In Corollary 6, set x = —4n. After a little simplification, the desired 
result follows. g 


Corollary 24. If Ren < 1, then 


«п — 1Y9 г{1 1 
(нт) ie 
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Proor. Differentiate both sides of (7.4) in Corollary 7 with respect to x 
and then set x = 0. Using (0.2) and (0.3) and simplifying, we complete the 
proof. 0 


Example 1. If Re x > 4, then 


(=x)? P(x DTGx — 1) 
m + х) Г? (2х) 


2f Qk + 1) 


PnRoor. In Entry 5,let n = 1, replace x by x — 1, andsety -z = х —1. П 


Example 1 has been given by both Hardy [1, Eq. (3.45)] and Bailey [4, 
p. 96]. The following example is also recorded by Hardy [1, Eq. (3.43)]. 


Example 2. If Re x > 1, then 


(-x x 


(1+ х)2 2x-1' 


Y (2k + 1) 
к=0 


Proor. In Corollary 2, Іеї п = 1, replace х by х — 1, and set у = х – 1. O 


Example 3. If Re x > 4, then 


x—-IV  f(x—-0D(x-2V 2хГ4(х + HI (4x + 1) 
(2) (oe) агар) 


Pnoor. In Entry 7, put n = 1, replace x by x — 1, and let y = x — 1. After 
using Legendre's duplication formula to simplify, we obtain the proposed 
formula. Г] 


Example 3 is found in Hardy’s paper [1, Eq. (3.49)] and Bailey’s book [4, 
р. 96]. The next example is equality (3.44) in Hardy’s paper [1]. 


Example 4. If Re x > 4, then 


СРР" (=) TP? 4d) 
DEREI жиз TE 


Pnoor. In Corollary 5, let n = 1, replace x by x — 1, and set y= x-1. QO 


Example 5. If Re x > 4, then 


Ce ee 
leo eat = 
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Proor. Put n = 1 and replace x by x — 1 in Corollary 14. Г] 


Example 5 is given by both Hardy [1, Eq. (3.41)] and Bailey [4, р. 96]. 
Example 6 is also given by Hardy [1, Eq. (3.46) ]. 


Example 6. If Re x > 0, then 
x-1 (x-0(x-2),  _2?°*1ГЩх+1) 
xl (х+1)(х+2) © TQx 4 1) 


1+ 


Proor. In Corollary 13, put п = 1, replace x by x — 1, and use Legendre’s 
duplication formula to simplify. П 


Example 7. If Re x > 4, then 


da) „X 
x+1 (х+1)(х+2) 2x — 1° 
Proor. In Corollary 12, set n = 1 and replace x by x — 1. L] 


Examples 7 and 8 are given by Hardy [1, Eqs. (3.47), (3.42)]. See also 
Bailey's tract [4, p. 96] for Example 8. 


Example 8. If Re x > 1, then 


x—1 (x — 1)(x — 2) 
х+1 “(e+ D(x4+2) | 


Pnoor. Put n = 1 and replace x by x — 1 in Corollary 9. Г] 


Example 9. If Re x > 0, then 


S (CD DSL. 27 D 0 1/1 1 
pr (К + Hd + x), rx oe 22. G рг jJ (7.6) 


Proor. Replace x by x — 1 in Kummer's formula, Corollary 13. Then loga- 
rithmically differentiate both sides with respect to n and set n — 0. Using (0.2) 
and (0.3), we find that 


e (7 DK — x) 
k=1 k(x), 


= 2W(x) — 50(1) 


12 [1 1 
-3& xA) e 


Now, 
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2 (D1 — x} 1 (1) 1 x(k — x) 
2 kx x à k(1 xh, 
zy ЫШ E ESTE аы 
Ei kaxka хк (lctxka 
o (—I1)(1—x  22*'P^(x-1) 


= : 7.8 
к= (k + D)(1 + x), хГ(2х + 1) (7:8) 
by Example 6. Combining (7.7) and (7.8), we deduce the desired result. g 


Example 10. If Re x > 0, then 


S (1 — x), = c 1 
2 DEN x * Eu x) 


Pnoor. By Entry 9 below and (0.2), 


© (1 = X) S 90 (=) 
2 (К+1)1+х)у, à k(x), 


zd 4 à y 1 1 
Ох 2x dA x К+2х/” 
and the proof is complete. o 


The next example is in Hardy’s paper [1, Eq. (3.48)] and Bailey’s book 
[4, p. 96]. 
Example 11. Jf Re x > 0, then 


x-1 (х-1х-)  2*"I*&-1) 
23x41) (х + D042.  4xDP?Qx-c1) 


Proor. In Corollary 11, put n = 1 and replace x by x — 1. After using the 
Legendre duplication formula, we easily obtain the proposed equality. (0 


Example 12. If x is a positive integer, then 


S- d- _1&_1_ 11 
ds DL £3, ben id 


Proor. Consider Dixon's formula, Entry 7, and logarithmically differentiate 
both sides with respect to y. Setting y — 0 and using (0.2) and (0.3), we find 
that 
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er 


20 1 
. (79 
С СА cat È org] e 


Next, replace x by x — 1 and differentiate both sides of (7.9) with respect to n. 
Setting n — 0 and i (0.3), we deduce that 


23 Pes Д (s * z De 3! иа 
On the other hand, by Example 10, 
= (1-х), S leak- x 
Кл Kx, 2 k+ xx 
1g (1 — х), о (1 — x), 


x 


х к= (К+ 1)(1+ xy к= (К+ 1? + х), 


{т 2f! І 
ath uix 


gy LU ы. Ж (7.11) 


By combining (7.10) and (7.11) and using the fact that x is a positive integer, 
we complete the proof. g 


Example 13. If Re x > 3, then 


pg = ш. 


al” m0) 7 0E 


Proor. We shall apply Entry 31 below with n = 1, y = —1,2 =u = —3,and 
x replaced by x — 1. Accordingly, we find that 


в. 58330-51, 0] тан рр 
арт" BSEC ma HE 


= ZI а. — zl 
4 


= x(4x — 3). o 


Example 14 
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Proor. Letn = —x = —y =4in Corollary 5 to obtain 
ы І 
Е 92929 ; —1 MR NN 
i | bli | г@г@ 
which is equivalent to the proposed formula. m 


Examples 14 and 15 were communicated by Ramanujan in his first letter 
to Hardy [16, pp. xxvi, xxv, respectively]. Hardy [2], [7, pp. 517, 518] has 
observed the simple proofs that we offer here. Evidently, Example 14 was first 
established in 1859 by Bauer [1]. Examples 14 and 15 may also be found in 
Bailey's tract [4, p. 96] and Hardy's book [9, p. 7]. 


Example 15 
1M 1-5} 2/2 
1+9{—) + 17(-— eise СОИ 
4 4:8 л Г?(3) 
Proor. Set x = y =z = —п = —1 in Entry 5, and the proposed equality 
follows forthwith. O 
Example 16 
ce! 1 Е. 1-3 те п? 
5\2 942-4 7 4743)" 
Proor. In Dixon’s theorem, Entry 7, let x = — 5, у = —4, and n = 5. L1 
Example 17 


PATIO NEN, a 
5312) 9242-4 ~ Wir 


Proor. In Dixon's theorem, Entry 7, put n = 1and x = y = —i. О 
Example 18 
i+(3 a se p Д 
2 2:4 г) 
Proor. Set —x = -y = п = 1 іп Dixon's theorem, Entry 7. П 
Example 19 


1-6) +63) MONET ON 
2 2:4 EUG) 


Proor. In Kummer's theorem, Corollary 13, set n = —x = 3. L1 
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Example 20. If Re n < 3, then 


> (n(nt+1)\? бәш(5лп) ѕіп(ли)Г°(3п + 1) 
i (n) «( 2 ) tU TW 2 cos(nn)T Gn + 1)` 


Pnoor. In Dixon's theorem, Entry 7, set x = y = —n. After several applica- 
tions of the reflection principle and some simplification, we deduce the desired 
formula. Г] 


Example 20 is due to Morley [1] in 1902. See Bailey’s tract [4, р. 13] for 
further references. 
Entry 8. If Re(x + y +n + 1) > 0, then 


T(n + DT(x4 y-n4 1) 
Г(х+п+1)Г(у+п+1)` 


2Е.(-х, —у;п+1)= (8.1) 


As mentioned earlier, Entry 8 is Gauss’s theorem [1]. Following Entry 8, 
Ramanujan indicates, in one sentence, how he deduced Entry 8. This is the 
only clue to the methods used by Ramanujan in his derivations of the several 
theorems in Chapter 10. 

Assume that n and x are integers with n > 0 and n + x > 0. Expanding 
(1 + ut” and (1 + 1/u)* in their formal binomial series and taking their 
product, we find that, if a, is the coefficient of u”, 


V x Г(у+п+1) & (—x)(-yh 
= : 8.2 
= и + b () Г(п + 1)Г(у + 1) 2, (п + 1), (1), Ge) 
On the other hand, expanding (1 + u)**’*" in its binomial series and dividing 
by u*, we find that 


4 Cis _Те+у+ял+1)_ (8.3) 
"A x+n T(x n4 DE(y 1) | 
Comparing (8.2) and (8.3), we deduce (8.1). 
Entry 9. If Re(x — f) > 0, then 
eec t ^ T 
x iL (a) — (ж — p). (9.1) 


Pnoor. In Gauss's theorem, Entry 8, put В = —x and а = n + 1. Take the 
logarithmic derivative of both sides of (8.1) with respect to y and set y = 0. 
Using (0.3), we complete the proof. Г] 


Entry 10. If Re x > —1, then 


2 (~x) —T@r(x + 1) 
à (п + kk! Tà(n+x+1) 


(10.1) 


26 


m 
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PnRoor. In Gauss's theorem, Entry 8, let y = —n. D 


Example 1. If Re n> —1, then 


»(k-D g 
ie k(n + 1), Pars 


Proor. Differentiate both sides of (9.1) with respect to f and set В = 0 and 
a = n + 1. Using (0.3), we complete the proof. oO 


Example 2. If Re n < 1, then 


1 " n E n(n + 1) | . л 
n (n+l! (п 2)21 T sin(mn) 
Proor. Set x = —nin Entry 10. g 


Example 3. If n is arbitrary, then 
а m — V nT(n +1) + 1) 
ntl n+2\2) п+3 15 © Tani ` 


Proor. Let x = —}and replace n by n + 1 in Entry 10. Г] 


Example 4. If Ren > —1, then 


pm) _упГт+1) 
3-1! 5:2! ~ 2Г(п+3) ` 
Pnoor. In Entry 10, replace x by n and n by 1. Г] 


Example 5. If Re x > —1, then 


(-xy _T@rx+) = 1 1 
= (п + КРИ Tant+x+I Gi \Ё+п—1 k+n+xj 


Ms 


Proor. Differentiate both sides of (10.1) with respect to n and use (0.2). П 
Example 6. If n is arbitrary, then 


1 1 (5 1 = a 
(n1  @+27\2/ mtra)? 


eS ( 1 1 ) 


Г(п +3) а \(к+п К+п+ї 


Proor. Let x = —}and replace n by n + 1 in Example 5. o 
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Example 7. If Ren < 1, then 


ne n P hx л v 1 1 
n? (n-1Yl! (n4 2y2! © sin(an) Gi kc n—1 К 


Proor. Let x = —nin Example 5. О 


Entry 11. Let n > 0 and suppose that Re(a — В — 1) > 0. Then 


CES 
E 325 


È «+ -@+1+%}{ 


Proor. Observe that, for each positive integer т, 


< PA ny SEEDA 8+ 10), |" 
PAUL (ele E о sr 


Thus, it suffices to show that 


tim © + De _ 9 


тэо (9), 


Since Re(f + 1) < Re х, the statement above is true by Stirling's formula. O 


Corollary 1. If Re(x — B — 1) > 0, then 


Proor. If n = 1, Entry 11 yields 


(B + D 
—1 
) » JCESUME 
Multiplying both sides by B/(a(x — B — 1)}, we obtain the desired formula. 
Alternatively, in Entry 8, set n i l =a, x = --1, and y = —f, and the 
formula of Corollary 1 readily follows. L1 


Corollary 2. If Re(x — B — 1) > 0, then 


ы (x р 
p сла: Бє: рр 


Proor. Apply Entry 11 with n = 2. Since 
(х + )2 (8+1 + 02 =(@—B— (w+ B+ 2k + 1), 
we find that 
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(3+; _ 
(х + 1)? — 


Multiplying both sides by f?/(a?(x — B — 1)}, we complete the proof. О 


(а-в) Y @+Ё+2Е+1) 
k=0 


An alternate proof can be obtained by letting x = y = —f and n = х + 
B — 1 in Corollary 3 of Section 7. 


Entry 12(a). Suppose that f(x) = Y $, (A,x*/k) in some neighborhood of the 
origin. Define P,, 0 < k < œ, by 


ghe v Rx". (12.1) 
k-0 
Then P, = 1 and, for n > 1, 


nP, — у, АкР„-. 
к=1 


Proor. It is clear that Р, = 1. Differentiating both sides of (12.1) with respect 
to x, we find that 


Equating coefficients of x"~! on both sides, we deduce the required recursion 
formula. m 


Entry 12(b) is an instance of the inclusion-exclusion principle, but 
Ramanujan cleverly deduces Entry 12(b) from Entry 12(a) According to 
Macmahon [1, p. 6], Entry 12(b) is due to Newton. 


Entry 12(b). For positive integers n and r, define 
and 


where ау, âz, ..., а, are arbitrary nonzero complex numbers. Then, if r > 1, 
r£, = У, (D RP- (12.2) 
k=1 
where @ = 1. 


ProoF. In Entry 12(a), let 
Aj-(-1y"S,  jzl 
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Let x = max, <,<,|4,|. Then if |x| < 1/a, 


o Axi n ow (..pyf*t j 
exp (5 Т ) = ехр (È à ( ) | (a,x) ) 


J 
= exp( У Log(1 + a) 
j= 
= П (1 + ax) 
k=1 
= У 2x 
r=0 


Hence, in the notation of Entry 12(a), P, = 2,, and (12.2) follows immediately 
from the conclusion of Entry 12(a). О 


In preparation for Entry 13, we need to make two definitions and prove 
one lemma. For each positive integer r, define 


2 1 1 
а 2 (т Lay (К+п+х+ y) 99 


Let ф(0) = 1, and define ф(п, x, г) = g(r), r > 1, recursively by 
ro(r) = 2 S,o(r — k). (13.2) 
Lemma. If ғ is a positive integer, then 


d r 
1,209 SE Ska P(r — k). (13.3) 


Proor. We proceed by induction on r. If r = 1, equality (13.3) implies that 
d 
—ol)b=—S,=-— 
dn Ф(1) dn 5; S2, 


which is easily verified from the definition (13.1). 
Now assume that 


а. j І T 
qa 907 -XMS4oGQ-9  Isjxr-L (13.4) 
n k=1 
Hence, by (13.2), (13.1), and (13.4), 


d 


ld ‘г 
4, 90 = КШ; Solr — k) 


1 r r г-к 
= -(- b3 kSk+ plr — k) — Y S, Y Sipir —k -)) 
r к=1 kK=1 — j=l 


30 10. Hypergeometric Series, I 


1/2 T. n , 
-(E к8, +1 P(r — k) + Y Si Y Ser —k— Л) 
T \к=1 j^1 k=1 


1 r r 
-(> kSk+1 (r — k) + 2 Sia(r — jor — i) 


-Xs +1 g(r — 


which completes the proof. [1 


Entry 13. If Re x > —1 andr is any positive integer, then 


(C)  _T@re+) 


Boer "E “Fax (13.5) 


Proor. Now by Example 5 in Section 10, 


(-x | I(mrx- ) _ TEx + 1) 
(п + kek! Г +х+1)! txt) 


Ф(1). 


IMs 


Thus, (13.5) is valid for r = 1. | 

Proceeding by induction, we assume that (13.5) holds for any fixed positive 
integer г and show that (13.5) is true with r replaced by r + 1. Differentiating 
both sides of (13.5) with respect to n and using the foregoing lemma, we find 
that 


"ee nl UE 


ааа ) — yin * x + 1)}ф(@) + 200) 


Г(п+х +1 
_ Г(п)Г(х + 1) r 
- LERET - у Seol — v) 


" Г(и)Г(х+ 1) g 
= Tnx +10) 2 Sa, 0(r — k) 


А _TMre + 1) 
© Г(п +х+ ТЫ ы ш. 


from which (13.5), with r replaced by r + 1, follows. o 


Corollary 1. Let S,(n, x) and ọ(n, x, r) be defined by (13.1) and (13.2), respec- 
tively. If n = 4 and x = —i, then S, = 2 Log 2, S, = (27 — 2)f(r), r = 2, and 


iyi he x 
talat) тео ped. 99 
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Proor. The proposed formulas for $,, r > 1, are easily determined from (13.1) 


after brief calculations. Setting n = 1 and x = —1 in Entry 13 yields 
1 " 1 1 ЕА 1 1:3 " (r) 
RI 
dy" gy" dr" \2-4 "E 
from which (13.6) trivially follows. o 


In the notebooks (р. 124), Ramanujan redefines S, for Corollary 1. We 
emphasize that his formulation of Corollary 1 is correct, however. Likewise, in 
Corollary 2, Ramanujan has redefined S, in the notebooks. In fact, Ramanujan 
has proved Corollary 1 in his second published paper [1], [16, pp. 15-17] by 
another method. Entry 13 and Example 1 below are also given in [1]. 


Corollary 2. Let S, and ф(т) be defined by (13.1) and (13.2), respectively, with 
п = 1 and x = —i. Then S, = 2 — 2 Log 2, S, = (2 — 2")C(r) + 2’, r > 2, and 


1 [1 1 (1-3 
|t 2 Tu 2.4 + = 2фір), rei. 


Proor. Letn = 1 and x = —1in Entry 13. The proof is completely analogous 
to that of Corollary 1. o 
Example 1 


FORTES л л? 
ишш pap. 
*s(5)*s(23)* 4 08 n baa 


Pnoor. Letting S denote the infinite series above, we find from Corollary 1 
and (13.2) that 


S = $00) = i (5,001) + S200) 


л 
= + S2} 


л n? 
=— 44 Log? 2 + -—>. 

= ш | Ы 
Example 2 


3 


0 0L 0 = —" Log? E 
t 1 шл cto — 
| со og(sin ) 40 4 og 2 48 


Proor. Letting u = sin 0 and integrating by parts, we first find that 


п/2 1 1 L 2 
| 0 cot 0 Log(sin 0) 40 = 4l GERE Y dii (13.7) 
0 2 Јо dde 
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Next, for each nonnegative integer k, an elementary calculation shows that 


LFS 1 
= Log? u du = А 13.8 
TP атат use) 
Lastly, recall that 
1: 
п муа 1+ + late, jul < 1. (13.9) 


Now substitute (13.9) into (13.7) and integrate termwise with the help of 
(13.8) to obtain 


di Iia 1/13 
-f 9 cot Login 8)48 = 1 + SO) es (12) 


Using Example 1, we complete the proof. g 


In preparation for Entry 14, define 


тет P X TES T. 


and 
1 
S97 È ue 


k=0 


where m and n are positive integers with m > 2. 


Entry 14, Let n be an integer with n > 2. Then 


2 k 1 n-2 
Cae te каныш) 


12 $ S 1 A 1 1 ) 
mi OCG + х) kj К+х/ 
Proor. Consider the prea from Nielsen’s book [1, p. 48] 
1 =| M 1 " 1 
(К + xy'(k — j) — (К+ х) (}+х'! (F+ х) (К jy 


Summing on j, 0 < j x k — 1, we find that 


1 k 1 n—1 1 k-1 1 k-1 1 
» 


((+ху лу Akty À TES MM À G+- j) 


Next, sum on k, 1 < k < œ, to obtain 


10. Hypergeometric Series, I 33 


20 1 kd. 
F ees n-r,r — C, 1X 
2 ауу PE -Fc rti at ) 
o k-1 1 1 1 
+ , 14.1 
iho) Ce 
Observe that 
Sm (X) Sp (x)= Sntn(X) + Ca n(X) + C, m(), mn = 2. 


Thus, (14.1) may be written in the form 


50 1 k 1 n-2 
2 —(n—2)8$,4.€60 – У $4,098, ,(x 
à (К + xy" À j ( )8,+1(х) p a), (x) 
25 Y E 10) 
S NT 
ii (k + x)" fo j +x 1 
o k-1 1 i 1 1 
+2 | | ) 
à еше К—] К+х 
This completes the proof. t 


Ramanujan's formulation of Entry 14 (p. 124) is somewhat imprecise. For 
several other results of this type, see Chapter 9 and the relevant references 
mentioned in Part I [9]. 

Entry 15. If « and f are arbitrary complex numbers, then 
Y CRT EIL 1) 
ko Г@+[6+К+2)К! 


аз n tends to oo. 


~ Log n — yl + 1) — (B + 1) — y, 


Pnoor. From a theorem in Luke's book [1, p. 110, Eq. (35)], 


(aT (b) ^3 (ab), 
Г(а + b) к< (a + b),k! 


as n tends to oo. Putting a =a + 1 and b = В + 1, we deduce Entry 15. П 


~ Log n — (a) — v(b) — у, 


Corollary. Let 0 « x « 1. Then as x tends to 0, 

nF, (4, 1; 1; 1 — x) ~ Log x + 4 Log 2. 
Pnoor. From a general theorem in Luke's text [1, p. 87, Eq. (11)], 
I (a + b) 
I (a)T' (b) 


as x tends to 0, 0 < x < 1. The corollary now follows by putting a = b = 4 
and using the fact that v(3) = —y — 2 Log 2 (Luke [1, p. 13]). Г] 


Fia b;a +b;1— х) ~ (Log x + (а) + W(b) + 2y, (15.1) 
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It follows from Entry 15 that 
1Г(@@+К+1)Г(В+К+1) 
o Г@+В+К+2)К! 
as n tends to oo. This weaker result is due to Hill [1], [2]. See also Copson's 
book [2, p. 266]. According to Copson [2, p. 267], Gauss showed that 
ип 256 ba + b; x) Га + b) 
x»i- Log(l/(1—»)) Г(а)Г(Ь)” 


which is a consequence of (15.1). See also Whittaker and Watson's text [1, 
p. 299]. 


~ Log n, 


Entry 16. If Ao, А,,..., A, are any complex numbers and 


then 


A proof of this well-known inversion formula can be found in Riordan's 
book [1, pp. 43, 44]. 


Entry 17. Suppose that 


e (nA. 
f(x) = flr, х) = 2 та (17.1) 
is analytic for |x| > R. For |х| > sup(R, |А), write 
Јо) = Ў (28, (17.2) 


k=0 k!(x + hy tk 
Then 


k {k 
=} Api( | к> 0. 
j70 J 
Pnoor. For |x] > А, |h|, 


(т), В, 
f(x) = р 5 kix"**(1 + һ/х y+ 


жг —r—k\(h\i 
АМСУ oe 


Now equate coefficients of x "^" in (17.1) and (17.3) to deduce that 
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On A, & hB —k\ „к 
= "WU "ТЕ, n > 0. 


After a straightforward calculation, the foregoing equality yields, for h # 0, 


Ay = Bi cw. п> 0. 


Applying the inversion formula of Entry 16 and simplifying, we conclude that 


Bh" = Y A,h* (8), n > 0, 
к=0 k 
which implies the desired conclusion. m 


Entry 18(i). Suppose that (17.1) holds. Assume also that 


(-1* (-D' (4A, 
& kY(x = Кх 1y** 


| 


(18.1) 


for |x| > sup(R, 1). Furthermore, assume that Y'-o (A,x"/k!) is analytic for 
|x| < R*. Then for |x| < R*, 
© A(—x* & A,x* 
e* = | 18.2 
à k! > К! umo) 


k=0 


.Ркооғ. Apply Entry 17 with h = —1. Comparing (17.2) and (18.1), we find 
that 


k [К 
A, = У А w( J к> 0. (18.3) 
ј=0 Ј 
On the other hand, for |х| < R*, by the Cauchy multiplication of power series, 
А(—х1 2 Qx 
e* 2 = , 18.4 
jo of! à k! Hos 
where 
k (fk 
Сре cia , k20. (18.5) 
2% j 
By (18.3) and (18.5), A, = С, k > 0. Thus, (18.4) becomes the equality that we 
sought to prove. О 


In Entry 18(ii), о claims that if (17.1) and (18.1) hold, then 


= E afen- d 
Б к= p(x) 


is always an even function of x. This is clearly false. For example, letting 
ф(х) = x and r = 1 provides a counterexample. 


aas 
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Entry 18(iii). Suppose that (17.1) and (18.1) hold. Then, if n is an even integer, 


nj2 


Aa -Yl.0*-0BASe 522 (18.6) 
ki \2k 
where В, denotes the jth Bernoulli number. 


Proor. From the generating function (Abramowitz and Stegun [1, p. 804]), 


оо В п 
== Y "X 3 |x| < 2л, 
e~—1 „=æ n! 


we find that, for |x| « m, 


B,(1— d (87 


We now use the representation for e* ie by (18.2) on the left side of 
(18.7). After some manipulation and simplification, we deduce that, for |x| < 
min(z, R*), 


e+t е] е?х — 


А, к е В,(1— ae Азух?) 


^ DEN 


If we equate coefficients of x", with n even, on both sides above, we readily 
deduce (18.6). О 


Entry 19. Suppose that |x|, |x — 1| > 1. Then 
x” ,Е (к, т; п; 1/х) = (x — 1)" Fi, n т;п; — (х — 1). 


This transformation is well known (Bailey [4, p. 10]) and is generally 
attributed to Gauss or Kummer. However, Askey [1] has indicated that it 
was originally discovered by Pfaff [1]. We shall give what was evidently 
Ramanujan's argument. 


Proof. Apply Entry 17 with A, = (m),/(n), and h = 1. We then see that it 
suffices to show that 


(n — m), k (m); 'k 
= Уу (—1)/ (5) к> 0. 19.1) 
(и), рУ (и); J ( 

But this is simply Vandermonde’s theorem (Bailey [4, p. 3}), which is a special 

case of Gauss’s theorem, Entry 8. Г] 
Entry 20. Let 

œ ©(1 
(x) = Y ? ^ m = 1) (20.1) 


be analytic for |х — 1| < R, where R > 1. Suppose that т and n are complex 
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parameters such that the order : summation in 


а (my & фе) 107—7), 
pr Gu p 


r! 
may be inverted. Then 
e (m,o9(0 2 (— Dn — m,o^(1) 
= 20.2 
2 (n),k! “> (и), К! (20.2) 


Proor. Using (20.1) to calculate ф®(0), 0 < k < oo, and inverting the order 
of summation by hypothesis, we find that 

e (mo?(0 L (m, 8 Ф®(1)(—1(—гу, 

Dc MT LI 


k=0 (n), К! к=о ( n),k! r=k r! 


sy Сй y шыс 


r=0 ko  (nyk! 


V E -m, 
E 2, r!(n), | 


by Vandermonde’s theorem (19.1). ð 


Note that if ф(х) = (x — 1Y, where r is a nonnegative integer, then (20.2) 
yields 


ye т),(— Р), „azm, 


к=0 {nh k! (n), 


Hence, in this case, (20.2) reduces to Vandermonde’s theorem. 


Entry 21. For any complex numbers m, n, and x, 


ox ў Da met m (mr 


K=0 (и), к! So (nr! 


РЕООЕ. Now, 
(— {и — т), х“ 


x оо m),x* 00 х1 © 
е = 
2 (и), К! p j! D (n), К! 


The coefficient of x" on the right side is 


x (— 1 (n a m), ER (m), 
= (mkMr — К)! (и! 


by Vandermonde’s theorem (19.1). This completes the proof. П 


Entry 21 is due to Kummer [1]. An alternate proof сап be obtained from 
Entry 19 by replacing x by r/x and letting r tend to oc. 
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Entry 22. Suppose that |х|, |x + 1| > 1. Then 
(x + 1) Fi (r, m; 2m; 1/(х + 1) = x7 Fy (r, m; 2m; —1/x). 
Proor. Set n = 2m and replace x by x + 1 in Entry 19. 0 


Entry 23. Let т and x be any complex numbers. Then 


e Се e (т), х" 


ко (2т), К! T E 0т), т 


Proor. Set n = 2m in Entry 21. o 


Corollary 1. If x is any complex number, then 


ки к aa е i 
Я 2/1! \2:4/2! = 2 2.4/2! 


Proor. Let m = 4 in Entry 23. 0 


Corollary 2. If |х| < 1 and Re x <4, then 
2, (+ 5 i) = 1 - x ,F $; 1; x). 


Proor. In Entry 22, let r = m = 3 and replace x by — 1/х. g 


The function F, ($, 3; 1; x) is a constant multiple of the complete elliptic 
integral of the first kind and is central to the theory of elliptic functions. See 
Part III of our account [11] of Ramanujan’s notebooks. 

T. Matala-Aho and K. Väänänen [1] have studied the arithmetic properties 
of ;F;(i, 4; 1; 0) when 6 is algebraic. 


Entry 24. Геі |х|, іх — 1| > Land suppose that m is arbitrary and that Re n > 0. 
Then 

» (m), zd (—1)*(n + 1 т), 
i£ (n + kK)k!Ix"** — 56 (n + k)kt(x — 1) 


Pnoor. In Entry 19, replace n by n + 1 and set r = n + 1 to obtain 
e (n _ y (-1'(n + 1 — m, 


= Гра = e k(x = {ret 


Integrate both sides over [x, 00) to achieve the desired result. o 


Entry 25. Let |х|, |x — 1| > 1 and suppose that n is arbitrary. Then 


E (—1)* 
Pre 


ON к= (n + k)(x — 1)" 
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Pnoor. Put r = т = 1 and replace n by n + 1 in Entry 19, and multiply both 
sides by 1/n. [ 


Entry 26. If |x| < 1 and a, f, and y are arbitrary, then 
(1 — х)" Р, (о, Bs y; х) = (1 х) Fil - y — В; у; х). 
Entry 26 is elementary and well known; see Bailey's tract [4, p. 2]. 


Entry 27. If Re(n + 1) > —Re(x + y), — Re(p + q), then 


Г(х +у+п+1) E- —р,—4,х+у+п+1 
Г(х+п+1)Г(у+п+1)Ў ? х+п+1,у+п+1 


Г(р+а+п+1) F =x, —y,p+q+n+1 
Г(р+п+1)Г(а+п+1)” 7] p+n++l,q+n+!1 


Entry 27 is a famous theorem of Thomae [1] and can be derived from Entry 
26. Hardy [1, p. 499], [7, p. 512] has extensively discussed Entry 27 and has 
given references to other proofs. In Bailey’s book [4, p. 14], Entry 27 is 
equivalent to formula (1). 


Entry 28. If Re(n + 1) > —Re(x + у), —Re(p — 1), then 


—х,—у,р+п (p + п)Г(п)Г(х+у-+п+ 1) 
э) np+n+1 | Г(х+п+1)Г(у+п+1) 


—p,1,x + +1 
ide p,l,x+yt+n | 
x+n+1,y+n+1 


Proor. Setq = —1 in Entry 27. O 


Entry 29(a). If Ren > —1, then 


44 n+1]| 441) —п, 1,1 
F 2* 2? = турй a 45 J 
el | m qs 


Proor. In Entry 28, put x = y = — 1, п = l, and p =a. Г] 


Entry 29(b). If n is a nonnegative integer, then 


l pg[ bnt! ZI Dos Bs 
n+1°> 7} 1,п+2 Г?(п + 3) к= (k! 


(29.1) 


This extremely interesting result was communicated in Ramanujan’s [16, 
p. 351] first letter to Hardy and was first established in print by Watson [4] 
in 1929. A flurry of papers was written on this formula and certain generaliza- 
tions in the years 1929—1931. References may be found in Bailey's book [4, 
pp. 92-95]. Related results are given in Entry 32 and Section 35 below. A 
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more recent proof of (29.1) has been given by Dutka [1]. Further identities 
for partial sums of hypergeometric series have been established by Lamm and 
Szabo [1], [2] in their work on Coulomb approximations. The finite sum on 
the right side of (29.1) arises in the theory of functions of one complex variable 
and is called Landau’s constant. For details of this connection, see Watson’s 


paper [5]. 


Entry 29(c). If n is any complex number, then 


ЗЕ, bhnti| 2 F a int 
п+2 | 2* 7] 3n42 [| 


PROOF. In Entry 27, let p = —n—1,q = ~4,x = —n — 3, and y = —4, and 
replace n by n +3. 0 
Entry 29(d). If Ren > —3, then 

в") [varant p [bbn 

uis ia T(n +3) зга L3 | 
Proor. In Entry 27, put p = – 1, д = —1, х = п, у = —4, and n = 1. О 


Corollary 1. If С denotes Catalan’s constant, that is, 


= y AE (29.2) 
к (2k + 1)?’ 
then 
ZG, 3,35 1,2) = С (29.3) 


Proor. Putting n = —4in Entry 29(а), we find that 
3 3Е,(3, 5, 25 1,2) = EL 1;3, 3). 
On the other hand, from Example (i) in Section 32 of Chapter 9 (see Part I [9]), 
32,05, 1, 1; 3, 3) = 2G. 


Combining these two equalities, we deduce (29.3). o 


Corollary 2. As n tends to со, 


n 4F,(5, 3, n; l, n + 1) ~ Logn +4Log2 +y. 


Watson [5] has established an asymptotic formula for the finite sum on 
the right side of (29.1) as n tends to œ. Thus, Corollary 2 follows from Entry 
29(b), Watson’s theorem, and Stirling’s formula. We shall not relate апу more 
details, because Entry 35(i) below gives a very closely related, fuller asymptotic 
expansion. R. J. Evans [1, Theorem 21] has generalized Corollary 2 by 
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showing that 
PO в] кур intere mm + 0( 28), 


Г(а+ b)? [а+ р, с+1 


as real с tends to оо. 


Entry 30. If Ren > —Re x, — Re y, then 
—х,1,у+п yn —ylx-4n 
зЁ = 3E . 
п,у+п+1 x+n nx+n+1 


Proor. Let y = —1 and p = y in Entry 28. o 


Entry 31. If Re(x + y +n + 1) > 0 and Ке(2х + 2y + 2z + 2u + n + 4) > 
0, then 


Я in +1, п, —x, — y, —2, ~u TD 
6 5 |а, х-+-+п+1,у+п+1,2+п+1,и+п+1”? 


Г(х+п+1)Г(у+п+1) F —х,—у,2+и+п+1 
© Г(п+1)Г(х+у+п+1)°?] 2+п+1,и+п+1 


Entry 31 is an immediate consequence of Whipple’s transformation (6.1). 
See Bailey’s tract [4, p. 28] for details. 

It is interesting to note that although Ramanujan did not discover Whipple’s 
transformation, he did find this important special case approximately 20 years 
before Whipple’s proof [1] in 1926. An enlightening discussion of Whipple’s 
theorem can be found in Askey’s paper [3]. 


Suppose that we set —n = x = y = z = u = —iin Entry 31. Then 
гүз (13 1-3-5} 
1—5[— 9 13 
G) i: (zi) GE) а 
1 [+52 
= Е =: = 31.1 
ra^ ri г“@ 3 


by Example 18 іп Section 7. This result may be found іп Ramanujan’s [16, 
p. xxviii] first letter to Hardy as well as in Hardy’s book [9, p. 7, Eq. (1.4)]. 
Equality (31.1) was established by Watson [6], who gave the same proof that 
we have given. Another proof was given by Hardy [2], [7, pp. 517, 518]. 


Entry 32. If x + y + z = 0 and x is a positive integer, then 
n =x, —y | Fn + Dr + 1) & (mk + 2), 
зЁ = > * 


i 32.1 
п+ 1,2 Гп+х+1) éo (2k! с 


Proor. Consider the following result 
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(32.2) 


"1 (а), (Б), _Г(а+п)Г( + n) Ба 
Hk! Tor(a-brm??| fatben | 


due to Bailey [2], [4, р. 93]. Set a = n b = у + 2, f = z, and n= х + 1 in 
(32.2) and use the fact that x + y + z = 0 to complete the proof. О 


In fact, Entry 29(b) is not а special case of Entry 32. However, (32.2) does 
generalize Entry 29(b). The hypothesis x + y + z = 0 is not mentioned by 
Ramanujan. If x + y + z z 0, (32.1) is false in general. For example, if x = 2 
and y = z = —4, then (32.1) is erroneous, as сап be seen by a comparison with 
the correct formula (32.2) with the proper parameters. For Entry 33 below, 
Ramanujan does provide the hypothesis x + y + z = 0. 


Entry 33. If x + y -z = бапа x + y + n is a positive integer, then 


p| TS | T(n* DT(x cy cn 1) 0" (х), (у), 
2) n+i,z | Г(х+п+1)Г(у+п+1) i£ (ШК! 7 


Proor. In (32.2), set a = —x, b = —y, and f = 2, and replace n by x + y + 
n+. О 


Entry 34. If х апа у are arbitrary, then 


Va T x + by +9) 
Г@х + Brdy +) 


oF (x, yide + y+ 34) = 


Entry 34 is due to Gauss [1]. In Bailey’s text [4, p. 11], Entry 34 is Eq. (2). 
The following result is due to Kummer [1] and can be found in Bailey’s 
monograph [4, p. 11, Eq. (3)]. 


Corollary. If x and п are arbitrary, then 


_ nat "PT (n + 4) 
Tfn — x + 2) ín + x + 2) 


1 iLi linl 1.1 
2Ё\(б— 2x, 2 + 2X5 3n +32) 


We refrain from explicitly stating Examples 1 and 2 which are merely the 
special cases x = 0 and x = 4, respectively, of the previous corollary. 
In Entry 35(i), Ramanujan defines 
vt @: 
n= Y —— 
97 2 gy 
and then states an asymptotic formula for ф({п + 1}/4) as n tends to oo. More 
properly, ф(п) should be defined by (29.1). Thus, for all complex n, define 


_ YT'(nt Ln 
p(n) = rra + 1??? А з Ji (35.1) 
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Entry 35(i) is thus an extension of Corollary 2 in Section 29. Watson [5] 
and Dutka [1] have each derived asymptotic expansions for o(n). How- 
ever, the expansions of Watson, Dutka, and Ramanujan are all of different 
forms. We shall employ Dutka's asymptotic series to establish Ramanujan's 
formulation. 


Entry 35(i). Let ф(п) be defined by (35.1). Then as n tends to oo, 
nali n+1 3 99 999 
(22) - (E) ter mma xn + 


Proor. According to Dutka [1], as n tends to oo, 


*1 n3 
о) 4 ) #4 Log 2 +7~ Up 


where 


END, (03) 1-3 
"7 20/213) (24) 20/2 + 32 + 2) 
1:3-5 1:3-5 
t (28) зав roez opr 0099 


From Legendre’s duplication formula, it is easy to show that 


п+ 1 nal n+3 
(7) (85) (3) nn: 


Thus, as n tends to oo, 


vo( 23) - (E23) зову) «(C 


— Log 2 — U,. 
Using Stirling's formula for Log w(x) (Luke [1, p. 33]), 


1 © 
W(x) ~ Log x m Y 


where x tends to oo and B,, 0 x n « со, denotes the nth Bernoulli number, 
we find that, as n tends to oo, 


ntl nai 1 
о) 2 )+3Log2+ 745 
© B,42?*(2?* — 1) 
+ УУ =, Us 
à (2k)(n + 1)* à 
Recalling that U, is defined by (35.2), we now express the terms of 1/(n + 1) — 
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U, in terms of quotients of gamma functions. Thus, as n tends to oo, 
n+1 п+1 
(=) ~u/ 5 )+зтов2+› 


© Bj4,27*(2?* — 1) 2k | 2k(2k + 1) 
E (2k)n?* | ^n i 2n? 


жок + DOK +2) | 2kQk + ÜQk + 20k 3) _ 
6n? 24n* 


n+3 n+3 
T| —— Г 
T(4n +4 12:32 ( 4 ) 12-32. 5? ( 4 E 
2Г($п + ijr: 24212 (+ + 3 29313 (" + 3 
Г F 
4 
n+3 Г + 
12.32.52.72 1 4 12.32.52.72.92 4 
28414 г(" + 5j 210515 г(" + 2) 
4 4 


3 
2.32. 52.72.02 ; (5 
1*:3^-5*-7^-9*.11 


212616 r^ + 2 


з 
чө 


(35.3) 


For each quotient of gamma functions displayed above, we use a general 
asymptotic formula for Г(х + а)/Г(х + b) due to Tricomi and Erdélyi [1] and 
reproduced in Luke’s book [1, p. 33]. Omitting the numerical calculations, 
we find that, as n tends to со, 


162 
2 
2 a 4,13 49 2n „ов P i5 


n m y? 


n n n 


2 
(52) 
24 10 79 580 4141 
fi- B E | eoo 7L  Q55 


) 
26 fi 21 i 310 arte + O(n-7), (35.6) 


n n n 
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г(" + 3 
CONF. 36 850 " 
в кор A 84h нов ) (35.7) 
4 
n+3 
re) „ 
E г! : “| + O(n”), (35.8) 
Г n+ 23 n п 
4 
апа 
п+ 3 
1 ) 212 
| = + O(n”). (35.9) 


Substituting (35.4)-(35.9) into (35.3), we now calculate the coefficients of n *, 


2 < к <6. After some lengthy calculations, we find that all the coefficients 
agree with what Ramanujan has claimed in Entry 35(i). go 


Entry 35(ii). Let ф(п) be defined by (35.1). Then for each nonnegative integer n, 
(k)? 


2) 
(3 


2 


E 


+ 2G, (35.10) 


where G is defined by (29.2). 


Entry 35(iii). Let p(n) be defined by (35.1). Then for each nonnegative 
integer n, 


2ф(п + i) 214 —4 (D (35.11) 
n ( 
Entry 35(iv). If @(n) is defined by (35.1), then 
8 
00) = 26 and q()-3. 


We shall first prove Entry 35(iv) and then prove Entries 35(ii) and 35(iii) 
by induction. 


Proor or ENTRY 35(iv). By (35.1) and Corollary 1 in Section 29, 
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By (35.1) and Dixon’s theorem, Entry 7, with n = 4, x = —4,and y = —1, 


we find that 
I?(i) 
T()r(3) 


o4) = зР,($, }, E 1, à) = 72. LJ 


PROOF OF ENTRY 35(ii) We proceed by induction on n. For n = 0, formula 
(35.10) is valid by Entry 35(iv). Assume now that (35.10) holds for any fixed 
nonnegative integer n. Thus, it remains to prove (35.10) with n replaced by 
n 4 1. 

We first establish the recursion formula 
I?(n + 4) 
nr? + 1)’ 


where n is any complex number, or, by (35.1), 
1 Г\? 1 13% 1 
2 1)? 5% 
Ы Cu es) oss ) 


1 1\ 1 1-3\? 4 4 
= 4n? wee =. 13 
Ы CO 4+) + i nS 


In the course of proving Entry 29(b), Darling [1, p. 9, line 1] proved precisely 
the formula (35.13). 
Hence, by (35.12) and (35.10), 


л? л? лГ?(п + 1) 
“т +)=-уФ(п +) + 


p(n + 1) = ф(п) + (35.12) 


which completes the proof. L1 


PROOF or ENTRY 35(iii. We induct on n. If n = 0, then (35.11) holds by Entry 
35(iv). Assume now that (35.11) holds for any fixed nonnegative integer n, and 
so it suffices to prove (35.11) with n replaced by n + 1. 

By (35.12) and (35.11), 
2I? (n + 3) 
nT?(n + 2) 
16r*(4) "1 (2 | 2D (9 

п olk POG 


2ф(п + 2) = 2ф(п +1) + 


=1+ 
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and the desired result follows. H 


In the first notebook (p. 239), Entry 35(iv) is listed before (35.10) and (35.11). 
Furthermore, prior to the latter two formulas, Ramanujan states the recursion 
formula (35.12). Thus, it seems clear that Ramanujan also used induction to 
establish (35.10) and (35.11). 

At the beginning of Darling's paper [1], in conjunction with Entry 29(b), 
he remarks, “His (Watson’s) own proof is by transformation of series, and it 
seems probable that Ramanujan obtained the theorem in a similar manner; 
but the following two proofs by induction, which will perhaps appeal more 
to the average analyst, may be of interest." It appears that Darling's specula- 
tion is incorrect, and that he, in fact, had likely found Ramanujan's proof. 

Dutka [1] has found a different proof of Entry 35(ii). 


СНАРТЕК 11 


Hypergeometric Series, II 


Much of Chapter 11 is contained in Chapters 13 and 15 of the first notebook, 
while some formulas from Chapter 11 may be found scattered among the 
“working pages” of the first notebook. 

In Chapter 11, Ramanujan gives many results on quadratic transforma- 
tions of hypergeometric series. Several of these results can be traced back to 
Kummer [1], [2]. Ramanujan also offers many theorems on products of 
hypergeometric series. Although some of these results were established in the 
19th century, most are originally due to Ramanujan. Entry 34(iii) is a parti- 
cularly elegant formula which combines a product formula and a quadratic 
transformation. Much of Bailey's work in the 1930s on products of hyper- 
geometric series was motivated by Ramanujan's discoveries. 

Corollary 2 in Section 24 offers a certain asymptotic formula for zero- 
balanced ,F, series. Such formulas in the literature have previously been 
established only for zero-balanced „F, series. It is interesting that this elegant 
formula had been overlooked for 60 years after Ramanujan's death. We 
provide here an elegant proof of this asymptotic formula by R. J. Evans and 
D. Stanton [1]. However, their proof depends on knowing the formula in 
advance. It would be interesting to have a more direct proof that might shed 
some light on Ramanujan's approach. 

There are two additional formulas in Chapter 11 which are amazing indeed. 
The first is Entry 22, which involves a remarkable recursively defined sequence 
A, and which leads to two intriguing binomial coefficient identities (22.22) and 
(22.23). The second is Entry 31(ii), which we were only able to prove by using 
the theory of second-order inhomogeneous linear differential equations and 
equating coefficients in 15 power series. Unfortunately, we have no idea how 
Ramanujan discovered these two extraordinary formulas (as well as most of 
the results in this chapter). Our proofs of these two theorems are certainly 
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not those found by Ramanujan; he must have derived these formulas more 
naturally. Although differential equations have traditionally played a strong 
role in the theory of hypergeometric series, there is no evidence that Ramanu- 
jan significantly utilized this connection. The hypergeometric differential 
equation does appear in somewhat disguised form in Entry 31(1). The formulas 
in Sections 30 and 31 of Chapter 11 are the only ones in Chapters 10 and 11 
with links to differential equations. 

A few formulas in Chapter 11 are apparently without meaning. Entry 24 
is such an example; we have not been able to find any functions for which the 
proposed formula is valid. 

We use the notation that was set forth in the introduction to Chapter 10. 
In that chapter, we considered the case p = q + 1. Since in this chapter, we 
establish theorems for p # q + 1, we offer further remarks about convergence. 
If p <q + 1, then „F, converges for all finite values of x; if p > q + 1, then „F, 
converges for only x = 0 unless the series terminates. For most of the theorems 
and examples in the sequel, we shall not state the region of validity because 
it can readily be ascertained from the general remarks we have made about 
convergence. 

In the sequel, we shall frequently appeal to the treatises of Erdélyi [1] and 
Bailey [4]. 


Entry 1. Let ọ be any function. Then, provided the series converges, 


1 hort E 
i-o (2m), k! p(x) 


is an even function of x. 


Proor. Consider the quadratic transformation found in Erdélyi’s work [1, 
p. 112, formula (26)] and due to Kummer [1, p. 78], [2, p. 114], 


2 
›Ёу(т, m; 2m; z) = (1 — 2)? ,F, (47, m — iri m + 4; . 
4(z — 1) 


Setting z = 1 — ф(— х)/ф(х), we find after some simplification that 


oF, ( m; 2m; 1 — с) 


1 
g'(x) ф(х) 


1 (e) – mU 
= F,(4r,m —4r;m +4; А 
(eG)e(—x)y? ? ( й ^"  4e(x)e(—x) 
which clearly is an even function of x. L1 
Entry 2 


‚Р, Ё т; 2m; — )-а + xy ;F Gr, Hr + 1); 2(2т + 1); х2). 


2 
1+ х 


50 11. Hypergeometric Series, II 


Entry 2 is a well-known quadratic transformation (see Erdélyi's book [1, 
p. 111, Eq. (4)]) that is due to Kummer [1, p. 78], [2, p. 114]. 


Entry 3 


4x 
Ff є т; 2т; TESTO т x) =(1+ x)” ,F(r,r—m+ł4;m + 5; х2). 


Entry 3 is precisely Eq. (5) of Erdélyi's treatise [1, p. 111] and is due to 
Gauss [1]. This formula is also mentioned by Hardy [1, p. 502], [7, p. 515]. 


Entry 4 
iy 4x r 1 1 
oF, | 2, ж + 1); 32m + 1); (lax =(1 + xf Fir, 7 — m+ 3m + 25 х). 
Proor. In Entry 2, replace x by 2\/х ДІ + x) to find that 
4x 
D (+ 3(r + 1); 3Qm + 1); ((+ veu] 


(4+ xy A x 55) 
= oF, { Р, 2 
КТЕ (mam s 


= (x + 1) Ел m + 4; m + 3; х), 
by Entry 3. О 


Entry 5 


4 
2Ё\ (r 2 1; (1 T e) = (1 + xy" JF, г; 1; х?). 


Pnoor. Put m = 1 in Entry 3. 0 
Entry 6 
1n36 + Us ye) = (1 ху ов о 
25.5 '(d + x)? 22195 5 
Proor. Put m = 1 in Entry 4. [1 
Entry 7 
F, (m; 2m; 2x) = e* yF (m + 4; x?/4). (7.1) 


Entry 7 is due to Kummer [1, p. 140], [2, р. 134] and was recorded by 
Hardy [1, p. 502], [7, p. 515]. Entry 7 follows from Entry 2 by replacing x by 
x/r there and then letting r tend to оо. 
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Corollary. ,F,(4; 1; x) = е2 „Е, (1; (х/4)?). 
Proor. In Entry 7, put т = 4 and replace х by х/2. o 


Entry 8. Let ф(х) be analytic for |x — 1| < R, where R > 1. Suppose that m 
and ф are such that the order of summation in 


Y 2*(m), Or 1)"(—n), 


к= (2m),K! n п! 


iM 


may be inverted. Then 
g PO g 29) 
& (т! 27*(m + 3)kV 


PRoor. Since o is analytic for |x — 1| < R, R > 1, we readily find that 


5E е0 AG п), 


Ф900) = , k20. 


Hence, inverting the order of summation, by hypothesis, we find that 


2 q9(0)2(m) = žm = PA- 1)"(— п), 
2, (т! — p 5 (2m), К! 2, п! 


(8.1) 


а асе ly & 2*(m),(—n), 
=. à) От ` 


Now multiply both sides of (7.1) by e~* and then equate coefficients of x", 
n > 0, on both sides to obtain the evaluation 


1 
—]y 2 2k Брус, dfniseven, 
СУ OMT _ Tn + Bun) (82) 
к=0 (2m), К! х р 
0, if n is odd. 
If we substitute (8.2) into (8.1), we complete the proof. Г] 


Entry 9. If nis an integer, then 


27 1T(n +4 4 1 
оР.(п + 4; Gx?) = 2) fe 2Fo |% 1—0; x) 


ga 


1 
+ сов(лл)е * „Fo (» 1—n; -x) 
2x 


Observe that 
oF,(n + 4; (4x?) = T'(n + 3) (2/х)"— 17 1, (x), (9.1) 


where I, is the Bessel function of imaginary argument usually so denoted (see 
Watson's treatise [9, p. 77]). Thus, Entry 9 is a well-known result in the theory 


of Bessel functions (ibid. [9, p. 80, formulas (10), (11)]). 
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Corollary. As x tends to оо, 
e* m 1? n 12.32 К, 
/2лх 2^Qx) 2422x)? 2831(2х)3 


oF (1; Gx) ~ + =). (9.2) 


Proor. Undoubtedly, Ramanujan formally deduced this formula from Entry 
9 by setting n = 4 there. 
However, by (9.1), which holds for any complex number n, 


oF (1; ($x)?) = I(x). 


Remembering that x is positive, we observe that (9.2) is precisely the asymp- 
totic expansion of I(x) given by Watson [9, p. 203]. Li 


It is possible that Ramanujan did not restrict n to be an integer in Entry 
9. In such a case, the right side of Entry 9 is an asymptotic expansion for the 
left side as |x| tends to oo when |агр x| < 3x (Watson [9, p. 203]), provided 
that соѕ(пл) is replaced by exp(inz). 


Entry 10. If n is an integer, then 


; 2) 2°Г(п + 3) e (—1)*(n)a,(1 — п)» 
oFi (n t 1: (4x) ) xS nx" fosta 2. (2)1(2х)2* 
det 2 (— Dial — maa 
sib (an » (2k + DIQxylet | 


Pnoor. Replace x by ix in Entry 9 and equate real parts on both sides. After 
some simplification, we achieve the desired equality. o 


Corollary. Suppose that n is an integer. Let хо be a root of 
oFi(n + 5; x?) = 0 
Let u be an odd integer chosen so that |xo — їп(и + n)| is minimal. Then if xo 
is “large,” 
п(и+ п) n(1—n)  n(1—n)(7n(1 — п) — 6} 


x (104 
fm) Pot 3n (a + п)? Е (OD 


Proor. By Entry 10, we want to approximate large roots of 


e (—1Y(n),(1— п)» 
cos(4nn з х) à ( rm ВЕ 


e (— 1) (и) .1(1 — maa = 
unm (2k + 1t Qx)?1 - 0. (10.2) 


— sin(ànz — 


We shall use a method of successive approximations. 
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From (10.2), it is clear that we should take as a first approximation 
= (и +n) 


For our second approximation, consider іл(и + п) + y, where, by (10.2), у 
should satisfy the equation 


E п) _ 
соѕ(1ил — fin(u + п) + ) = sin inn — 4n( + п) + 
After a short calculation, we find that 
М п(1— n) 
апу=—————. 
У a(n +n) 


Hence, as our second approximation, we shall take 


cy cad — n) 
83 л(и + n) 


For our third approximation, consider 


л(и+п) nil —n) 
2 л(и +n) 


> 


where, by (10.2), z is to satisfy the equation 


cud (сл i {i ae n 
n л(и+ n) Z 2n? (u + п)? 


п(1—п) п(1 -- n) 
+ез{# =" +) ue = z) 
TETEN T mot ny 
піп + 1) + 20 — no — n8 – п) б 


6x? (u + п)? 
Hence, 


n(1— n) zs n(1 — n) 2n(1 — n) 
m Er n" ) B Em + н (н пи + 7) 
о > 
6r? (u + п)? | 2л (и + п)? 


п(1—п) n(1— n) (n + 1)(n + 2)(2 — n)(3 — n) 
x + 
n(u-c n) (u + п)? 6 


n muon (103) 


| 2п(1—п)— 


Now, 
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an (20 — n) ic JE п(1—п) "e n(1-— nf 
z(u + n) 


Thus, from (10.3) and (10.4), 


n( + n) : 31? (u + nf 


л°(и + np 6 


п(п + 1)(1—п)(2—п) пї(1— п)? 
+ 2 TT 


_ n(l—n) 7 2 
i sar” E x | 


" n(1— n) fma ЖҮ, (n + 1)(n + 2)2 — n)(3 — n) 


(10.4) 


Hence, our third-order approximation is precisely that claimed by Ramanujan 


in (10.1). 
Entry 11. If 
p= шы, йи = 5 — r cos(x — 6) 
and 
[mta = y + Log x — r sin(x — 0), 


where y denotes Euler’s constant, then 


e (— IFK)! 
r cos 0 ~ dà x XM 
© k+1 
pai Жш 
and 
Y [s Е 1)! 


as x tends to oo. 


Pnoor. By (11.1), 


| ыйын 


= 5 — r cos x cos 0 — r sin x sin 6 


By successively integrating by parts, we easily find that 


Li 


(11.1) 


(11.2) 


(11.3) 


(11.4) 


(11.5) 


(11.6) 
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|: P d ~ cos x x! куры, inx YO К 


СО? 


as x tends to oo. Thus, (11.3) and (11.4) follow from (11.6) and (11.7). 
We next show that (11.2) is consistent with (11.3) and (11.4). From (11.2) 
and the tables of Gradshteyn and Ryzhik [1, p. 928], 


*1—cosu © cos u 
[St away + toes + | du 
0 и х 


и 


= y + Log x — r sin x cos д + r cos x sin 0. (11.8) 


On the other hand, by successively integrating by parts, 


© о (—1Y(2k)! e (—1)F1(2k — 1)! 
ТШШ Т = ees жж Н 
x. "i ко х кӣ х 


(11.9) 


as x tends to oo. Using (11.8) and (11.9), we again deduce (11.3) and (11.4). 
From (11.3) and (11.4), 


Тб р EU b pu my 


x 


—2n 
‚п 


as x tends to со. The coefficient of x > 1, above is equal to 


ely А (20) (2п — 2 — 29! + (— 1)" p» (2k — 1)!(2n — 2k — 1)! 


r$ — D" kt(Qn — 2 — Ю)!. (11.10) 


Comparing (11.5) and (11.10) and replacing n by n — 1, we see that it suffices 
to show that 


2n N'ES 


(—1)¥k1(2n — k}! = 
à ) ) n+1 


Let S, denote the left side of (11.11). Using (32.2) in Chapter 10 with n 
replaced by 2n + 1, a = b = 1, and f = —2n — e, where ё > 0, we find that 


‚ n20. (11.11) 


_ л (1 
кы m 


su a 00, 
тош жле: 


n+) |. 1,1, –е 
= (2л)! УЕ 
Qn) Fn + DT Qn ЕЗ) on? E — e, 2n + ‚ү 


I?(n + 2) ( +1йп = (1)(— ek у 


~ T(2n + 3) i20 kit (—2п е), (28 + 3), 
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= oe Їйї (Dossi6— 2n 2 (2n + 2),(2n + 1 — x) 
2n + 2 +0 (—2N — 8)zn+1 (27 + 35,4 K=0 — (1— e (An + 4), 


| (n+ 10) | 4 Qn 001 + 2) p[*b2424 
|^ 2n42 (4n+3) 7? 4n+4 ^ 


(2n + 1)! ( (2n + D'(2n 4-2) Г(4п+4)Г() ) 


2n «2 (п + 3! ln 4 3T Qn + 2) 
Qni 0 uy On Di 
^ 2n42 nl 


where we have employed Gauss's theorem, which is Entry 8 of Chapter 10. 
This completes the proof of (11.11). [Г] 


For results similar to Entry 11, see the author’s [9] account of Chapter 4 
of Ramanujan’s second notebook. 


Example 1. (2? соѕ(л sin? 6) 40 = 0. 


Proor. Letting 
sin? 0 = 1(1 — cos 20) (11.12) 
and replacing 0 by л/2 — 0, we find that 


л/2 л/2 
| cos(x sin? 0) 40 | sin(4z cos 26) 40 


0 


sin(x cos 20) 40, 


Il 
| 
o a 


from which the desired result follows. g 
Example 2. (2? cos(2z sin? 0) 40 = — ($? cos(x sin 0) dé. 


Proor. As above, the proof is quite elementary. First, use the identity (11.12) 
and then replace 20 by л/2 — 0. After simplifying, we obtain the desired 


equality. [Г] 
л/2 2 n/2 

Example 3. | cos (F sin? a) 40 =% | cos (5 sin ) dð. 
0 3 0 3 

Proor. The steps are exactly the same as in the previous proof. [1 


Entry 12. If x + y +2 =4, then 
2F\(—x, — y; 25 р) = F (2x, —2y; 2; 3(1 — y1 — р)). 
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With obvious changes in the parameters, Entry 12 is the same as equality 
(10) of Erdélyi's book [1, p. 111]. A formula equivalent to Entry 12 was given 
by Hardy [1, p. 502], [7, p. 515] in his overview. Entry 12 is due to Gauss [1]. 


Corollary 
Pin (12+ п)(5?+п) ,.(1?-n(5* + п)(92 +n) , 
UR qne dU. pp cci P^v hup T 
ju E En ( Lo Vio x), 0 + m(t- 1-xY 
a 22 2 22.4? 2 
Te 


Proor. In Entry 12, set x 2(—1 + i /nyA, у=(—1— i /ny4, z — ], and 
р = xX. 0 


Ехатріе 1 


x lfl ys ж С. 

1+52+ У mU =)(1 5) ( RU jap 
© 1 1 1 1 1—/1— 
Ecos) н) 2 х). 


Proor. In the corollary above set n = 3. For k > 2, we are led to examine 


(12 + 3)(52 + 3)(92 + 3): (4k — 3)? + 3) 
41.82. (4k — 4 (4k? 


(12 + 3)(52 + 3)(9? + 3): (4k — 3)? + 3) 
22.43... Qk — 2)200)24* 


(22+2+ 1) (42+4+1) (Qk—2P + Qk —2) 1) 1 


2 4 (Qk — 2)? (2k)? 
24Q0k-210? 4241309 4441) — 
21-3-0268 — 3) 2? 43 
(2k — 3)((2k — 2)? + (20 2) +1) 1 
^ бк 2)? (20)? 


muU 1 1 P 1 e" 
= (i zJe 5) ( amu (12.1) 


where in the middle expression above we used the equality 4((2n)? + 2n + 1) = 
(4n + 1)? + 3. 
We are also led to examine, for k > 1, 
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(12 + 3)(32 + 3) (Qk — 1)? + 3) 


22:4? --- (2k)? 
(22-2 +1) (k? —k + 1) 
т, 12.22... k2 
20? -14+ 1327-241) (&k+Dk-k+1) 1 
Е 1? 23 k? k+1 


1 1 1 1 
(15) ) (+). (12.2) 


where in the second expression above we used the equality 4(n? — п + 1) = 
Qn — 1)? + 3. 

Using (12.1) and (12.2) in the previous corollary, we obtain the desired 
result. m 


Example 2. If х + В = 1, then 


id —xYy 
( 2 3 aF Gla + у), 3B + уру + 5 x) 


2 
= F(a, B; y + i — V 1-— x). 


Example 2 is well-known (e.g., see Erdélyi's compendium [1, p. 112, formula 

(22)]). 
Entry 13. If «a+ B + y = 0, then 
2Fi(—a, — By + 2; x) = ,Fí( 729, – 28, у; у + 4, 27; x). 

Entry 13 is a famous result of Clausen [1]. Other results on products of 
hypergeometric series are given in the sequel. See also Bailey’s tract [4, 
Chapter 10]. Entry 13 was mentioned by Hardy [1, p. 503], [7, p. 516]. 
Corollary 1 


12 + 12 + п)(52 + А 
[ T ut 25 л) з ge 

ELE 137+ 9, 
2 2? 2:4 22.42 Í 


=1+ 


Ркооє. Puta =(—1 + i /n)/4, В = (—1 —i,/n)/4, and y = 4 in Entry 13. 
o 


Corollary 2. If J, denotes the ordinary Bessel function of order 0, then for all x, 


JG /x) = 1Р8; 1, 1; x). 
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Proor. In Watson's text [9, formula (6), p. 147], set v = Oandz = i./x to find 
that 


а 
Je ( (ix) = L ENF 


Since (2k)!/(k!2?*) = (4),, the desired result follows. LJ 


According to Watson [9, p. 145], Corollary 2 is originally due to Schlafli 
[1]. 


Entry 14. If «x + B + 1 = y + 6, then 


Fi, В; у; (1 — V1 — x)) Fila, В; 6; 301 — ү/1 — x) 
Е В 
4^3 у, $, a+ В , . 
This equality can be found in Bailey's monograph [4, p. 88, formula (3) J, 


where x = 4z(1 — 2). The first published proof of Entry 14 is due to Bailey [3] 
in 1935. 


Entry 15. For any x, 


(у ++ К 1),x* 
(у), (д), К 


oF (05%) об) У 


A short calculation shows that 


(27 + SO + 5 — 1)),2°* 
(7+9 1), 


Thus, Entry 15 сап be written іп terms of hypergeometric series, 


=(y+d+k—1). 


oF (Y; x) oF, (8; х) = 2F3(3y + ô), 3 + ô — 1): y, ô, y + б — 1; 4x). 


In fact, Entry 15 gives a formula for J, ОКБ (Qi /x), where J, 
denotes the ordinary Bessel function of order v. This result is due to Schlafli 
[1] and thus represents a generalization of Corollary 2 in the previous section. 
Entry 15 is also given by Watson [9, p. 147, formula (5)], Hardy [1, p. 503], 
[7, p. 516], and Erdélyi [1, p. 185, formula (2)]. Bailey [1] has also established 
Entry 15 as well as generalizations. 


Entry 16. If x is arbitrary, then 
отъ 1,n + 1; x) Рт + 1,n + 1; —x) 


—1)\(m + n+ 2k + 1),x?* 
i (n + 1), (m + Do, + Iak! 


(16.1) 
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A brief calculation shows that 
(m +n+ 1) GQ n 2)),(G(m +n + 3)),3* 
G(m- n 1)), т +n + 2)), (т + 1) (т + 2), (и + 1), (и + 2),29* 
_(mtnt 2k +1), 


(т + Ialn + lox 


Thus, Entry 16 may be written in the form 
of, (m + 1,n + 1; x) gF(m + 1,n + 1; —x) 
| т+п+ 1), (m n4 2), (m+n + 3) 
3*8] 1 
x 


02 
m-4-n-4- 1,3(m-- n4-2,m4 Ln 4- 1,1(m - 1)10(т+ 2), и + 1,1(n 2)’ 64X | 


The first published proof of Entry 16 is evidently due to Hardy [1, р. 503], 
[7, p. 516] who stated Entry 16 in the latter form. See also Erdélyi’s treatise 
(1, p. 186, formula (7)]. 

Entry 17 


oF;(m +n + 1,n + 1; x) Рт + 1,1 — n; =x) 


o a (H2m +n + k + 2)), (2х) 
=1 17.1 
rE (т + n 4 1),(m + 1),k! (17.1) 
where, for k > 1, 
n „ 4 

(п2 — 12)(n? —35-- (n? — k2)’ if k is odd, 
= i (17.2) 

if k is even. 


(n? m 2?) (n? m 42)--- (n? Ед k2)' 


Proor. For r > 0, the coefficient of x” on the left side of (17.1) is equal to 
: (— 1)! 


GEN 


ш (т+п+ 1),_,(n + Dal — oim + D, — nhk! 


"T 1 y (—m — n — ry(—n — ril- r) 
(m+n + 1) (n + 1),r! 0 (m + 1),(1 — n)! 


> 


where we have used the elementary relation 


(ous ао. 


(-а ғ + 1), at) 


witha=m+n+1,n+1,and1. 
We now apply Dixon's theorem, Entry 7 of Chapter 10, with x =m +n +r, 
у = ғ, апа и геріасей by —n — r. Accordingly, we find that 
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TQ — n — r)T( + DT (1 — п)Г(4(2 + 2m + н + 39) 
"S (m+n + 1)(n+ 1), 1Г(1 — n — Г + 2m +n + rE и + nr +m +r) 
(4(2m +n 4 r + 2),T(n + DT (1 — n)r(iQ — a – r) 


= (m t n 1)„(т-+1)!Г(1++п-+)Г(1—п-т)Г(3(2—п-+г)), 
(17.4) 


after a considerable amount of simplification. Comparing (17.4) with (17.1), 
we find that it suffices to show that 

Г(п + DT(1 — TGQ — n — р)) ЖТ 

ТИГЕР Ту ритм) (груз у: ш ШШШ. ШЫ 


After using the functional equation of the gamma function, we readily establish 
(17.5), and therefore Entry 17 is proved. o 
Entry 18 
Ё\(—В; у; —х) FC B; у; x) = 2Fs(—B, B + у; у, 27, 20 + 1); х?/4). 

Evidently, the first published proof of Entry 18 was given by Hardy 
[1, р. 503], [7, p. 516]. (There is a misprint in Hardy’s formulation; read х2/4 
instead of — x?/4.) See also Erdélyi’s book [1, p. 186, formula (5)]. For exten- 
sions and q-analogues of Entries 16 and 18, see the paper by Srivastava [1]. 

Ramanujan (p. 133) has an extra factor of (y + 4) in the denominator of the 


coefficient of x* on the right side above. 
If we replace x by — x/f in Entry 18 and let f tend to oo, we find that 


оЁ,(7; —x) оР,(у; x) = oF sly, 47,27 + 1); —x?/4). (18.1) 
Entry 19. If х or В is a nonnegative integer, 
2Fo(—a, —B; x) 2Fo(—a, —B; —x) 


= P AK ш: — В + kx” 


=„Ё(—@, —B, – 0 + В), – а + B — 1); –а — В; 4x?). 


Entry 19 may be proved by multiplying termwise the two series on the left 
side and applying Dixon’s theorem. Entry 19 may be found in Erdélyi's treatise 
[1, p. 186, formula (4)]. 

Entry 20. If x is arbitrary and а, k z 1, is defined by (17.2), then 
1Fi(—m;n + 1; —x) ,F,(—m — n; 1 — n; x) 


Sip ашавы эы (20.1 
k=1 . 
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Proor. Using (17.3), we find that the coefficient of x’, r > 1, on the left side 
of (20.1) is equal to 


- 5 —т),-(—1)7Җ(—т— n), 
к=б (n + 1), „(ғ — KCL — п)! 


0»), y Pm m — ny(—n — ry, 
(n+ 1),r! = —r+1),0 —n),k! 

Apply Dixon’s theorem (17.4) witha = —n — r,b = —r,andc = —m — nand 
use (17.6) to get 

rd — nrGQ - n— r) (- irae +2m+n+r)) 
(п +1),Г(1—п—+Г(42—п-+) TER +2m+n-—r)) 

(—m),I(m +1 -—r) 
r!T(m + 1) 


r= 


= Ya -2m — n - п). 


This completes the proof. O 
Example 1 


(—xy* _ 1 3x7)3* 


00 oo oo (— 
»r (3k)! 2, (3k)! E »l (6k)! 


Proor. In Entry 16, let m = —4 and n = —2 and replace x by (x/3P. Then 
(16.1) becomes 


oo x* © —xy* 
EE 
к=о (3k)! =o (3K)! 
о (— 1)(2k), x 
= Bi (3k)!(3)24(3)243° 
_ 2r (- 1)y3* x6* 
Е к=1 (2k — 1)1(3k)2-5---(6k — 1)1-4---(6k — 2) 
© (— 1)*33*x 6k 
= 3 | » 
34i (60)! 
from which the desired result follows. L1 
Example 2 


© x* æ (=x! 


к=0 k=0 


_ e Gg» 
7 2, усю)?" 
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Pnoor. Putting m = n = Q in Entry 16 yields 


E m + 1),x? 
of (1, 1; x) oF (1, 1; — -X (СЮ)? І 


The desired equality readily follows. LJ 


Example 2 is mentioned by Hardy in his book [9, p. 7] and is found in 
Ramanujan's letters [16, p. xxvi] to Hardy. 


Example 3 

oo okt © (— 1х 3k4+1 _2 oo s 1)* (3x2p*! 

Ў Ў | | 

Bk+ D&S (К+! 34 (6Е 2) 
PRoor. In Entry 16, set m = 5 and n = —4 and replace x by (x/3)°. We then 
find that 


x3* © (— 1х 3k 


© € (— Dk + 1),3* x9* 
di (3k + 1)! £o Gk + 1)! ds Gk + 1)!4: 7: (6k + 1)2: 5: (6k — 1) 


оо (— 1Y3*x 6k 
= di 3k + 1)(2k)!4-7---(6k + 1)2-5---(6k — 1) 
2 © — 1)*33Е+1 6% 
Ag ў" (6k + 2)! 
On multiplying both sides above by x? we complete the proof. o 


© (—1 k 2 2ү2& 
Example 4. cos x cosh х = Y Сл 
k=0 


Proor. In (18.1), set у = $ and replace x by x?/4. After some simplification, 
the desired result follows. О 


oo р 2ү2к+1 
Example 5. sin x sinh x = Y (тш, 


ко (4К+2)! 
PRoor. In (18.1), let у = 3 and replace x by x?/4. 0 
x* k x? k 
Cx g (-xy 
E le 6. 
iai pr (0) 213 (к)? UT y/u 
Proor. Set y = 1 in (18.1). o 
Example 7 


FG; bx) 1516; 1; —x) = 1805 1, 1; x?/4). 
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Pnoor. Set f = —4 and у = 1 in Entry 18. О 


Example 8 
(2k)!(2x)?* 
k + 1)(4k + DU 


,F,(1; 3; x/2) FL (1; 35 —x/2) = Se 


Proor. Apply Entry 18 with В = — 1, y = 3, and x replaced by x/2 to obtain 
Fi 35 x/2) Fi; 3 —x/2) = 2F3(1, 35 3, 4, 8 x^/16). 


An elementary calculation shows that 


ES 29 (2k)! 
(3G) (К+ DU 
The proposed equality now follows. o 
Example 9 
œ nx2* 
Е, (1; 1; х) A; 1; — сё Àá = 
Е, (Ци + рх) 1Ё,( n+ = a (п + k)(n + 1) 
= ,„Е,(1, п; n + 1,4(n + 1),4(n + 2); x?/4). 
Proor. Set f = —1 апау =n + 1 in Entry 18. О 


Example 10. If n is a nonnegative integer, then 


2Fo(—n, 1; x) 2Fo(—n, 1; —x) = Y (—n)(—n+14+ ky, x?*. 
k=0 

Proor. In Entry 19, let а = п and f = —1. The proposed equality easily 
follows. g 
Entry 21 

2F,(m, n; Xm + n + 1); Y(1 + х)) 

u „ЯГ (m + n + 1) 
Г( (т + 1) (3(n  1)) 


‚ 2МАГ@ (т + n + 1))х 
Г(Фт)Г (Фп) 


oF, (4m, $n; 5; x?) 


›Ё,(4(т + 1), и + 1); 3; х2). 


Entry 21 is originally due to Kummer [1, p. 82], [2, p. 118]. See also 
Erdélyi's compendium [1, p. 111, formula (3)]. 


Entry 22. Let m be a nonpositive integer and put 
p = ym(m — 1). (22.1) 
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For each nonnegative integer k, let 
k(k —1) ,., А 1)(k —2)Gk — 1) 
к NNR UU а-а 
uus SE xx ДИ 5! 
2(k — 11Q?* — 1)В,, 
1-3-5-—-(К—1) ^ 


p? 


(22.2) 


where Bj, 0 < j < œ, denotes the jth Bernoulli number. Then, if |x| < л, 


uw n) A,x” 
s x ey DES 


(l-e*yF=1+) (22.3) 


Before commencing the proof of Entry 22, we make one comment. We have 
stated Entry 22 exactly as Ramanujan gives it. Note that, by (22.2), A, is not 
well defined because there apparently is no general formula for the coefficient 
of p/, 1 <j < k. However, A, is well defined by a recursion formula given by 
(22.13) below. 


Pnoor. Replacing m by —n and x by ix in (22.3), we rewrite (22.3) in the form 


fee y (= у с da $í —1} A,x” 
k=0 


(к) EET TE ky (22.4) 


We show first that f, (x) = P,(cos x), n > 0, where P, denotes the nth Legendre 
polynomial. (This fact was first kindly pointed out to us by R. J. Evans.) By 
Bailey's book [4, p. 4], 


ЛО) = е" 2Fi(—n, 3; 1; 1 — ee) 
Г(п +3) -2i 
= ей J F,(—n, 4; —n + 4; e°7"). 22.5 
Tn + WA 2*1 2 2 ( ) 


By using (17.3), we may easily show that 
(и), Gi M (~nh 
(—n tihan 01 (—n ihk! 
Hence, from (22.5), 


Г(п +) R2 (— 2 
T(n + 1), /n © m nti 


where the prime on the summation sign indicates that if k — n/2, this summand 
is to be multiplied by 1. From a representation for P,(cos x) in Whittaker 
and Watson’s text [1, p. 303], it follows that /,(х) = P,(cos x). Hence, it 
remains to show that 


f(x) = 2 yg costn — 2k)x, (22.6) 


P,(cos x) = 1 + pE Se: 


РА (OQ ^ |x| < Л. (22.7) 
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It is well known (e.g, see Copson's text [2, p. 273]) that P,(cos x) is a 
solution of Legendre's differential equation 


у" + (cot x)y' + n(n + Ly = 0. (22.8) 


Since P,(1) = 1 (Whittaker and Watson [1, p. 302]) and P,(cos x) is an even 
function of x, P,(cos x) has a power series expansion of the form 


oo 
P,(cos x) = У ay,x?*, ао = 1. (22.9) 
к=0 


Our procedure will be as follows. We shall actually assume that (22.7) holds; 
that is, we assume that 
(—1)*A, 
а» = Б yo к> 1, (22.10) 
and then we show that A, has the properties evinced by the formula (22.2). 
Recall that 
со (— 1)* B,,27*x?*4 


t == , 
БоБо, (2k)! 


Substituting (22.9) and (22.11) into (22.8), we find that 
со (— 1B, 24e 


y 2kQk — 1)x2k-2 + 
оа 


Ix] < л. (22.11) 


oo 
Y ay 2kx? | 
k=1 


tn(n+ 1) У ayx?* = 0. 
k=0 


Equating coefficients of x?" ?, r > 1, on both sides, we find that 


rt (1E B42? Qr — 2Ю)а„»,_ 
(2а, + У ene bs Jaz- (п + Dana 0. 022) 
k=1 


Noting, from (22.1), that p = 4n(n + 1) and using (22.10), we find, after some 
simplification, that the recursion relation (22.12) takes the form 


rot 234-16 — 1) BA, , 


a epa =0 1 
ғ + E (r = Т =e 1)!(2k)! PA,-4 > (22 3) 
where r > 1 and A, = 1. 
First, letting r = 1 in (22.13), we find that 
A, 7 p. (22.14) 


Second, letting r = 2, using (22.14), and recalling that В, = 2, we find that 
A, = р? — їр. (22.15) 


Third, letting r = 3, using (22.14) and (22.15), and recalling that В, = — 3%, 
we find that 


A, = p! — p? + 2p. (22.16) 
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Observe that the formulas for A,, A, and A, given by (22.14)—(22.16), respec- 
tively, are in complete agreement with the formula for А, given by (22.2). In 
particular, the coefficient of p in (22.2) is in corroboration with (22.14)-(22.16) 
for k = 1, 2, 3. 

We now proceed by induction and assume that, for k = 1, 2,..., r, the 
leading three coefficients and the last coefficient of A, are in agreement with 
those prescribed in the formula (22.2). Thus, from (22.13) and the inductive 
hypothesis, 

iler У 2? (lY Bop Aya -k 
& (r + 1— tr — kt 
E pA, ЗГА, T эг (т 1)A,-; 
23771 (rl)? Bs, 
(2r)! 
Qorr—0 uu re De- 2Er-D ,. 
=o- "x aes а pr? 


2(r — 1? — 1) By, 
1-3: Qr — 1) 


Tc 


PES а iu 200777? — 1)В,,_, 
+ asl e-o qt L3 е3) p 
2? (rl)? Bo, 
(2r)! 


The coefficient of p’*! above is equal to 1 in agreement with (22.2). The 
coefficient of p” above is equal to 


r re—1l)_ (+ Dr 
3 6 3 7 
which also agrees with (22.2). The coefficient of p"! above is found to be 
rir — 1) E r(r — 1)(r — 2)(3r — 1) z 2r(r—1) (+ Ire — 1)(3 + 2) 
18 5! 450 5! 


, 


which again is what we desire by (22.2). 
Lastly, the coefficient of p above is equal to 


r 23k Hy! В, (е — Ю)127+2 (е + 1 — 9102277272 — Bos 


eu 


к=1 (r + 1 — Юи — kK!QktQr + 2 — 2k)! 
5 r t2k(22r+2-2k = 1)B,,B, +2-2k 
"u^ А | 22.17 
(Y 2, — QUOr2 - 29) = 


Recalling the Laurent expansions for coth(2x) and tanh x, we have, for 
|x| < 7/2, 
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© ОВ 27* (22% 2 1)В, x7! 


coth(2x) tanh x = : 
Qx) » QU à Qu 


k 


4 L yn y QF*2K(026t2 2k E 1)В,,В,, 45-24 
or KZO (2k)!(2r + 2 — 2k)! 


The coefficient of x?', r > 0, on the right side is equal to 
r 


с, 2°(2?"*? — 1)В,, 
Su x i (r+ » a, eN 
by (22.17). On the other hand, for |x| < 2/2, 
coth(2x) tanh x = 1 — 5 sech? x 
=1— tanh x 
nid. ў 27k-1(2?* — 1)(2k — ПВых 2 
к=1 (2k)! 
Hence, we have also found that, forr > 1, 
2r+1(92r+2 
pee a ron TOES (22.19) 
Equating (22.18) and (22.19) and solving for c,, we find that 
pe 27? p(r + 2n? — 1) Borsa — 
(2r 4- 2) 
Examining the coefficient of p in (22.2) when k =r + 1, we find that this 
coefficient is indeed equal to c,. This completes the inductive proof. 0 
Corollary. If p = 1, then 
A, = A,{1) = ns к> 1; (22.20) 
if р = 3, then 
A, = A,(3) = 3-27*-7A,(1), к> 1. (22.21) 


Proof. In Entry 22, let т = – 1. Then by (22.1), р = 1. From (22.6), 

Р, (cos x) = cos x. Thus, the coefficient of х2“, k 2 1, іп Р, (cos x) is equal 

to (— 1} /(2k)!. But from (22.7), the coefficient of x?* is also equal to 

(—1)*A,/{(2*(k!)?}, k > 1. Equating these two coefficients, we deduce (22.20). 
Second, let m = —2 in Entry 22. Then p = 3. From (22.6), 


P,(cos x) = 2 cos(2x) + 1. 


Thus, the coefficient of x?*, k > 1, in P,(cos x) is equal to 3(— 1)*2?* ?/(2K)!. 
Equating this with the coefficient of x?* given by (22.7), we deduce (22.21). 


o 
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If we expand cos(n — 2k)x, 0 < k < [n/2], in its Maclaurin series in (22.6) 
and, for P,(cos x), equate the coefficient of х27, j > 1, with the coefficient of x?/ 
in (22.7), we obtain an elegant identity involving binomial coefficients. We 
shall further separate this identity into two cases. Replacing n by 2n and then 
n by 2n + 1, we find, respectively, that 


n (2n + 2k\ (2n — 2k ИК 
Dees s ш IM (22.22) 


where n, j > 1 and p = n(2n + 1), and that 
n [2 2k + 2\/2 2j 
у ( OA yer E JT 12) = 24n- “(м (22.23) 


к=0 n+k+1 


where n > 0, j > 1, and р = (n + 1)(2n + 1). These identities are apparently 
new and cannot be found in the tables of Gould [1] or Hansen [1], for 
example. 

Entry 23 is apparently meaningless. Ramanujan claims that if 


x)-2e«at/1-2et 22cm on 


and “if сү, С, C3, ..., c, appear to be similar,” then they аге all identically 
equal to c. He then concludes that 


Фіх) = є + /1 + 2n. 


The intent of this entry shall perhaps always remain a mystery. 


Entry 24. Let 
1 © 
———— B," * 
90 7 Fae ds К ) s 


and 


Then 


2 o9 — x} = 3 0,(—x 


Corollary 1. Let g(r) be defined as above and let 


Г(т + 1) у 


k). 
ra ae ar 


0, = 


Then 
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» Ф(т + k)(1 — x)"** = leuc xy 


Entry 24 and Corollary 1 are enigmatic. It seems likely that there are no 
functions ф for which either of the proposed identities holds. For most choices 
of o, the series for Q, and Q, diverge. Employing the definition of Qj, we 
formally find that 


SOW > Yeisen! tes 
f=0 Ј=0 k=0 k! 
=} ош) PES 


Comparing the formula above with (24.1), we find that the logarithmic series 
does not appear! 
Corollary 2. Let x + B +y +1= ò +e withy > —1. Then as x tends to 0+, 


I(a + DT(B + 1)Г(у +1) ЕТ кн 
Г( + DIE(e + 1) КЕ ò+l,e+1 C 


~ = Log x 0+0) В+ 0-20 У а 


where wW(z) = Г'(2)/ (2) and C denotes Euler’s constant. 


We cannot see how Corollary 2 would follow from Entry 24. Corollary 2 
should be compared with the more precise formula for ,F, in Entry 26 
below. Corollary 2 is a very beautiful and significant formula, for it is the 
only asymptotic formula for zero-balanced series besides that which can be 
obtained from Entry 26. R. J. Evans and D. Stanton [1] have recently found 
an elegant proof of Corollary 2 as well as of a q-analogue. They provide a 
complete proof of the q-analogue and sketch a proof of Corollary 2. In fact, 
they establish a slightly stronger version of Corollary 2. We follow Evans and 
Stanton in our development below. It will be convenient to trivially alter the 
notation of Corollary 2 above. 


Theorem 1. If a + b +c =d + e and Rec > 0, then 


Г(а + )T(b -ET(c cb 1) 
E T(d + ЮГ(е - KF(1 +k) К+ i} Б (24.2) 
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where 
о (d — chle — с), 


L--2y-4(9— Hb) + 3 рр ^ 


where y denotes Euler's constant. Furthermore, as m tends to 00, 


"e (a), (b) (c) T (d)1 (e) 1 
= (dh(eMk! — TTO д6 т+ 1+ у) + (2), (22.4) 


where the implied constant depends on a, b, c, d, and e but not on m. 


(24.3) 


If c = e, then (24.4) reduces to the following asymptotic expansion for a 
partial sum of a zero-balance „F, series (e.g, see Luke’s book [1, р. 109, 
Eq. (34)]): 


"e (aub 1 
PATH ran PIU og m — y — (a) — v(b)j + o(*), (24.5) 
as m tends to oo. A slightly less precise version of (24.5) is given by Ramanujan 
in Entry 15 of Chapter 10. It would be interesting if there existed a theorem 
for zero-balanced ,,,F, series that included (24.4) and (24.5) as special cases. 

Theorem 2 below is a slightly more precise theorem than Ramanujan’s 
Corollary 2 given above. 


Theorem 2. If a+b+c=d+e and Rec > 0, then as x tends to 1 with 
0«x«t, 
Г(а)Г(Ь)Г (c) a, b, с 
кесше ;x |= —1ор(1— L ps ps 
FG | | lest x) +L + OU — x) Log! — x), 
(24.6) 
where L is defined by (24.3). 


In the sequal, we shall deduce Theorem 2 from Theorem t. 
In order to establish Theorems 1 and 2, we shall need four lemmas. 
Lemma 1. If ReC-0,S-D-E—A-— B—C,and Re $ > 0, then 


" E B, | Г(Р)Г(Е)Г (S) [D-C,E-C, | 
р, Е (С)Г(А + ЗГ(В+5)° ^| А+5,В+$ 


Lemma 1 is a reformulation of Entry 27 in Chapter 10. 


Lemma 2. If a and d are bounded, then as z tends to oo with Re z > 0, 


Г(а +2) _ 


rata z^ *(1 + O(1/z)). 


Lemma 2, of course, is an easy consequence of Stirling's formula for the 
gamma function, which can be found in Entry 23 of Chapter 7. 
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Lemma 3. Lete > 0 be fixed and let a complex number E be fixed. Let Rez > e 
and suppose that К is any positive integer. Then there exists a constant N > 0 


such that 
z\E z“ 
( +3) E о(2), (247) 


where the implied constant is independent of 2 and К. 


Pnoor. Let F = Re E. If F > 0, then, since Rez > е, 


es e) (27) 


Hence, it suffices to consider the case F > 0. Let N = F + 1. First, suppose 
that k < |z|. Then 
F 


k k 
Thus, (24.7) easily follows. Finally, suppose that k > |z|. Then 


(1+0 EK (2) 


т=1 
where the last series does indeed converge because F > 0. This completes the 
proof. o 


\ +Ž| <(1 +” = 0") = o(2) 


m o0 


2 
k 


z 
k 


m=i 


Lemma 4. Let Re D be fixed, where D is not a nonpositive integer. Let k be 
any positive integer, and suppose that Re z > 0. Then 


(D — z), = 
(D), 


where the implied constant is independent of z and k. 


О(е2ч1213 n 


PRoor. For some constant N > 0 that is independent of z and k, 


(D — z), LT р +ј– 2 
(Р), jo; D+j 
E 2 
ј=0 D+j 
"MET z 
« (1 + |z ] —- —-— 
АТИ 7 
D*j21 
"ES z p 
( Il D+j D+j 
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25 


D+j 


© АЕ 1/2 
« (1 + Iz)" П Ge 


k-1 
« (1 +z) II ( + 


т 


т|г| —n|z|N 1/2 
е —e 
= (1 А ааа 
( m 212] ) 


« (1 + |2 yen? « g^ 


PROOF OF THEOREM |. By Lemma 2, 


2 аа 1 }=o(2) 
г(4 + К)Г(е + Kr +k) k+1 ; 


k=m 
as m tends to oc. Also, from Ayoub’s text [1, p. 43], 
5» l L +y+0 : 
———— 2 Lo nd 
Bo kl BOT mJ 
as m tends to oo. Thus, it is readily seen that (24.4) follows from (24.2). Tt 
remains to prove (24.2). 
We first prove (24.2) for c — 1. Then, inducting on c, we prove (24.2) for 
each positive integer c. Lastly, we establish (24.2) for all c with Re c > 0. 
For each e > 0, write 


"e (а), (Б), (1), 
к= (4), (е + е), К! 


а, b, 1 
Berek dete 


(a)m(b)m з 
(Я) (е + г) 5 *|dtmetetm]’ 


= Н, — Hs, (24.8) 


where 


and 
Н, = 


upon a change of index of summation. By Lemma 1, 


Г(4)Г(е + e)T (c) Е а– 1,е+е— 1, = 
! Га+ ГЬ +)? ? а+ ё, В+ 


апа 


Г(4)Г(е + є)Г(в)Г(Ь + m) ее 
2 TATO +b +m? | 1+6 рте | 


Thus, we may write 
H, е» Н, = G, + G, + G5, (24.9) 


where 
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"Ne Bor + Ге) T()r(- HTA +m) | 
= 0 Га + е)Г(Ь + е) F(aF(BE( + arb + m 4 z) 


a proda eT 
-roro im( £+ ro + Hs pot | 


| г г Jj ! f ГЬ + m) al) 
“lth ro | Па е] Tham 
_T@re Га) Tb) T'(b+m) 

Е rario -TA TO * T3 at 90) 


А Г(4)Г(е + е) Г (e) » (d — 1),(e + в — 1), (е), 
erol (ate (b+) (a+ ә), (Б + ehk! 
Г(4)Г(е) & (d — 1),(e — 1), 


E Г(а)Г(Ь) ici (а), (Б), k 


б = 


(24.11) 


and 
lim T(d)F (e +(e) (b -- m) 2 (4 – ale — a + ә), (е), 
eo Г(а)Г(Ь)Г(1 + в)Г(Ь + m + в) к=\ (1 + e)y (b +m + e)k! 
_ТФГ(е) & (d — ale- а), 
Г(а)Г() £& (1) (b + mk 
Since (Luke [1, p. 33, Eq. (8)]), 


Dm. 1 
ГЕ o(2), 


G; = 


(24.12) 


as m tends to oo, we find from (24.10) and (24.12) that, respectively, 


Td) тө 
! C T@r 


IN у — Yla) — V(b) + Log mj + e( (24.13) 

and 

аз = О (2). (24.14) 
т 


as m tends to oo. 

Putting (24.11), (24.13), and (24.14) in (24.9) and then (24.9) into (24.8), we 
conclude that we have established (24.4) for c = 1. 

Assuming that (24.4) holds with c replaced by 1,2, ..., c — 1, we examine 


A (а), (Б), (с), 
к=0 (4), (е), К! 


= (d — 1)(e — 1) "C (а), (Б — 1), (с — Dua 
(b — (с — 1) к (d — Dyaaó(e — Da kt 


11. Hypergeometric Series, II 75 


_~@-)e-)NS  (b—1,(c— 1), ae (а — x 
(b= De — 1) & (d — Dye — К — 1)! k 

_ (d — 1)(e — 1) & alb- 0, — 1), 

- (b — Ie – 1) ico (d — 1 — П, 


a-pe- g (a — yb he- 1) 
bien) 2» а 0де A 
|. T@re) T _ — chle — с) 
- raro Let н y Et (QUE EDU e| 
d-D(e-1 = (а= ОЬ 0с) f1 
е) ИЕЫ «o(7) 


as m tends to oo. Using again Lemma 1, we deduce that 


"C (а), (Б), (а), (Б), (с), 
k=0 (4), (е), К! 


| TAr 1 
= rang Le — у — v(a) — (Б) + Pu 
e (d — chle — с), 1 (4—с)(е— а) 
к=1 (а), (Б — 1), Б 1; (а), (Б), 
_ T@re) 
= rang Let m — y — (a) — v(b) 
о (d — chle — с), 1 1 
а (o 16 (= Db, ) 
rare 


с) (е — с), 

FT FG) {lee n-r- Va) ut у TG | | 
Thus, (24.4) has been established for each positive integer c. Letting m tend to 
oo in (24.4) and recalling the opening paragraph of this proof, we conclude 
that (24.2) holds for each positive integer c. 

To prove that (24.2) is valid for all c with Re c > 0, it suffices by Carlson’s 
theorem (Bailey [4, p. 39]) to prove that, for a, b, d, and e > 0 fixed, both sides 
of (24.2) are analytic in c and equal to O(e?7*13) for Re c > e. 

Let р = Re(d — е), with d adjusted, if necessary, so that D is not a non- 
positive integer. Let z = c + D — d. Thus, 


e(d—cke—-o =, (0-2), 
Б? (а), (Б), К M à a (р), 


where 
(a + b — d),(D), 


Ae VP 


К kèl. 
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By Lemma 2, A, = O(k ' *), while by Lemma 4, (D — z),/(D), = О(е2"42). 
Thus, S is analytic іп z and equals 0(е2"3) for Re z > 0. It follows that S is 
analytic in c and equal to O(e?7*5) for Re c > e. 

It remains to prove that 


m I (a + ЮГ + )T(c + k) 1 | 
Wd +ЮГ@+ЮГ(а+Р—4+с+®Ю) k+l 


is analytic in c and equal to O(e?*"!3) for Rec > e. Let E = d — a — b. By 
Lemma 2, since Rec > в, 


1 


Т= y lene KP + k^ оо) zii] 


yq i + 3! = ipa + к710(1)) + O(1) 


where the expressions O(1) are bounded analytic functions of c for Re c > e. 
By Lemma 3, (1 + c/k)* — 1 = O(c"/k) for some positive constant N. Thus, Т 
is analytic in c and equals O(c") for Re c > e. This then completes the proof 
of Theorem 1. g 


PROOF OF THEOREM 2. Define 


Г(а + ЮГ(Ь + k)E (c +h) 
Г(4 + ЮГ(е+ ЮГО 4 0) 


ДЕ) = 
апа 
x)= Y f(k)x* + Log(1 — x) — 
k=0 


where 0 < x < 1 and L is defined by (24.3). We must show that 
V(x) = O((1 — x) Log(1 — x)), (24.15) 
as x tends to 1. By (24.2), 


со 1 © xk! 
V(x) = 2 (ro - EE r)i (x*—1)+ ы ж 
c 1 x—i 
= 2 (w ТҮ je 1) + —— Log (1 — x). (24.16) 


Now, by Lemma 2, 


P Е e-o 
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« (1 — x) Log(1 — x). 


Using this in (24.16), we complete the proof of (24.15) and so also that of 
Theorem 2. Г] 


The special сазе c = е of Theorem 2 gives an asymptotic expansion of a 
zero-balanced ,F, as x tends to 1 —. This special case is also an easy con- 
sequence of Entry 26 below. Moreover, it is equivalent to (24.5). 

For further remarks on Theorems 1 and 2 as well as q-analogues, consult 
the paper of Evans and Stanton [1]. A generalization of Theorem 2 has 
recently been established by Bühring [1] who uses the differential equation 
satisfied by ,F,. His proof has the advantage that the form of the asymptotic 
formula does not have to be known in advance. Because Ramanujan showed 
little interest in differential equations, he likely had vet a different proof. 


Entry 25. Suppose that n is not an integer. Then 
Г a+ntl,b+n+i 
ай, а+Ь+п+2 o7 
_Г(а+Ь+п+2)Г(—п) qnl ВО ee 
T(a+)r(b+1) 7? n+l 1 
Г(а+Ь-+п+2)Г(п)х" а+1,Ь+1 
He ea 
Г(а+п+ DP(bao-n-D?^!| —п+1 


Entry 25 is a basic formula for the analytic continuation of hypergeometric 
series and can be found in the treatises of Bailey [4, p. 4] and Erdélyi [1, 
p. 108, formula (1)]. 

Corollary 1. If n is a nonnegative integer, then 
уп QN 
uM I 
I(a 4 b n2) (nx ^2 (at tlb + 1),x* 
Г(а+п + 0)Г( +и+ 1) 6 (-n4 1)! 
(—1)'Г(а+Ь+п+2) (atn+t1),(b+n+4 1), 
Г(а + T (b + 1)Г(п + 1) i (п + 1),k! 
x { а+п+КЕ+1)+ (+ п+К-+ 1) 
-y(n +k + 1)— Wk + 1) + Log x}x*, 


8 
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where (z) = T'(z)/T(z). If n = 0, the first expression on the right side above is 
understood to be equal to 0. 


Corollary 1 can be found in Erdélyi's synopsis [1, p. 110, formula (14)]. 


Corollary 2. If n is a nonpositive integer, then 


1,b 1 
m МАТЕО 


at+b+n+2 
_Г(а+Ь+п+2)Г(—п) St (a +n + l(b +n + 1),x* 
I(ac1))I(b-c1) & (n + Dk! 
Г(а+Ь+п+2)(—х)" у DO D 


2 Га+п+ 00 +п+ ГИ п) 5 (1—n,k 
x {ШМ (а+К-+1)+(%+К+1) 
— W(k — n + 1) — v(k + 1) + Log x} х“. 
If n = 0, we employ the same convention as in Corollary 1. 
Corollary 2 is a reformulation of another formula in Erdélyi's treatise 
[1, р. 110, formula (12)]. 
Entry 26. We have 


I(a + 1)Г(Ь + 1) 
Г(а+Ь+2) 


+ Log x ›Ё,(а + 1,54 1; 1; x) 


о (а + 1),(b + 1), 
"o (К!)? 


(к + 1))x* = 0. 


2Fi(a+1,b+1;a+b+2;1-—x) 


* (i(a 4- k 4- 1) J- (b - k 4- 1) 


Entry 26 is simply the case n = 0 of either Corollary 1 or Corollary 2 
above. Ramanujan has given a less precise version of Entry 26 in Chapter 10 
(Section 15). 


Corollary 
11 16 1 1 
л 2F\(3, 3; 1; 1 — x) = Log Ps 2F (2, 2; 1; x) 
DE E 
4 
xc 
Proor. Putting a = b = —4 in Entry 26 and using familiar formulas for 


w(k + 1) and w(k + 4) (Gradshteyn and Ryzhik [1, p. 945]), we find that 
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л JF. 1; 1 — x) 


= -Log Fd k 2 Š OE typ- wk + D) 
1 1.4. GX 
= — Log x 2Ё\б› 2, 1; x)- 2 b. (kf 
k 
LI——-2Log2—- ) - 
23 э 7—1 E p ifs 

эд F,(4,45 1; x) 25 O (x » (26.1) 

c g x 25112» 29 45 rave (k!)? we T 
which completes the proof. 0 


Example. If 0 < x < 1, then 


{" ie tan(g/2)d0dp т i do 
wf —xcos?0cos р 4 Јо J/1-(1—x)sin? p 


' n/2 d 
+4 Loe «| ae, 
o J/1-xsin? 9 


(26.2) 


Pnoor. First, for |х| < 1, 


M do ]- V (D 
—— = 273 x* сіп? do 
|, /1—x sin? 9 D kt 


k 
Е Э (D, Г + 2г(2) 
ко К! 2Г(Е + 1) 
л 2 d 2 л 
7. 2 à do = 2 Fi, 4; 1; х). (26.3) 
Second, for |1 — x| « 1, 
т аф л 
= ›Ё\(%,3;1;1—х). 26.4) 
тет 9 2 1(2, 2 ( 


Third, using an integral evaluation in Gradshteyn and Ryzhik’s tables 
[1, p. 376] and the calculation (26.1), we find that, for |x| < 1, 


ie ап(ф/2) 40 дф 
a — x cos? 0 cos? p 


n/2 n/2 
x* taf їап(ф/2) cos?* o do | cos?*0 40 
0 


0 


3c 
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Y s x(k + 1) — Wk + 9} 


af 
4 c 


e (3) 1 I 
n2 (k!)? p Qj жар Dop* = (Log 2) 2Е,(5, 23 1; x). (26.5) 


Using (26.3)-(26.5), we find that (26.2) is equivalent to the identity 


e (3) Ia 
P ok E у 1 Qj now os (Log 2) 2Ё, (2, 2, 1; x) 


л? л 
= 2Е,(5,5; 61-х) + g (Log x) 2F (4, 4 1; x), 


where 0 < x < 1. This last identity follows from the foregoing corollary, and 
so the proof is complete. m 


The integral in (26.3) is the complete elliptic integral of the first kind, and 
the formula (26.3) is a basic, well-known result in the theory of elliptic func- 
tions. For further ramifications, see Section 6 of Chapter 17 in Part IH [11]. 
Entry 27. For |x| « 1, 


dé & 1 


хк= -iFa L Logd =x) 071) 


Proor. For n > 1, the coefficient of x" on the right side of (27.1) is equal to 


1a xa Gx Èz (—п); 
ETE PE 


where we have employed (17.3). It thus suffices to show that 


NE 5 (ene e 1 
=4) —— п> 1. 27.2 
à-wk +— nek p 2) — | ) 
Let S, denote the left side of (27.2) and rewrite S, in the form 
em (= и). nye (Le 


S,= 


м 


e (1— 
0 (k + NG — п)2,, ae — z. р (5 — п)2(2),К!` (27.3) 


The right side of the equality above is a balanced ,F, and so can be trans- 
formed by (6.3) in Chapter 10. Let y=z=1,x = -—n,u=v=4—n,w=2, 
and m = n. Then 


F. 1, 1, —n _(-¢-7),(), Е 13; —n-—i, —n 
Es jab: |» G-nQ, *^| tng, -n 
2n! п (3), (и – 5), 
n-4 1 ico (8), (п + 3), 
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NES $ 1 
n+1 iS (2k + (Qn + 1 — 2k) 


2п +1 1 1 
к CN ME 
2(n + 1)? Sp \2k +1 2n 1 — 2k 
BU ES 1 
~ (n D? 2k e 1 
Replacing n by n — 1 above and using the result in (27.3), we complete the 
proof of (27.2). [Г] 


The expression оп the left side below is fundamental in the theory of elliptic 
functions. See Section 6 of Chapter 17 in Part III [11]. 


Example 1 
Fi4,4;h1-—x)\_ x 1 2 
25 112» 25 *5 
= = 1 d 
ev( T oF, (4, 4; 1; x) 16 OV e Y 
Proor. By the corollary in Section 26, 
exp( 2F (3, 5 Il 3) 
2 5152923 EIER 
2Ё\($› 3; 1; x) 


І o (1); 1 
zx exp( "i ?" 4 l 2 S (2j _ DC TM шч à 1; ») 


i (k!) 
x 27 pies +: 
= те ®®Р\\5*^ 4х ae 
x 1 Ps fon 
=E Plo" T ех 


tli 2253 = +; ! T ken "uos 
~ 16 * 64 5^ 64 , 


from which the sought result follows. 


Example 2 


2л ,F,(5, 4 1; 1 — x) x 5 
— = 1- € 
cx B GEL») X397 


Proor. Putting a = —4+ and b = —4 in Entry 26, we find that 


2n 
331; 1 — x) 


EE ›Ё, ($› , 


= Log x ;F,(5, $; 1; x) + XS s ук +3) + Wk +4) – wk + 1)}x* 
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= ve( 5.) ri iom ODM auem — дю — эд + ра 


where we have used the facts (Gradshteyn and Ryzhik (1, p. 945]), v(2) + 
W(5)—2W(1)= —3Log3 and W(k +3)+W(k+4)= 33k) — V(K) —3 Log 3, 
for k > 1. Hence, 


2n ›Ё\(3,3;1;1—х) 
exp| — 1 2 
J5 2Ё\(3› 3; x 


х $х + х 5 
= ехр[1. = {1 |, 
exp( ов (5) + HI) =( + 9х + ) О 
Example 3 


F,( 1; 1 — x) 5 
ex 2x2 CES )- ZG +=x+° | 
r( V POLES и 
Proor. Putting a = —iand b = —$£in Entry 26, we find that 


— 2n oF, ($, 3; 1; 1 — x) 
= Log x 2F,(4, i; 1; x) 
(3) 


+ > are {wk +4)4+ Wk +3 — Wik + 1)}x* 


= Log fa 2Fi(4, 5 1 +> a 


x (4j (4k) — (К) — V(k + 3) — 2 Log 2 — 2y(k + 1)}x* 


5 
= Loe (Z) Fidi e pers 
where we have used the facts (Gradshteyn and Ryzhik [1, p. 945]), 
V3) + Và) — 2U(1) = —6 Log 2and W(k + 3) + (к + 3) = 4W(4k) — Wk) — 
Wik + 3) — 8 Log 2. The proposed formula now easily follows. L1 
Example 4 
F (2, 2; 1; 1 — x) x 13 
Ey Fao , = 1 es]. 
оо “WAGES 43240 "Igt 


Рвооғ. In Entry 26, put a = — and b = —3 to find that 
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—2n ,F (b, 1 — x) 
= Log x F, (5 3 1; x) 


+ S EMO к + e Wik + D - 20 + D 


X 
= Log (Š Fi x 


© (4) (5 Ы 
+ у о fon (6k) = 3p (3k) 2 > е i + 2y (k T уре 


x 
= Lo e(z) YF. г; 1; yeu 


As in Examples 1-3, we have employed familiar properties of y(z) (Gradshteyn 
and Ryzhik [1, p. 945]). We also have used the fact that w(4) + v(3) — 
2y(1) = —4 Log 2 — 3 Log 3, which can be deduced from results in Chapter 
8 of the second notebook. (See the author's book [9, Chap. 8, Eq. (5.2) and 
Corollary 3 in Sec. 6]. See also Gradshteyn and Ryzhik's tables [1, p. 944, 
formula (7)].) The desired formula now readily follows. o 


We do not know Ramanujan’s intention in giving Examples 1—4. 


Entry 28. Let ф denote a polynomial of degree m. Suppose that n is not an 
integer and that Re(a + b +m +n + 1) < 0. Then 


w (a+ Ilb + Duo(k) 
Г(а + 1)Г(Р +1 rn) È сл! 


(a+n+1),(b+n+ 1)ф(п + К) 
(n+ 1),k! 

(а + 1),(6 + D,A* o(0) 

o (a+b+n+2),k! 


+ T(a n4 DE(b + п+1)Г(—п) у, 
k=0 


Г(а+п+1)Г(Б + п + 1)Г(а+ DE(b +1) 
Ta+b+n+2) 


IMs 


Proor. Since 1, x, x(x — 1),..., x(x — 1)--:(x — m + 1) form a basis for the 
set of all polynomials of dereen m over the field of complex numbers, it suffices 
to prove the result for ф(х) = P(x) := x(x — 1) (x —m + 1). We first 
observe that 


Next, since 
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where r is an integer, we find that 


0, К< т, 
А*ф„(0) = X (- v Je = (-1)"m,  k-m, 
0, km. 


Thus, for ф(х) = @,,(x), the proposed identity may be written as 


(a + 1),(6 + 1),(— 1" (7 E), 
(1 — nk! 


+ Г(а+ и + DI(b + и + Dr(-n) 
м Э (а+п+ 1), (2 + n + 1,(—1)"(—n-— E), 
к=0 (п + 1),k! 
Г(а + п  1)T(b + n + 1)Г(а + DE(b + D(a + D,(b + 1,,(—1)"m! 
7 Tatb+n+2(atb+n+2),m! | 


Ta + 1)Г(Ь + DT(n) = 


(28.1) 


Let S, denote the first sum on the left side of (28.1). Replacing k by k + m, 
employing Gauss’s theorem, Entry 8 of Chapter 10, and simplifying, we find 
that 


S, = Г(а + DT (b + 1)Г(л) 2 a t Ll лее = 
= Г(а + Dr(b + 1)Г(п)(а + (b+), 2 @tmti(b+mt+ 1), 
(1 — n), к=0 (1 —n+m),k! 
_T@ra+m+ Orb +т+1)Г(т—п+1)Г(—а—Ь—-т—п-— 1) 
(1 — n,F(—a — n(—b- n) 


T(a 4 m 4 1) (b + m 4- 1) (a 4- n - DI(b + n+ 1)sin x(a + n) sin z(b + n) 
Г(а + b -- m 4 n + 2)sin(zn) sin n(a 4- b - m n + 1) | 


(28.2) 
Let $4 denote the expression on the right side of (28.1). Then 


(—-I"Tatn4 DT (b + n + DT(a 4 m + DT(b 4- m 4 1) 
T(a 4 b mc n4 2) : 


5, = (28.3) 


If S, denotes the second series on the left side of (28.1), then, by (28.2) and 
(28.3), we must show that 


T (a 4 n + DI (b + n + 1)Г(а+т-+ DT(b + m4 1) 
Г(а+Ь+т+п+2) 


S, = 


sin n(n + a) sin x(n + b) | (28.4) 


—1)" 7 
«d ) sin(zn) sin x(a + b -- m t n +1) 
We shall prove (28.4) by inducting on m. For m = 0, (28.4) is valid by Entry 
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25, since Entry 28 reduces to Entry 25 for x = 1 when ф(х) = 1. Assume then 
that (28.4) holds with m replaced by 0, 1, 2, ..., m — 1. Observe that 


Ф„(п + k) = (n + k)o, (n — 1 + k} 
Thus, we may write 
5, = Г(а+п + DI (b + n + DT(—n) 
p Rm Db ++ Donil tO 
=0 (n + Tí kt 
= —I(a-c1-í(n—1)4 DI (b 4 1 4 (n — 1) + DT(—(n — 1) 


ў | (a+1+(m—1)4+1),(b+14(@—-14 0e, ia 1+0 
k=0 (и), К! 
We now apply the induction hypothesis, but with a, b, and n replaced by a + 1, 
b + 1, and n — 1, respectively. Hence, 


T(a 4- n 4- DI(b 4 n + 1)Г(а+ m + DT(b + m + 1) 


= 


$ = 
4 Г(а+Ь+т+п+2) 
x (Ay 4 sin gus а) sin x(n + b) | 
sin z(n — 1)1пл(а+Ь+т+п+ 1) 
from which (28.4) follows. This completes the proof. L1 


Corollary. Assume the hypotheses of Entry 28. Then 


Г(а + DI (b + 1) $ (а + 1),(b + 1),A* (0) 
T(a+b+2) = (a+ b+ 2,k! 


a (a+ (b+ Do е (а+ 1 + 1hkolk) 
+2, (к)? + ur 


x {Yla +1 +k) + y(b-1- k) - 2y(k + 1)) = 0 


Proor. After some manipulation, we write Entry 28 in the form 


Э Г(а+ 1 4- BT (b 4+ 1 + k)eo(k) 
к=0 Г(1—п-+ k)k! 


Е $ Га+п+1+югФ+п+1+ЮФп+Ю 
k=0 Tin+14+k)k! 


OS а EG aca) 


x I(a + 1+ E (b + 1+ Аф Om 
к=0 V(a+b+n4+2+k)k! 


Differentiating both sides with respect to n and then setting n = 0, we find that 
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о Г(а+1+ЮГ( +1 + Юф(К+ Yelk 
e» (ky? 
= ['(a4- 1-4 K)T(b -- 1 + kolk) 
2 y 
к=0 (К!) 
ЕС Г(а+1 + E)T'(b + 1 + kolk) 
к= (ky? 
= Г(а+ 1+ ЮГ +1 + ko(k 
Y 12 
K=0 (К!) 
= D(a4 14 ЮГ(Ь + 1 + k)y(k + lok) 
* Э n2 
= (к!) 


Г(а+1+ ЮГ +1 + KAO) _ 


0. 
T(a 4 b 4- 2 + ЮК 


- (a DT(b ^ 1) Ў 


After some manipulation and simplification, the formula above reduces to the 
proposed formula. О 


Entry 29(i). If Re(x + B + y — 6 — 8), Re(ó — y — 1) < 0, then 
r,[* i? | = ore al a, В, є —– 7 
7] &e | Г аг В) > | а+6-5 +1, 
l'(6)T (e) + B – у) Г( + e—a- В – y) 
rT (ATE — 7)Г +  — a — f) 


ó—ouó—f,óc-ts—a—f—y 
х 3F, : 
ó—a—-fg-tLóctc—a—f 


Entry 29(i) was communicated by Ramanujan in his second letter to Hardy 
[16, p. xxviii]. For a proof of Entry 29(1) and an illuminating discussion of 
this formula, see Hardy’s paper [1, pp. 498, 499], [7, pp. 511, 512]. Another 
proof can be found in Bailey's tract [4, p. 21]. 


Entry 29(ii). If х, 6, or y is a nonnegative integer, 


— 2a, — 2f, ==) —@, —В, —у,у + б 
= ; 29.1 
у. Б] “үүнү s 


Proor. К. Askey and J. Wilson [1] have recently given a short proof of Entry 
29(ii) when either х or f is a nonnegative integer. Now suppose that y is a 
nonnegative integer. If we multiply both sides of (29.1) by (—« — f + 5),, 
then on each side we obtain a polynomial in « of degree y. These two 
polynomials agree for each nonnegative integer a. Hence, they must be identi- 
cally equal, and this completes the proof. О 
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If n is a nonnegative integer, define 


—nn+at+y—4, е 


Р(х) = Р,„(х; о, y) = (—1)" Al a +y, ру + 
fogs 2 


These polynomials in x arise from the right side of (29.1) by a renaming of the 
parameters. Askey and Wilson [1] have shown that {P,,(x)}, 0 € n « со, 
is an orthogonal set on (—00, oo) with respect to the weight function 
[P(x + ix)E(y + ix)?. As we pointed out in Chapter 10, the integral over 
(—оо, оо) of this weight function was first evaluated by Ramanujan [8], 
[16, p. 57]. There also exists a set of similarly defined polynomials P,, , , (x) of 
odd degree 2n + ! so that {P,(x)}, 0 < n « oo, forms a complete orthogonal 
set on (—oo, oo) with respect to the aforementioned measure [1]. 


Entry 30. Leta + B+1=7+4+6,c = V(9gT (B)/ (T ()T (0)), and 
c F(x, B; ô; 1 — x) 
2Ё\@, В; y; x) 


Then 
x- x)? 
aF? (a, В; у; x). 


Proor. From Entry 25, 
_ cA, oF (a, B; у; x) + сА,х!\ 7? 9F (6 — a, 6 — p; 2 — yix) 
7 ›Ё\ (б, B; у; x) ' 
where A, and A, are constants with cA, = 1/(у — 1). Thus, 


pen (reos Rem 
y—1 dx 2F (a, P; у; х) 


1 
С(у—1),Ё (о, В; у; х) far 


— x! F (ô — a, ~ B32 — у; jo 


d 
165 Bs 75 x) (x 17 ,Fí(5 — a, ô— B; 2— y; x) 


2F (о, B; у; o} 


dx 
1 
= бу, 1-7 ЕЕ zum D ines 
(y eK 1) Fa, f; y; x) W(;F,(a, В; у; х), x 2F (ò a, б Ё; 2 у; х)) 
1 


B" — D ,Е2(0, В; у; x) и, (30.1) 


where W( f, д) = W(x) denotes the Wronskian of f(x) and g(x). Now these two 
functions are linearly independent solutions of the hypergeometric differential 
equation (Bailey (4, p. 1]) 


x(1 — x)y" + {y — (x + B+ 1)х}у' — аву = 0. (30.2) 
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By Abel’s formula (e.g., see the text of Coddington [1, p. 113]), 


W(x) = С (| — аа Dx ix) 


= Cexp (Е + =) ax) = Cx77(1 — х), 


where C is a particular constant. Suppose that we write W(x) = х? F(x). Then 
C = F(0). If we perform the differentiation in (30.1), we readily find that 
С = 1 — y. Thus, 


W(x) = —(у— 1)х (1 — х), (30.3) 
and, by (30.1), the proposed formula for у' follows. o 


Corollary. Let 


_ л ›ЁР(п1—п;1}1—Х) 
7 віп(ли) „ЁЕ(п,1—п;1;х) ` 


Then 
M 1 
y 7 X(t — x) oF2n, 1 n Ex) 
Proor. Apply Entry 30 with х = п, p =1—n,andy=6 = 1. Г] 


Entry 31(i). Let у = ,F,(«, B; y; х). Then 


(= bg - n | yds — xt ду = = D0- 1) - (&4- B — Duy 


Proor. Upon differentiation, it is found that the proposed formula is equi- 
valent to the formula 


(a — (8 — у — (1 — x)y’ + xy’ — x1 — x)y" 
= (у = Dy' — (a + B— y — (xt B— Ixy’. 


Upon simplification, this formula reduces to (30.2), the hypergeometric differ- 
ential equation satisfied by F; (o, f; y; x). О 


Entry 31 (ii). Let x + B + 1 = y + ô. Assume that n > 1 and that n > Re y. If 
y = у(х) = ›Ё\(«, B; y; x), then 


m du 
re [UT nme el тууа 


x" x n—an—fi. 
~ (a= ya 1) | nn-y4l Я! (31.1) 
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The conditions that we have imposed on n are needed only for the conver- 
gence of the integrals on the left side of (31.1). 

Entry 31(ii) is somewhat imprecisely stated by Ramanujan. 

Our method of proof will be as follows. We first show that the left side of 
(31.1) is a solution of the inhomogeneous hypergeometric differential equation 


x(1 — x)z" + (y — (& + B + Dx]z' – afz = x" 1(1 — x). 


Then, with considerably more difficulty, we show that the right side of (31.1) 
is a solution of the same differential equation. The difference of these two 
solutions is, of course, a solution of the associated homogeneous hyper- 
geometric differential equation (30.2). Now y, := y = F, (a, В; y; x) and y; := 
x1 „F, (ô — a, ô — fl; 2 — y; xy area pair of linearly independent solutions of 
(30.2). By examining the power series expansions cf both sides of (31.1), we 
easily see that the difference of these two functions cannot possibly involve y, 
OT y5; that is, their difference is identically equal to zero. This then completes 
the proof. 


Proor. Letting w = w(x) denote the left side of (31.1), we find trivially that 


d {w 1 СЕ 
xs) 7X — х#у%(х) | ж, 


апа 


d d (м 

EUN 71 — 6 1,2 Run (ade Loy-2 i з 

i (s (1 — xy'y 00 (5) x" y(x) (31.2) 
On the other hand, since y + ó — a+ f + 1, 


dí, бо, d [W 
кү” rez) 


4 dw dy 
As (1 ô (1 хур 
m (х (1 — x) Vaan (1 — x) T3 


= x71 — xt y(x(1 — x)w” + {y — (a + B + t)x}w’) 
= x HL — x)? !w(x(l — x)y" + fy — (x + B + 1)х}у') 


= x?-4(1 — x)? y(x(1 — x)w” + {y — (a + B + 1)x}w’ — ари), 
(31.3) 


where we have used the fact that y is a solution of the hypergeometric equation 
(30.2). Combining (31.2) and (31.3), we deduce that 


x(1 — x)w" + (y — (x + B+ 1)х}и' - ави = xP – x)! (314) 


It remains to show that the right side of (31.1) satisfies the differential 
equation (31.4). 
Let 
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a_u- © (1—@„(л— Bx 
Y(x) = (1 — x) 2, (п), (п — y + D, 


Then, by (31.4), we must show that 
x(1 — x)Y" + {y — (x + B + Dx1Y' — ову 


_ us ENTE (n — о) (п — Bx" 
еш. à (п) (и — y + 1), 


= a © (п – a)(n — B),(n + k — у)х”+*7? 
+28 = D(1 — x)! b аа 


-5 © (п — о) (п — Bn +k у) (п + К у xn 


а а 7410), 
© = E ntk— 
+ y(6 — 10-3)? s (n — 9), Lg en : 


(n — NE — В) п + k — yyx"t*v1 
(n),(n — y + 1), 


LEE E T 


(n — (n — h(n + k — yx"? 


BO xp 
к=0 


(ав) ху Ў 


k=0 (п), (и — y + 1), 
аа ион Bart 
UA CERE: 
= (n — y)n 1) хи (1 х), (31.5) 


We cancel the factor of (1 — x) ? in the last equality and show that the 
coefficients of like powers of x on both sides in (31.5) are equal. 
We first examine the coefficients of x"^?^!. On the left side of (31.5), this 


coefficient is equal to 
(n — (n — у — D + y(n — у) = (n — у)(л — 1), 


which is in agreement with the right side of (31.5). 
Next, the coefficient of х”? on the left side of (31.5) is equal to 


266 — 1)(1— у) — 2(1—у)(п-у—1)+ Len — @)(п — B)(n — у) 


+4 — 1) — y) + уи аи — B) — (a+ В + D0 — у) ар 
(31.6) 
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Now it is easy to see that (31.6) may be written in the form 
—(n — п,)(п — ng), 


where n, and n, are the two roots of the quadratic polynomial (31.6). By a 
direct verification, it can readily be shown that 1 and y are the roots of (31.6), 
although the case n = 1 is moderately tedious. In both computations, the 
hypothesis х + f + 1 = y + ô is used. Thus, the coefficients of х”? on both 
sides of (31.5) agree. 

Lastly, we must show that the coefficient of x"**?, k > 1, on the left side 
of (31.5) is equal to 0. This coefficient is equal to 


(n — 9n — Вип + k у) 


(n — а), (и — B), 
6(6 15 
| Vaal = 7 + Deer PAPEN (n(n — y + 1), 
+ 20 — ву elt — б-п + k-~1~¥) 


(n-4(n — y + Dea 
(n — а), (п — Phal x kr 1—0-k-)) 
(и), ..(п y + 1), 
(п — о) (п — }у(п+К—у)п+К—1—у) 
(n(n — y + 1), 
(п — 0), a — Bhitn+k—-1—y)(nt+k-2—y) 


+ 


2 


И (n).-i(n — у + Dia 

UST S YE рет 

E J“ — ue i - y t (x4 +101 acm < ДЕ 
E 

+ (+6 + je - 9n — Baw +К—1—у) 


(п), (n — y + Du 


m (n — о), (и — B) а (n — ah- (n — B) 
(п) (и — y + 1), (и), (п — y + D | 


Next, remove the factor 
(n — а), (n — В), 1 
(п)к-1(п — Y + De 


from each of the 14 expressions above. Then let u = u(k) = n + k — 1. There- 
fore, it suffices to show that 
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56 — 1) 4 202 Du 3 - f) 


+ 2(1 — ó)(u — y) 


u 
G6 *1-9(-9(u*1-f)u-B) 200 – ә)(и – B)u- 0) 
(и + 1)и и 
(6 — 1)(и — a)(u — В) 
+ (и – (0-1-3) + TUER ES 


„Еш = mac T Du у: (иаи В) 
(и + D)u(u + 1 — y) u 
(x + B+ 1)(u — а)(и — p) 


u 


4 (a + B+ 1)(и – у) 


T («4 B4 0D(1—6) 


«В(и — a)(u — В) 
u(u + 1 — y) 


+ af = 0. (31.7) 


If we multiply both sides of (31.7) by u(u + 1)(u + 1 — y), the left side becomes 
a polynomial of degree 5. In order to show that this quintic polynomial is 
identically equal to 0, we shall show that the coefficient of u? is equal to 0 and 
that the polynomial vanishes at five distinct points. It is easy to check that the 
coefficient of и? is equal to 0. One can verify that this polynomial vanishes at 
u=0, —1, у — 1, a, and f. We sympathetically suppress the details. This 
completes the proof. O 


Corollary. If n is arbitrary and y = ,F,(n, 1 — n; 1; x), then 
x(x — Dy' = n(n — nÍ y dx. 
0 


Pnoor. In Entry 31(i), let « = n, B = 1 —n, and y = 1. LJ 


Entry 32(1). If @ is any function, then 
MENO: f _ ecu 
\/ ф(х) «7o (k)? p(x) 


is always an even function of x, provided the series converges. 


Proor. Set г = т = 1 in Entry 1. Г] 
Entry 32(ii). If  < x < 2, then 
FG b 1; 1 — 1/x) = x FG. Et 1 — x). 
This result is a special case of a transformation 
2F (a, b; с; z) = (1 — 2)? F; (a,c — b; c; z/(z — 1) (32.1) 
that is generally attributed to Gauss [1] or Kummer [1], [2] but is due to 
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Pfaff [1]. Equality (32.1) is also found in Chapter 10 (Entry 19). For a proof 
see Chapter 10 or Bailey’s tract [4, p. 10, formula (1)]. 

Entry 32 (iii) 


= 2 
„Е, (ъ Ll -( =) ) = (1 + x) F, ($, 4; 1; x2). 
1+х 


Proor. Replace x by ((1 — x)/(1 + х))? in Entry 32(ii) and then apply Entry 
5 with r — $ and x replaced by — x. This yields 


1—-xV 1+х —4х 
EE м (53) J- inns) 


= (1 + x) 2F,(4, 3; 1; x’). o 


Entry 32(iv) 


11 1-xV 2 руі 4 
2Ё\|5,2;1;1— ES =(1 +x FG, 3; 1; x$). 


Proor. From the work of Kummer [1, р. 148, Eq. (46)], [2, p. 142], 
11 2 2 ; 11 1- vb $ 
FG S 1; et) = | —= | Filan bl 3 
1+. /b 1+ /b 
where c? = 1 — b°. If we put b = ((1 — х)/(1 + x)?, Ramanujan’s proposed 
formula easily follows. o 


The reader should compare Entries 32(iii) and (iv). 


Entry 32(у) 
(1 +n?) FG, 3; ES + in) 


ZI =) 
~lt+n 
n 
+4 (+ s4(1- "_)). 
УЛ +n? 


Proor. In Erdélyi's treatise [1, р. 111, formula (8)], let a = b = 2 and z = п? 
to get 


2 /n 21/4 1l 1.1 2 
rau * nahm) 
4 


= 11.1.1 n 11.1.1 n 
(аа) а) 
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Next, in the same compendium [1, р. 111, formula (9)], let a=b = i and 
z = п?/(1 + n?) and obtain 

A /n n n? 

I*(1) Jn 2 F, i 3: 5 14 п? 


1 1 


- (3 2 u(i- : DEAC à Zo А )). 
í 1+ тп? /1+п? 
Егот (32.2), (32.3), апа (32.1), 
41+ i) oF (3 hl; (i += ;)) 
Jin 


n 
Zen) 
1 +n? 


"P ) 


„2v5 n (a xh n? ) 
"PO Лү 


Year 4 Е, (4,4; 


Zall + п?) Р, 25 25 — 0) 


4; =n?) 


2 
‚уйна +n?) FG, 3; $; —m) 


= (1 + п?)!#„Е,($,$%; 1; #1 in), 


where in the last equality we employed Entry 21 with m = n = 5 and x 
replaced by in. g 


Entry 33(i) 
F (dbo )= тех, 
241) 25 2> "dx E +X) tars ix^) 
Pnoor. Set r = m = 1 in Entry 2. [1 


Entry 33(1) 
oF, (4,35 bà — V1- x) = RGB b». 


Pnoor. In Entry 12, set x = y = —$ and z = 1 and replace p by x. L1 
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Entry 33(iii) 
Pala 4, 35 L x) = РР, E 1; x). 
Pnoor. Put а = f = —4and y = iin Entry 13. o 
Entry 33(iv) 
2Ё, (+ 3: l; (4 T /1+х 25 (2 23 1; x). 
Proor. Set r= m = } in Entry 4. m 
Entry 33(v) 


oF, (4, ÓEt5tx-Jyl-x;RG.it». 


Proor. Set a = b = and с = 1 in Erdélyi’s book [1, p. 105, formula (1)]. 
П 


Example (i) 


—4x 1—x x 
Е,{ 4, 3; 1; =з Е, | 4,4; 1; е 
(à 125) aaah (4 sl 


PRoor. Replacing x by —x in Entry 33(iv) and then using (32.1), we readily 
find the proposed formula. О 


Example (ii) 
1 = 1 1 
2Р, | 4, 43 Ed cay = /1—x Fi 1; x). 


x) 


Proor. Apply Entry 33(iv), Example (i), and lastly Entry 33(ii) with 
4(1 — 4/1 — x) replaced by x/(x — 1) to find that 


1—x 4x 
М1 — xR, i; 6х) = enhet) 


x 
Sen abe 
2 Ate 4) 


—4x 
Hm (: Pos s) E 
Example (iii) 
a —4x (1 — xy? T 
2F (3,2; La х) = ГЕУ 2Е.(, 33 1; x). 


96 11. Hypergeometric Series, II 


Pnoor. Apply Entry 33(v) with x replaced by —4x/(1 — x)? and then use 
Example (ii). [s] 


Entry 34 

лі 

(а) r3 — 1.08643481121330801457531612. 
4 

rae 


= 1.311028777146060. 
44 / 2n 


(b) 


(c) Dem = 1.180340599016092. 


rm) 
PG) 

(d) —35- = 0.269676300594191. 
PEL 

(e) P 3.708149354602731. 
4 


Both parts (a) and (b) are correct. The last recorded digits in (c) and (d) 
should be 6 and 0, respectively, and the last two digits in part (е) should read 
44, Numerical values for the relevant powers of л may be found in the tables 
of Fletcher et al. [1, Chapter 5]. A numerical value for Г(4) was taken from 
Fransén and Wrigge's tables [1]. 

For brevity, set 


Jn r^) 
и = Г) and 4 DEC (34.1) 
Entry 34(i). If |x| « 1, then 
FG 35 15 41 + х) = UFG, 1; }; x?) + mx Р, 453; х?). 


Proor. Evaluating ,F,(j + 5, + 5;j + 1; 5) below by a formula of Kum- 
mer that can be found in Bailey’s tract [4, p. 11, formula (2)], we find that 


SORTON 
FG, 5; 1; iu + х)) = 7, (ky 2* p ( i 


Ж V (3X 
"hs buys 


G) 


i a t2 
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oo (4 m 
vn p jr j + 3)2) 
(3)2, yen 


e (4)3,x7* 5 
HD, aang +"), oR cee 


= р 2Е,(2,3 45 5; х?) + x oF, (4,2 ? 3; х?), (34.2) 


after some simplification. О 
Entry 34(ii) 
x 
jh (he bate = г) = 1+ х? FG, E E х°) 


gx + x?) FO d $5 x). 


Proor. First apply Entry 21 with m = n = 4 and x replaced by 2x/(1 + x?). 
Then make two applications‘of Entry 3 with x replaced by x? andr = m = 1 
and r = m = 3, respectively. Thus, 


4x? 4x? 
=F, (+ th т) + ух GF (à HER (Ex s) 


1+ x? ,FG. i xt) + пх(1 + x2 ,Е,(, 1; 5; х). (343) n 


Ramanujan (p. 141) has mistakenly written (1 + x?)!? instead of (1 + x?)?? 
on the right side of Entry 34(ii). 


Entry 34(iii) 


T 
FG 5 50 + х)) – 4 FFG, $; 15 4(1 — x) 


2 120 80 


x x? 41x? 
z ies 344 
i-x 20-33 100 29 pu) 


PRoor. We first establish the latter two equalities. The four displayed coeffi- 
cients on the right side of the second equality are simply numerical calcula- 
tions of the first four coefficients of the left side. Apparently, Ramanujan 
does not possess a simple formula for these rational coefficients. Expanding 
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(1 — x2)^*, k = 1, 2, 3, in binomial series on the far right side of (34.4) and 
collecting coefficients of x, x?, and x?, we establish the last equality. Evidently, 
Ramanujan is not claiming to have found a general formula for the coefficient 
of x?*!/(1 — х2) К> 1. 

We now prove the first equality of (34.4). By Entry 21 and (34.1), 


л 
1 FG E ;2(1 + х) – = 2 2Е? (5,5 Es — x) 


л 
= 7 Uo OG bb) + qx FO doy? 


л 
fs giv FG 3; 35 x7) — nx FG iino) 
=x о ro 3; х?) oF, (3, PA 2: x’) 
iy 2n i 1 1 
aX $44—3-nn 
=x pee Е rf | (34.5) 
m hi-ni-n ' 


where we have employed Erdélyi's work (1, p. 187, formula (14) ]. In compar- 
ing (34.4) and (34.5), we find that we must show that 


342 l1 H 1 1 

(3); a4, 72 M, — 22, — И 

в 1 1 1 =F, > ned. 
(n!) 22:4 ngn 1,1 


Now from Erdélyi’s book [1, p. 85, formula (2)] we find that 
La ean (3 ld hos 
Е 29 2? = 4 Е. 4* 45 2 , > 0. 
ak | п), L htni- p ^ 


Thus, it remains to show that 


1 i —m (2) 11 _y 
FIC eee xls > 0. 
| L1 | n ?7|ni-ap "= 


However, this last formula is a special case of Entry 29(i). Thus, the proof is 
complete. Г] 


Example (i) 


» x? 
атата 


Е х? 
+х(1 — x?) 34 Р, d 2i 33): 


Proor. Employing Entry 34(1) and then (32.1), we easily achieve the proposed 
formula. g 


In Ramanujan’s formulation of Example (i) (p. 142), he has written 
(1 — x?)~54 instead of (1 — x?)7?^ on the right side. 
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Example (ii) 


x 
"EMIL ;) 


2 "14x 


uc t 2 лу qe 
= af, (Eit) e mar HEE ү) 


1 


Proor. To each of the functions on the right side of Entry 34(ii), apply (32.1). 
The desired result easily follows. О 


Оп the right side of Example (ii), Ramanujan (р. 142) has written 2 instead 
of 1 + х2. 


Entry 35(i). If n is arbitrary, then 


cos(2n sin ! x) = ,F,(n, —n; 4; x?). 


Pnoor. In Erdélyi’s treatise [1, р. 101, formula (11)], let a = 2n and z = 
sin! x. О 


Entry 35(ii). If n is arbitrary, then 
sin(2n sin! x) = 2nx Е, ($ + n, $ — n; 3; х2). 


Pnoor. In Erdélyi’s book [1, p. 101, formula (12)], puta = 2nandz = sin“ x. 
t] 


Entries 35(i) and (ii) are closely related to the Tschebyscheff polynomials. 


Entry 35(iii). If n is arbitrary, then 


(1 — x?) 1? cos(2n sin™! x) = ,F,(4 + n, 4 — n; ix) 
Proor. By Entry 35(i), 
oO (2) oo an 
(1 — x?) !? cos(2n sin ! x =) Gu. ыу: (m 7 п), гк 
/% J! 


Using (17.3), we find that the coefficient of х?", ғ > 0, on the right side is equal 
to 


ae —k! or! 0 Gla ә 
G+, G-n, 
r C 
where we have utilized Saalschütz’s theorem, Entry 2 of Chapter 10. The 
proposed formula immediately follows. О 


У — п), (3), Nu r (п)(—п)(—т), 
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Entries 36(i), (ii). For n real and k > 2, let 


AE x n?(n? — 27)(n? — 42): (n? — (k — 2)2), if kis even, 
и" n(n? — 17)(n? — 32)---(n? — (k — 2), if kis odd. 


ии ие 


(х + 12 — (x + 1) "? = 


-+ 5 i baut »( x d 
FF Ок + DIO A x 


апа (36.1) 


k 
(x + 1)" +(x 1772-2242 È Ex =) (36.2) 
x 


We have stated Entries 36(i), (ii) in somewhat different forms than did 
Ramanujan. 


Proor. From Corollary 2, Section 14 of our description of Chapter 3 [9], 
b,( 
(a+ ./1 + а) = 1 + па + 3 e А 
k=2 


where |a| < 1 and n is any real number. Let a = x/(2./1 + x}. Then an 
elementary calculation shows that a + wf 1 +а? = е, 1 + х. Thus, 


(x + 1y2214— — CJ. (36.3) 
TT mas k! No pax 


Replacing n by —n and using the definition of b,(n), we find that 
nx К $ o x 
2/l+x 2 k 2\/1+х 


Subtracting (36.4) from (36.3), we deduce (36.1); adding (36.3) and (36.4), we 
deduce (36.2). Finally, an elementary computation shows that |a| < 1 if and 


(х + "221 


J (36.4) 


only if 2 — 2/2 < х < 2+ 2/2. o 
Entries 36(iii), (iv). Let n be real and suppose that 
x 2 
+ xp < qm (36.5) 
Then 


( ty} ey 


~ S)(n — 7 
-1+тшй apenas 


gno — 7)(n — 9(n — 11)(n — 
42.51 


13) sq + xe 152 poe 


(36.6) 
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and 
; + 16 i ; н =) =(1 + х)? + x x + xj? 


n(n — 6)(n — 8)(n — 10) n- 
+ A x*(1 + xjn122 +. 


(36.7) 


We have presented Ramanujan’s formulations of Entries 36(iii), (iv). As we 
shall observe below, a general formula for the coefficient of (x/(1 + х)??}*, 
k > 0, can be given in terms of gamma functions, 


Proor. We shall apply the Lagrange inversion formula (Whittaker and 
Watson [1, p. 133]). Accordingly, we let 


and f(x)=(1 + xy? 


] 
p(x) = 
fl1+x 
and define y by y = x + xo(y). If we solve this equation for y, we find that 
у=+(2х— 1+ {/1 + 4x). 


It follows that 
+ /T+4 
fGQx — 14 JA dx) = (SY 


Also note that 
9*()f'(x) = inü + xf 97, kzi. 
Hence, by the Lagrange inversion formula, 


оо 


Ду) = f(x) + o E кт £9") f 69]. (36.8) 


we find that 


(E Gey = (1 + xy? + inx(1l + xj? + n(n — 4) x*(1 + xy" 6)/2 


22.2 

4 n= 30 77. 3 (n—-9) m 

23-3! (1 + xj"? + 
naue & (DMT G(=n +30) ү x Y 
=U)? Ж тщ Spree ae) 


(36.9) 


By Stirling’s formula, the series above converges for those values of x given 
by (36.5). (The radius of convergence of a more general class of power series 
has been calculated in our book [9, Sec. 14 of Chap. 3].) 
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We now make a second application of the Lagrange inversion formula. Set 


and f(x) =(1 + xy? 


1 
ф(х) = m 


and define y by y = x — xọ(y). It follows that y = 0. Hence, f(y) = f(0) = 1. 
Hence, by an application of the Lagrange inversion formula (36.8) like that 
above, 


1=(1 + xy? — inx(1 + x)??? 


n(n — 4) 
22.2! 


n(n — 5)(n — 
23-3! 


7 
e x9» ke, 


(36.10) 


+ x2(1 + x92 


Again, by Stirling’s formula, the series (36.10) converges for those values of x 
given by (36.5). Subtracting (36.10) from (36.9), we deduce (36.6); adding (36.9) 
and (36.10), we deduce (36.7). О 


Ramanujan had an affinity for the Lagrange inversion formula or, perhaps 
more precisely, for the beautiful expansions that can be derived from it. 
Ramanujan undoubtedly learned the Lagrange inversion formula from Carr's 
Synopsis [1]. The Lagrange inversion formula is also found in the calculus 
books of Edwards [1, pp. 450—457] and Williamson [1, pp. 151-153], both 
of which were known to Ramanujan. In Chapter 3 of his second notebook 
and in his quarterly reports, Ramanujan offers many applications of the 
Lagrange inversion formula. Although perhaps Ramanujan first discovered 
some of these expansions via the Lagrange inversion formula, his primary 
method for deriving these results arose from one of his favorite discoveries, 
a type of interpolation formula in the theory of integral transforms. This 
theorem has been thoroughly discussed by Hardy [9, Chapter 11] and by the 
author [9] in his account of Ramanujan's quarterly reports. 

An excellent survey on the q-Lagrange inversion formula has been given 
by Stanton [1]. 


CHAPTER 12 


Continued Fractions 


In assessing the content of Ramanujan’s first letter, dated January 16, 1913, 
to him, Hardy [9, p. 9] remarked: “but (1.10)-(1.12) defeated me completely; 
I had never seen anything in the least like them before. A single look at them 
is enough to show that they could only be written down by a mathematician 
of the highest class. They must be true because, if they were not true, no one 
would have had the imagination to invent them.” These comments were 
directed at three continued fraction representations. Indeed, Ramanujan’s 
contributions to the continued fraction expansions of analytic functions are 
one of his most spectacular achievements. The three formulas that challenged 
Hardy’s acumen are not found in Chapter 12, but this chapter, which is almost 
entirely devoted to the study of continued fractions, contains many other 
beautiful and penetrating formulas. Unfortunately, Ramanujan left us no clues 
as to how he discovered these elegant continued fraction formulas. Especially 
enigmatic are the several representations for products and quotients of gamma 
functions. Three of the principal formulas involving gamma functions are 
Entries 34, 39, and 40. Entries 20 and 22, giving Gauss’s and Euler’s continued 
fractions, respectively, for a quotient of two hypergeometric functions, also 
play prominent roles. Several other formulas are dependent on these five 
entries, and it may be helpful to schematically indicate these connections 
among entries. 
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32(ii) 


25 26 320i) 33 36 37 


28 32(i) 18 30 31 38 


We shall use the notation for hypergeometric functions that we introduced 
at the beginning of Chapter 10. 
In the sequel, y/(z) always denotes Г'(2)/Г(2). We shall employ the represen- 
tation (Olver [1, p. 39]) 
2 1 1 
yz) = —y + 2 (стт _ 2) (0.1) 
several times in this chapter, usually without comment. Here y denotes Euler's 
constant. 
We shall usually adopt the notation 
а а, а, 
bi +b, + by + РӘ 
for the continued fraction 
а; 
bi + a, 
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The notation (0.2) appears to be the most convenient and widely used notation 
for continued fractions. For brevity, it will occasionally be convenient to 
employ the notation K(a,/b,) instead of (0.2). We shall refer frequently to the 
well-known texts of Perron [3], Wall [1], Khovanskii [1], and Jones and 
Thron [1]. Because Perron’s book contains several formulas that we shall 
employ and that are not found in the other texts, we shall make many 
references to this classic work. 

In our initial published account of Ramanujan’s work on continued frac- 
tions (see the Introduction for a complete reference), the domains of conver- 
gence were often more restrictive than necessary, and, in a few cases, they were 
incorrect. The account that follows has been considerably improved because 
of the comments and work of L. Jacobsen. In particular, she [3] has employed 
analytic continuation and the uniform parabola theorem to extend the 
domains of convergence of many of Ramanujan’s continued fractions. The 
work of Jacobsen [1] and Waadeland [1] on tails of continued fractions has 
yielded a simpler, more uniform approach to several of Ramanujan’s formulas. 


Entry 1. Let a,, az, ..., a, and Ь,, b,, ..., b, be complex numbers such that 
a, # 0 for each positive integer n. Define N., = 0, No = 1, D 4 = 0, Do = 1, 

№ = №5 + а Ns, k>2, (1.1) 
and 


D, = р, + aD- К>1. 
Then, forr > 1, 


а а, а 


= “= 
b bp to +8, D & DAD, 


(1.2) 


Proor. The first equality in (1.2) is a somewhat unusual formulation of a basic 
elementary formula in the theory of continued fractions (Wall [1, p. 15]). For 
future reference, we restate the first equality of (1.2) in a more familiar fashion. 
Let A_, = 1, 49 = 0, B. , = 0, By = 1, 


Ay = ҺА + аА К>1, (1.3) 
and 
B, = В, + а В, >, К > 1. (1.4) 
Then, forr > 1, 
a a a A 
B ron a (1.5) 


bi +b +--+, B 


Thus, a, № = A,,, and D, = B,,k > —1. Note that if we define N_, = 1, then 
(1.1) is valid for k = 1 as well. Recall that A, and B, are the kth numerator 
and denominator of the continued fraction (0.2), 
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The second equality in (1.2) is essentially another version of a well-known 
fact (Wall [1, p. 18]) due to Euler [1]. The relations (1.3) and (1.4) were first 
established by Wallis [1] and first studied seriously by Euler [5]. Г] 


Corollary. Let a;,a2,...,a, be nonzero complex numbers such that a; + а + 
0,j = 1, andr > 3. Then 


а _ 01 а ауа» 4504 2,20, 


NE^ 


KZL 1 —a, +a, — a, + a3 — a3 + a4 — `U – а +4, 


This corollary is due to Euler [1], and a proof may be found in Perron’s 
book [3, p. 17]. 


Entry 2. Let x, a,, a5, ... denote nonzero complex numbers and define, for each 
nonnegative integer n, 


п (х) 
(х) = : 
hbo) E 
If 
lim f(x) = oo, (2.1) 
then 
caycag „= (2.2) 


х—-а,+х—ау+ 


Proor. For each nonnegative integer п (Chrystal [1, р. 516, Eq. (14)]), 


"1 ajaz a,x a,x Бах b,a4x Ьа, 41х 
k=1 by by b, b, —b,tax—b,*ayx—:c-— na) T an1 X 


If we set a; = 1 and replace b; by —a;, j > 1, we find that 


1 
a, — A’ 


Дх) = 


where 


a,x ах а,х 


X — а, +X = ag +: +X- ar 


Letting n tend to oo and using (2.1), we deduce that a, — A = 0, which is 
equivalent to (2.2). L1 


Of course, we could impose several sets of conditions on x, a,, a5, ... in 
order to ensure that (2.1) holds. For example, if lim, ,,, |a,| = p, then, by the 
ratio test, (2. D is valid if |x| > p. 
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Quite possibly, Ramanujan attempted to prove (2.2) by the following 
nonrigorous argument. Trivially, 
ра es (2.3) 
X — Q4 + gai 


If we successively employ (2.3) for k = 1, 2, ..., we find that 


ax a,x ах 


йу=- = 
х-а +4, х—а,+х—а,+@а;, 


a,x ах а3х 
х- а +х- аз +х-– а + 


^ 


which is equivalent to (2.2). This type of argument is valid under certain 
conditions which will be set forth in the next theorem. 

Entry 2 and some entries in the sequel are consequences of the following 
result which is due to H. Waadeland [1] and L. Jacobsen [1]. 


Theorem. Let K(a,/b,) have a sequence g™, 0 « n < œ, of tails; that is, 


gb. T 9°) = dg, п> 1, 


such that g 4 oo, 0 < n < oo. (Thus, g #0, —b,, if a, Z0 1<n< œ.) 
Then K (a, /b,) converges if and only if 


k b, (n) 
inc Q4) 


converges in € = € о T In particular, if (2.4) has the sum oo, then K(a,/b,) 
converges to g®. More generally, if (2.4) has the sum L € €, then K(a,/b,) 
converges to g(L — 1)/L. 


ipa 


Note that a continued fraction K(a,/b,) has infinitely many sequences of 

tails; define g” є € arbitrarily, and define g”, n > 1, by 
а 
0 = реу 5 
g^» 

We now show that Entry 2 follows readily from Waadeland and Jacobsen's 
result. 

If g® = a,,,, n > 0, then g” is a sequence of tails for (2.2). Inserting this 
into the (truncated) sum (2.4), we find that 


m k X 
FE (- 2) ало 
k=0 n=1 Qn+1 


Entry 2 now follows from the theorem above. 

We shall interpret Entries 3 and 4 formally. We emphasize that the argu- 
ments that we give are not rigorous. There is a slight misprint in the formula- 
tion of Entry 3 (p. 143). 
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Entry 3. If x, a,, a5, ... are arbitrary complex numbers, then 
x = a, + (x? + а (а — 2а,) — 2a,(x? + а,(а, — 2a4) — 2a4(--))2)2)12, 
Pnoor. It is easy to verify that 
x — ay = (х? + аа, — 24444) — 2a(x — 2444)", k21. (3.1) 
Using (3.1) successively, we find that 


x — a, = (x? + a,(a, — 2a,) — 2a,(x — a;))'? 


= (x? + a,(a, — 2a5) — 2a,(x? + a,(a, — 2a3) — 2a,(x — а;))!?)!? 


and so the desired result follows. O 
Entry 4. Let a, n, and x denote arbitrary complex numbers. Then 
fx):=x+n+a 
= (ax + (n + а)? + x(a(x + n) + (n + а)? + (x + п)(а(х + 2n) 
+ (п + a +(x + 2и) (-::):2):2):2)12. 


Proor. By successively substituting, we find that 
f(x) = (ax + (n + a)? + xf(x + п))!? 
= (ax + (n + a)? + x(a(x + n) + (n + a + (x + п) (х + 2п))!?)!? 


and therefore we obtain the proposed formula. Г] 


Examples. We have 

O 3=(1+2(1+3(1 + 4(1 + )!?)!# у? ү 
and 

(i) 4= (64+ 2(7 + 3(8 + 4(9 9-2) 2212, 


Examples (i) and (ii) were submitted by Ramanujan [5], [16, р. 323] as a 
problem in the Journal of the Indian Mathematical Society and solutions were 
subsequently given by him. Example (i) appeared as a problem in the William 
Lowell Putnam competition in 1966 (7. Н. McKay [1]). 

T. Vijayaraghavan (Ramanujan [16, p. 348]) has shown that 


(a, + (a, + (а, 7 (a,) 2) 29292, a > 0, 


tends to a limit as n tends to oo if and only if 


lim a КОЕ (4.1) 


п 
noo 
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See also Polya and Szegó's book [1, pp. 37, 214]. Vijayaraghavan's theorem 
can be used to show that the infinite radicals in Examples (i) and (ii) are 
convergent (Ramanujan [16, p. 348]). 

The literature on infinite radicals is rather scant, and so Herschfeld's paper 
[1]is to be particularly recommended. He points out that Ramanujan's proofs 
of (i) and (ii) are slightly incomplete, and he gives full rigorous solutions. This 
paper contains a good discussion on the convergence of infinite radicals. 
Elementary discussions of nested radicals have also been given by W. S. Sizer 
[1] and E. J. Allen [1]. 

We state Entry 5(i) as Ramanujan records it. But, as we shall see, Entry 
5(i) is valid only for Ө = 0. We shall separate Entry 5(ii) into two parts. The 
first part will be proved rigorously; the second will be regarded as a formal 
identity. However, we shall indicate some values of 0 for which the second 
part of Entry 5(ii) is rigorously true. We suggest to readers that they attempt 
to develop more thoroughly the theory of infinite radicals, so that perhaps 
concrete conditions may be imposed on the formal identities in Sections 3-5 
to ensure their validity. Jacobsen's paper [4] is one in this direction. 


Entry 5(i). We have 
2 cos Ө = (2 + 2cos 20)? = (2 + (2 + 2 cos 40):2)!2 
= (2 + (2 + (2 + 2 cos 80))2))2)12 = ..., 


Proor. Repeatedly apply the identity 
2 cos(2*0) = +(2 + 2 cos(2**++0))"?, k>0, 


with the plus sign always chosen on the right side. However, unless Ө = 0, 
there clearly will be values of k when cos(2*0) < 0, and so we must choose the 
minus sign in such instances. If 0 = 0, Entry 5(1) implies that 


2=(2+(2+ (2+ ууу, 


which is meaningful since (4.1) is easily seen to be satisfied. Furthermore, a 
direct proof may easily be given. (This last example appears in Zippin’s book 


[1, p. 51].) oO 
Entry 5(ii) (First Part). Suppose that either |0| < n/6 or 5n/6 < 0 < 7л/6. Then 
2 cos 0 = (2 cos 30 + 3(2 cos 30 + 3(2 cos 30 + ---)13)13)13, 


Proor. Forn > 1, let 
К, = (2 соз 30 + 3(2 cos 30 + 3(2 cos 30 + -++)¥3)'9)18, 
where n cube roots are taken. Observe that 
R, = (2 cos 30 -3R,.,) 2, и> 2. 
First suppose that |0| < 2/6. Clearly, R,-, < К, for each n > 2. Thus, 
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R3 = 2 cos 30 + 3R,., < 2 cos 30 + 3R,. (5.1) 


The polynomial x? — 3x — 2 cos 30 has three real roots, 2 cos and — cos 6 + 
/3|зїп 8|. For |0| < 2/6, —cos ө + Bisin 0| < 0. Therefore, { К„} is a non- 
negative, increasing sequence bounded above by the root 2 cos 0. Thus, { К„} 
converges and, by (5.1), (R,) converges to a root of x? — 3x — 2 cos 30. As 
we have just seen, this root must be 2 cos 8. 

For 52/6 < 0 x 72/6, consider х = 0 — x. Thus, la| < 2/6. Using the fore- 
going analysis, we complete the proof. О 


We remark that if 2/2 < 0 < 5л/6 or 72/6 < 0 < 37/2, then {R,,} converges 

to —cos 0 + ,/3|sin 0|, while if 2/6 < 0 < 1/2 ог 37/2 < 0 < 117/6, {R,} 
converges to —cos 0 — /3\зїп 0|. 
Entry 5(ii) (Second Part). We have 

2 cos 0 = (6 cos Ө + (6 cos 30 + (6 cos 90 + ---)13)13)12, (5.2) 


Proor. Repeatedly employ the equality 
2 cos(3*8) = (6 cos(3*0) + 2 cos(3**! 0))13 


fork 20,1,2,.... 

We now indicate some special cases when the second part of Entry 5(ii) 
may be established rigorously. 

If 0 = 0, then (5.2) becomes 


2 = (6 + (6 + (6 + --))2)18y18, (5.3) 
To prove (5.3), define 
R, = (6 + (6 4-619. .)13)13, n zl, 
where n cube roots are indicated. Observe that 
R? = 6+ К„., < 6+ Rp n> 2. (5.4) 


Now x = 2 is the only real root of the equation x? — x — 6 = 0. It follows 
that К„_, < R, < 2, > 2. Thus, (R,] converges, and, by (5.4), the limit of 
(R,] equals 2. 

If 0 — n, then (5.2) yields 


—2=(—6+(—6+(—6+ ++ )H/3)1/3 1/3 
= — (6 + (6 + (6 + +++) N3)1/3)1/3 | (5.5) 


which is valid by (5.3). 
If 0 = n/3, the right side of (5.2) becomes 


(3 (76 (—6 +) = (3 — 295 = 1, 


by (5.5). Hence, (5.2) is valid for 0 = л/3. In fact, by induction, it is easy to 
show that (5.2) holds for 0 = z/3*, k > 1. 
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It may also be easily checked that (5.2) is valid if 0 = 2/2 or 27/3, for 
example. If 0 = 7/4, (5.2) holds, but the verification is more difficult. LJ 


Entry 6. Let a > 0 but a + 1. Suppose that n is a nonnegative integer. In the 
field of formal power series, put 


fo) = È ать, 


where ао(п) = 1, a,(n) = —a ", and aj(n), j > 2, is defined recursively by 
1 il 
aj(n) = 2a! — 1) 2 a,(n)a,_,(n). (6.1) 


Then for each nonnegative integer n, 


a(a — 2) а(а—2) . a(a—2) a = 1/2\ 1/2 _а 


(6.2) 
where, on the left side, there are п iterated radicals. Furthermore, 
_ „n (0/а")? (v/a")? 
ee seed ae тушат) 
(v/a^Y*(a + 5) (v/a" Qa? + За + 7) T 
*tsa-0)G -1De-1 82a-1G-1e- Da - 1) 
(6.3) 


Proor. If n = 0, (6.2) is trivial. Thus, assume that n > 0. Proceeding by 
induction and squaring both sides of (6.2), we find that we must show that 


a(a — 2) 
4 


2 
a a 
+ zr) = т^ 0 п> 1, 
ог, in other words, 


PD (дее i= S fR) db 


iu 


Now, by (6.1) and induction, ап — 1) = alaj(n),j > 0, п > 1, and so it suffices 
to show that 


alaín) = E ација (0), j>2 


But the latter equality is equivalent to (6.1), and so the proof of (6.2) is 
complete. 
The expansion (6.3) is easily determined by employing (6.1). L1 


Ramanujan's formulation of Entry 6 is slightly incorrect, for he claims that 
(p. 143) 
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ke d 


= (ai — 1) 2. a(n)aj-., (n), 


which should be compared with (6.1). 


aj(n) 


Entry 7. If x is not a negative integer, then 


NIS x42 x+3 


X +х+1+х+2 


(7.1) 


First Proor. We first derive a consequence of Entry 22 that we shall employ 
several times in the sequel. In Entry 22, replace x by x/«. Since the continued 
fraction converges uniformly with respect to о in a neighborhood of « = oo, 
we may let х tend to œ to deduce that, for 8 ¢ {—1, —2, =}, 


FA + y+ 45x) | 1 (B + 1)x (B + 2)x 
т1Ё,( у; х) у—х+у+1—х+у+2-х+97 


(7.2) 


(An equivalent form of (7.2) was also found by Perron [3, p. 278, formula (8)].) 
By using Corollary 1 of Entry 21, we can show that (7.2) is also valid when £ 
is a negative integer, provided that y ¢ (B, B — 1, B — 2,...). 

To prove (7.1), set x = 1 and $ = y = x in (7.2). The result now easily 
follows. Г] 


SECOND Ркооғ. The continued fraction (7.1) has tails g = 1. The Nth partial 
sum of (2.4) is therefore equal to 


N 
2 (= D'(x + 1), (7.3) 


which obviously cannot converge to a finite number. However, if x is not a 
nonpositive integer, 


х +1 x+2 x+3 
X+1 x42 x+3 EN: х(х+1) (x + D(x-42) 
X tx-l4xt2to 1 + 1 + 1 +” 


which converges by Worpitzky’s theorem (Wall [1, р. 42]). Hence, by the 
theorem in Section 2, (7.3) tends to oo as N tends to oo. So by the same theorem, 
(7.1) converges to g® = 1. m 


It also should be remarked that Entry 7 follows from Entry 11 by setting 
а=1апдп=х+ 1. 
Ramanujan (p. 143) has written x instead of 1 on the left side of (7.1). 


Corollary. We have 
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Proor. Set x = 1 in Entry 7. g 


Entry 8. Let n denote a positive integer and suppose that x # — ka, where k is 
a positive integer such that 1 < k < n. Then 


п (-1y* 
à (x + a)(x + 2a): (x + ka) 
1 х+а х + 2а x + (n — а 


= -_-—— — . (84 
х+а+х+2а-1+х+3а- 1+ + х +па – 1 (eb 


First Proor. Denote the right side of (8.1) by A,/B, in the notation of Section 
1. Then by (1.3), 
A, = (x + na — 1)A,, + (x + (n — 1)а)А„—›, n > 3, 
or, upon iteration, 
A, — (x + па)А„ = (4, — (x + (n — 1a) Ay-2} 
++ = (—1 (A; — (x + 2a)A,} 
=(—1)”71, n > 3, (8.2) 


li 


since A, = 1 and A, = x + 2a — 1. 
Similarly, by (1.4), 


B, — (x + na)B,., = = — (x + (n — 1)a)B,_,} 
- Lanes (x + 2a)B,} = 0, n> 3, 
since В, = x + a and B, = (x + a)(x + 2a). Hence, 
B, = (x + a)(x + 2a)---(x + na), n> 1. (8.3) 
On the other hand, let the left side of (8.1) be denoted by the rational 
function P,/Q,. Clearly, 
Q, = (x + а)(х + 2a)---(x + na), п> 1. (8.4) 
Now, for n > 2, 
P, Ру (1 (x+ na)P,-+(-1"* 
бл ao Q, | 


that is, 
= (х + na)P,_, + (— 1)", п> 2. (8.5) 


Hence, by (8.2) and (8.5), A, and P, satisfy the same recursion formula. Since 
A, = P, = 1 and A, = P, = x + 2a — 1, we conclude that A, = Р,, n > 1. 
Also, by (8.3) and (8.4, B, = Q,, n > 1. Thus, the equality (8.1) has been 
established. Ll 


114 12. Continued Fractions 


SECOND РЕООЕ. We induct on n. For п = 1, (8.1) is trivially true. 
Suppose that we denote the left side of (8.1) by f,(x). Proceeding by 
induction, we thus find that 
(х afia (x) = 1 — f(x a) 
1 x + 2a X + na 
х+2а+х+3а—1+ +х + (п + а 1 


Letting 


x + За х + па 
xt+4a-—14+---4+x4+(n+ а 1° 


А = х + З3а-– l+ 


we then deduce that 
1 
x + 2а + (x + 24/A 
_ («+ 2a — 1) + (x + 2a)/A 
~ (x + 2а — 1) + (x + 2а)/А +1 
1 
1+ ! 
(x + 2a — 1) + (x + 2a)/A 


(х + а), (х) = 1 


Upon dividing both sides of the equality above by х + a, we arrive at (8.1), 
but with n replaced by n + 1. This completes the induction. Г] 


Corollary. We have 
1 1 2 3 
e-l 1424347 


Proor. Let x = Q and a = 1 in Entry 8 to obtain the equality 


y d 12 3 n—i 
KE x 7 14492434 4n-d 


Letting n tend to oo yields 


1 1 1 2 3 
e 14142434757 


1 


The desired formula now readily follows by inverting the equality above. 


m 
The previous corollary is due to Euler [3]. 


Entry 9. Let a and х be complex numbers such that either x #4 —ka for 
ke (1, 2, ...] and a £0, or that a = 0 and |x| > 1. Then 
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x+a+1 xt+a x + 2a x + За 
х+1 х= 1+х+а-1+х+2а-1+: 


(9.1) 


Proor. We first indicate a formal nonrigorous argument. Observe that for 
each positive integer n, 
x+na+1 x + na 


Z Ija+i Dati 
х+(п—1)а+ Ер Л Са oai 
х+па+1 


(9.2) 


By applying this identity successively for n = 1, 2,..., we formally derive (9.1). 

We now give a rigorous proof based on (7.2). We first assume that a 4 0. 
Putting x = 1/a, B = x/a, and у = (x — a)/a in (7.2), we find that, under the 
restriction f = x/a¢ {—1, —2,...}, 


1 х+а х + 2а х + За 


= ; 9.3 
x-a-1+x-14+xt+a—-—1+x+2a-14+°:: ee 
provided that x # — ka, where k is a positive integer. But, 
х+а х | х 1 
iF, (#452) Zet + — glia 
a aa x—a a a 
IF, G=) T (- п) nme 
a a a a a 
_ (x а)(х 1) (9.4) 
^ xx—a-41)' i 


Substituting (9.4) into (9.3), taking the reciprocal of both sides, and simplifying, 
we arrive at (9.1). 

Another proof for a 4 0, depending on the theorem in Section 2, can be 
given, Equality (9.2) shows that 


х+па +1 


е , > 1, 
9 х+ (и = )а +1 4 


is a sequence of tails for (9.1). Thus, a partial sum of (2.4) equals 


Ы 


N N {x +(n— l)a+ 1H (x + na} 
У (-0* П 

k=0 k=1 x + (1+ ђа+1 
which must tend to оо by the same argument that was used in the second 


proof of Entry 7. Since g® = (х + а + 1)/(x + 1), the proof is complete by the 
theorem in Section 2. 
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For a = 0, the continued fraction (9.1) reduces to the periodic continued 
fraction K(x/(x — 1)). The convergence behavior of periodic continued frac- 
tions is well established. See, for instance, the text of Jones and Thron [1, 
pp. 47, 48]. Thus, K(x/(x — 1)) converges if and only if x/(x — 1)? does not lie 
on(-oo, — 1/4). For |x| > 1, the continued fraction in (9.1) converges to 1, as 
claimed by Ramanujan. However, if |x| < 1, the continued fraction converges 
to —x. 0 


Examples. We have 


43 4 5 6 


O 371424534445 


and 
5 4 6 8 10 
3 143454747 


(i) 


PRoor. Set x = 2 and a = 1 in Entry 9 to deduce (i); similarly, set x = 2 and 
а = 2 to obtain (ii). g 


Entry 10. If n is a positive integer, then 


_ 1 2 3 n ntl п+2 
| 1-n*2-n«3-n:c40* 1 + 2 + 


n 


First Proor. Putting x = 1, = 0, and y = 1 — n in (7.2), we find that 


0 (1 — n) , F,(0; 1 — n; 1) y 1 2 3 
= =—n Я 

iF, (1; 2 — n; 1) 1-п+2-п+3-п+ 
which completes the proof. L1 


SECOND Pnoor. In (11.7), set n = 1 and replace a by n to deduce that 
1 2 = n—1 п—2 


(a9 229 ы Se 


We shall be finished if we can show that, for each positive integer n, 


n n—i 
= п. 10.1 
Пре М грин ы. on) 


We prove (10.1) by inducting on n. If n = 1, (10.1) is trivial. Assuming that 
(10.1) holds with n replaced by n — 1, n > 1, we see that 


n n—1 _ п s 
2—n«-3—-ne: Q-nse(n—1) ` 


0 


The interpretation of Entry 11 was made difficult because Ramanujan 
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left most of his notation undefined. Furthermore, some of his notation is 
unnecessary and so will not be given. 


Entry 11. Suppose that a is a positive integer and that n Ф (0, —1, —2,...}. 
Define N, and D, by 

— Na 
(0+2 а)(п +3 – а): п 


1Ё.(1— a;n + 2 — а; — 1) (11.1) 


and 


D, 
isa: Та у 9 
Fi a;n + a, ) (n+ 1—a)(n +2 а) -(п 1) (11.2) 
where if a = 1, the denominators on the right sides of (11.1) and (11.2) are 
understood to be equal to 1. Then 


N, n ntl n+2 
D, оп-а+п-а+1+п-а+2+ (11.3) 
and 
Nası а—1 a—2 
CURSO. 114 
N OT nt3-a4ntá-aá4 (11.4) 


Proor. Since а is a positive integer, both ,F,(1 — a;n + 2— a; —1) and 

,Fy(1 -- a;n + 1 — a; —1)terminate, and so N, and D, are simply the numera- 

tors of the rational functions respectively obtained. In fact, N, and D, are 

polynomials in n of degree a — 1. 

Setting f =n, y = n + 1 — a, and x = 1 in (7.2), we find that 
niFi(ntijn+2—a;l) _ nm п+ 1 п+ 2 
(n-1—a),F,nn-l—a;jl п-а+п-а+1+п-а+2 +... 

(11.5) 


where n {0, — 1, —2,...}. But by Kummer’s theorem (Entry 21 of Chapter 
10), 


n,F(nc-lnr2—al) — п .Е,(1— а;п+2 – а; – 1) 
(n+ 1-а), Е (—п+1-—0;1) (п+1-а), Е (1 –ап+1-а; –1) 
N, 
=—, 11.6 
Б (11.6) 


Thus, (11.3) follows from (11.5) and (11.6). 
From (11.1), 


Niwa (nt1—a),F,(-—a;n+1-—a; —1) 
NS QF(l—a;n-2—a;-1) 
a—i a—2 


nt3—-aátnr4-actc! 


=п+2—-а+ 
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where we have applied (7.2) with B = —a, y=n+1-—a, and x= —1. 
This application of (7.2) is valid by our remarks following (7.2). For if a 
is a positive integer, ; -n--1—a£í(—a, —a-— 1, —a —2,...), since 
n ¢ (0, — 1, —2,...}. This proves (11.4). ш 


By generalizing the proof above, we can easily prove that 


n n-ci п+2 a—i a—2 


кый иал ШЕЛЕК Ree dq apt 
(11.7) 


provided that not both a and — n are nonnegative integers. 


Corollary 1. If n is not a nonpositive integer, then 


n +n+1_ n n+l n42 
n?—n+1 n—-3+n—2+n—-14-°° 


Proor. Leta = 3 in (11.3). O 


Corollary 2. If n is not a nonpositive integer, then 


n + 2п+1 o n ntl п+2 
(п – 1) -2(n—1) 41 n=4+n=3+n=2+ 


Proor. Let a = 4 in (11.3). LJ 


Entry 12. If a = О and x # —ka, where К is a positive integer, 


х+а (х+а)? – а? (x+2a)?—a? (х+3За)?—а? 
а + а + а + а o 


(12.1) 


First Proor. In Entry 22, put x = 1, а = 0, = (x — a)/a, and y = (x + a)/a. 
After simplification, we find that 

x—a x~a (х+а)? – а ^ (х+2а)?—а? 

х+а a + а + а + 


Multiplying both sides by (x + a)/(x — a), we complete the proof. go 


SECOND Proor. In Entry 27, let x = 1. Then set y = 1 + 2x/a and n = —4. 
We then find that 


2x 4(x +a} ja?—4 4(x+2a}/a°—4 4(х+ За)2/а? – 4 
E а 
a 2 + 2 + 2 re 
cp аан А (х + 2a – а? (х + 3а)? — а? | 
а + а + а + 


2 
heey, 
a 
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say. Thus, x = Х. Lastly, 
a+x a+x 
atx atX’ 
which is the desired formula. Г] 


1 


THIRD Proor. For x = 0, the result is trivial. Thus, assume that x 4 — ka, 
0 < К < оо. А sequence of tails for (12.1) is given by 


in 1, ifn = 0, 
g = : 
x-(n—1). ifn>1. 
The sum in (2.4) is then equal to 


$ (ее леу SF Deb eue 


x + (n — 1)a =0 x 


By the theorem of Section 2, we conclude that the continued fraction in (12.1) 
converges to g® = 1. Г] 


Entry 13. Let a, b, and d be complex numbers such that either d # 0,b # — kd, 
where k is a nonnegative integer, and Re((a — b)/d) > 0, or d + 0 and a = b, or 
d = 0 and |а| < |b|. Then 
_ ab (a + d)b +4) (a+ 2d)(b + 24) 
a a+b+d— а+Ь+34 — а+ь+ 54 


(13.1) 


First Proor. For this proof, we shall assume the first set of conditions on a, 
b, and d. We shall also need to assume that (a + kd)(b + kd) 4 0, for each 
nonnegative integer k. Let p, = b + kd, k > 0. Then 

(a + (n + 1)4)(Ь + (n + 1)d) 


р„=а+Ь+(2п+14 А п> 0. 
Pa+1 


Writing p, = x,/x,,,, n > 0, we may write the preceding formula in the form 
x, = (a + b + (2п + 1)4)х„+, — (а + (п + Dd)(b + (п + 1)4)х„+›. 


Setting а + nd = y,/y,+,,n > 0, we easily see that the same recurrence formula 
is satisfied by у,. | 
Now if ху = 1, 
Хы Xn 0x; 1 1 1 
Xn Xn-1 Xo РьһРа-1 Ро 
_ 1 
— (b + nd)(b + (п — Dd): b. 


Similarly, if yọ = 1, 
1 
(а + па)(а + (n — 04): а’ 


Уп+1 = 


Thus, under our assumptions, х,/у, tends to 0 as n tends to оо. 
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We now apply a theorem in Perron’s text [3, p. 97, Satz 2.46, C] to deduce 
that, under our hypotheses, 


К (а +4( +4) (a+2d)(b + 2d) 
чш а LOU uS d APRES 
(a + 3d)(b + 34) 
S тера. же 


Now take the reciprocal of both sides above and then multiply both sides by 
ab to obtain the proposed continued fraction representation. g 


SECOND PROOF. As in our first proof, we assume that the first set of hypotheses 
holds. In Entry 20, let ж = b/(2d), B = a/(2d), and y = (a + b + d)/(2d). By our 
hypotheses, each of the two hypergeometric series in Entry 20 converges at 
x = — 1. By the remarks following Entry 20, we may let x = —1 in Entry 20. 
After a slight amount of manipulation, we find that 


(5 а+ 2d a+b+3d ) 
" oF, V sif 
a 


20-9 2d °> 24°? 
a+b+d a+d a a+b+d,, 
AN т? d € 
_ ab (а + d(b-d) (a+ 2d)(b + 24) 
a+b+d4d— а+Ь+34 — а+Ь+54 


(13.2) 


If we now apply Gauss’s theorem (Entry 8 of Chapter 10) to each of the 
hypergeometric series above, we find that the left side of (13.2) becomes 


a+b+ за b 
"Nou 


a+b+d L(b * 24) (a € b d CUM 
2d 2d 


which completes the proof. 0 


THIRD Proor. Assume that either of the first two sets of hypotheses is valid. 
Assume that a + nd, b + nd # 0 for each nonnegative integer n. Then 


"EE ifn = 0, 
I —il-(-nd, ifn21, 


is a sequence of tails for (13.1). The series in (2.4) then becomes 


eo b + (n — 4 b a 
- = „Е Ipet 
XU a 4 nd (2. 'd i | 


which is known to diverge to со if Re((b — a)/d) > 0. Thus, by the aforemen- 
tioned theorem, the continued fraction in (13.1) converges to g” = a. o 
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Our last proof is due to Jacobsen [3], who proves Entry 13 under all the 
given hypotheses on a, b, and d. 
Entry 14. If a,, a2,..., a5, and x are arbitrary complex numbers, then 


а а, аз а Grn 
х+1+х+1+ 9+ 1 


20 4503 ааа» d54-2025-1 (14.1) 
хХ+а = х +аз + а= х +а; +46 == х + an1 + azn 


Proor. We shall induct on n. For n = 1, it is easy to verify that the proposed 
identity is valid. Now assume that (14.1) is true with n replaced by n — 1 for 
any fixed integer n > 1. Let 


аз а а а ал 
х+1+х+1 ++ 1 


апа 


d405 4607 054-202n-1 


С x +a; +a — x +a, +ag— t — xX + а-у das. 
Then, by induction, 


а а, аз а а, а; а; 


х+1+х+1+ 9 +1 xA 


_ а а› = ay 
x a аза , 
+1+— х+а,-———— 
x+a,—B х+аз +a4,— B 
which completes the proof. o 


Entry 14 is actually a finite form of a special case of a classical result. 
Suppose that K(a,/b,) has approximants f,, n > 1. Then the even part of 
K(a,/b,)is a continued fraction with approximants f;,, n > 1. fb, + 0,n > 1, 
the even part is given by (up to equivalence transformations) 


a,b, d,a3b4 a4a5bb¢ 
ers ea re ргө E Nee ee 


5,055 41055-23542 (14.2) 
=" зл Donte F Don(Gone2 + Бол+ Воп+2) — °°" 


See, for example, the treatise of Jones and Thron [1, pp. 41, 42]. 
Preece [2] established a slight generalization of Entry 14 in infinite form, 
that is, a special case of (14.2). Rogers [2] also proved a corollary of (14.2). 
We shall establish two renditions of Entry 15. We first regard (15.1) as a 
formal identity and provide a proof that is probably similar to that found by 
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Ramanujan. By a “formal identity” we mean that the two continued fractions 
in (15.1) below correspond to the same power series Y -o c,x *. In the second 
version, we offer conditions under which (15.1) is valid as an identity between 
two convergent continued fractions. We are very grateful to L. Jacobsen for 
the latter version. 


Entry 15 (First Version). As a formal identity, 


a, th a, ath а, M a а,|+һ a, а, +һ 
1 о +х+ 1 tet tt ox Ft x ce 
(15.1) 
Proor. Let 
meeps а ар th а к> 2, 
1 +x+ 1 + xX +: 
Denoting the left side of (15.1) by F, we find that 
_ ath МЕ, + a,) + a,(F, — h) 
“Pah. F,+a, 
dup ж. a,(F, — h) 
F, +a, (Е, — h) + (a, + h) 
а, 
= h + ————_.. 15.2 
"iat od 
Next, for k > 2, 
1-5) 
а, 1— 
+h F, 
ЕЕЕ у и бале 
1+ aV Fu 1+ 
Fa 
Ea 
aq 
i Feri а, (15.3) 


Бс һ a,+h UE dh 
1 + ъ= 
. Fia Fia Е. = ћ 
Now use (15.3) successively in (15.2) beginning with k = 2. This completes 


the proof since both continued fractions are regular C-fractions and thus 
correspond to uniquely determined power series (Jones and Thron [1, p. 222 ]). 


Г] 
Entry 15 (Second Version) 


(i) If the left side of (15.1) converges to F, say, then the odd part of the continued 
fraction on the right side of (15.1) converges to F, and conversely. In 
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particular, this means that the identity holds in the usual sense if both 
continued fractions converge. 

(ii) If the left side of (15.1) converges to F, then the right side of (15.1) converges 
to F, except possibly if h is a limit point of {—B,,/B2,-,}, where, in the 
notation (1.3) and (1.4), A,/B, denotes the nth approximant for the continued 
fraction on the left side, and conversely. 


Proor. In the notation (1.3) and (1.4), let the left side of (15.1) have approxi- 
mants A,/B, and the right side have approximants C,/D,. Then 4, = В_, = 
0, A_, = By = 1, D, = 0, C., = Р, = 1, and С, = h. Straightforward calcu- 
lations show that 


C, = А; = а; + һ, р, = В, = 1, 
А, = x(a, + h), В, =x +а;, 
С, = А, + Ah, р, = В, + Bh. 
We shall now show, by induction, that for k > 1, 
Car-1 = А-1; Dyy-1 = By, 


(15.4) 
Cy = Ay + Arsh, Dy, = By, + В, 11. 


For К = 1, each of the last four equalities has been demonstrated. Proceeding 
by induction, we find that 


С»-1 = Cay-2 + &С»х-з = Azy-2 + Aar-3h + а, An 
= А»—› + (а, + АА 3 = А-1 
and 
C5, = хС»—, + (а, + ЮС, = хА»— + (а, + В)(А»,—› + Азь-зћ) 
= XA; 4 + (а, + h)A2, 5 + ЩА — А-2) 
= (x + А-1 + arAzr-2 = Ax + hAg. 


The remaining two equalities in (15.4) may be established ш a similar manner. 
Both conclusions of the second version of Entry 15 now follow from (15.4). 
It also follows that the left side of (15.1) converges generally to F if and only 
if the right side converge generally to F. For the concept of general conver- 
gence, see the paper by L. Jacobsen [2]. oO 


Entry 16. If neither m nor n is a negative integer, then 
ES py 
à (m t ou +k) 
_ 1 (т + 1P(n-4 1) (т+2)?(п +2)? 
(т+1)(п+1)+ т+п+3 + т+п+5 
(т + 3)?(n + 3)? 
+ mtn+7 ++ 
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Proor. We shall employ the corollary presented in Section 1. Letting a, = 


(—1)**1/(m + k)(n + k) and letting r tend to oo, we find that 


© (— т! 
È mi Dar 
(m 1)! + 17 (m + 2)! (n + 2)! 
B 1 + (m + 1) ! (n + 1)! (т + 2) (n + 2)! 


(m + 1)! (n + 1)! (m + 3)! (n + 3)! 
+ (m --2) и + 2) — (m + 3) (и + 3)? — 
_ 1 (т + 1)?(n + 1)? 
(m+ Din+ 1) + (m + 2)n + 2) — (m + Dent 1) 
(т + 2)?(п + 2)? 
+ (т + 3)(п + 3) — (т + 2)(п + 2) +e? 


from which the proposed identity readily follows formally. 


The continued fraction converges for all m, n such that neither m nor n is 
a negative integer (Jacobsen [3, Theorem 2.3]). Since the series also converges 


in this domain, the identity is proved. 


0 


The equality іп Entry 17 refers only to the correspondence of the two sides; 


neither side need converge. 


Entry 17. Write 


1 ax ax ax 
ї+1 + 1 + 2 + 


ao 

= Y A,(—x)*, 
K=O 

where Ag = 1. Let 


Р, = ауа; tt apla +а + +а,), п> 1. 


Тһеп 
Р, = А,, 
Р, = А», 
P, = Аз — a, A3, 


P, = A, — (а, + а,)Аз, 
Py = A; — (a, + а, +аз)А, + 418343, 
Pe = Ag — (a, + a, + ау + a4)As + (ааз + аал + a404)A4. 
In general, for n > 1, 
P= Y (ФА, 


О<Кк<п{2 


(17.1) 


(172) 
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where фо(п) = 1 and q,(n), r = 1, is defined recursively by 
9,(n + 1) = @,(n) = 4а,-1 Ф,-\(п = 1). (17.3) 


First Proor. Let C, = C,(x) and B, = B,(x) denote the numerator and 
denominator, respectively, of the nth convergent of the continued fraction 
(17.1). Then, from (1.3) and (1.4), 


С, = C, = 1, C, E Ca + 0,1 XC, 5; (17.4) 
В, = 1, В, = | + aX, B, = B, + а„-,ХВ„-›, п> 3. | 


By induction, it is easily seen that C,,.,, C;,, and B,,_, are polynomials in x 
of degree n — 1, while B,,, is of degree n, where n > 1. Thus, for n > 1, set 


[2] 
B(x) = Y, B(n + 1)х“. (17.5) 
k=0 


We make the convention that „(п + 1) = 0 if k > [n/2]. From (17.4), it is 
obvious that Bo(n + 1) = 1 for each n > 1. Using (17.5) in the recursion for- 
mula for B, given in (17.4) and equating coefficients of x', we readily deduce 
that 


B.(n + 1) = Вп) = an-ı f, ., (n = 1), rz 1. (17.6) 


Thus, by (17.3) and (17.6), we see that @,(n) and ß,(n) satisfy the same recursion 
formula. Since furthermore фо(п) = 1 = Bo(n), we conclude that q,(n) = B.(n), 
r > 0. Also note that ф,(п) = 0 if r > [n/2]. 

Put 


а, а,+1Х а,+2Х 
E pM JD и 


(17.7) 


where n > 0 and а, = 1. We shall show, by induction, that (see also Rogers’ 
paper [2, p. 72, Eq. (1)]) 
ЕВ„ — C, = (-)Е,Е, Ех", n 2]. (17.8) 


Since, by (17.7), Ey = 1/(1 + xE,), (17.8) is easy to establish for n = 1. Assume 
now that (17.8) is valid for each nonnegative integer up to and including n. 
Then, by (17.4), 


Е,В, 1 = Ca = Е,В, = С, + a, X(Eo B,.., zm 1-1) 
= (C! EE, Ex" + (7 f ay xESE, Ех 
—(—IFESE, ЕЁ„_,х'(Е„— а,) 


+ ХЕ и 
= (ЕЕ EE, ух", 


and so the induction is complete. 


= CIE, Bax" - an) 
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Write 
ЕЕ, E, = У е(п)х*. (17.9) 
к=0 
Setting x = 0, we find that 
@o(n) = аа, са,„. (17.10) 


Next rewrite (17.9) in the form 


1 a, а, ы " 
Au йы ee | 
1+хЕ|1+хЁЕ; 14xE 00900 È е(п)х 


_ 


Dividing both sides by x and then letting x tend to 0, we deduce that 
e (n) = —a,a5: Ala; + а; ++ а) = — Past, (17.11) 


for each nonnegative integer n. 
In (17.8) replace n by n — 1. Then, by (17.1), (17.5), (17.9), (17.10), and (17.11), 


© 1922] i 
2 Aj(— xy 2 ф(п)х* — C,_1(x) 
iS = 


ai EoB, (x) = C, (X) 
= (7 1f71a,2, a, X"! + (IP x" n 
Equating coefficients of x^, n > 2, yields 


[(n-1)/2] m 
(— 1)” P, = p (— 1)" А, Ф.п), 
which is precisely (17.2). Since the case п = 1 of (17.2) is readily verified, the 
proof is complete. O 


Essentially the same proof that we have given above was independently 
and almost simultaneously discovered by Goulden and Jackson [2]. They [2] 
have also found a beautiful combinatorial proof of (17.3) by enumerating 
certain paths. Using a result of E. Frank [1], P. Achuthan and S. Ponnuswamy 
[1] have given a very short proof of Entry 17(1). 

Before proceeding further, we shall find an exact formula for o, (n), defined 


by (17.3). 
First, it is not difficult to show that 
n-2 
Фу(п) жЕ а; 
j^ 
and 
p(n) = Y aja. 
1<i<j-2 
3xjzn-2 


We shall show by induction on k that 
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an= © ада, (17.12) 


132-2 za 
1xjiszj-2 
1 Ej &n-2 
We have already indicated that (17.12) is true for k — 1, 2. Proceeding by 
induction and employing (17.3), we find that 
p(n) = p(n = 1) = ay-2 Y ЧЧ 0; 
1<j; Ej-2 
1&j-isn-4 
Pln — 1) — p(n — 2) = а„—› у, dj, s 
1<лЛ 55-2 


1<j,-j<n-5 


Adding together all the equalities above, we deduce (17.12). This completes 
the proof of the desired exact formula for 9,(n). 

Rogers [2] has expressed ¢,(n) by a determinant. 

We are extremely grateful to G. E. Andrews for providing us with the 
following elegant, second proof of Entry 17. In fact, this proof was found prior 
to the proofs given and mentioned above. The first part of Andrews' argument 
was anticipated by De Morgan [1]. 


SECOND PROOF OF ENTRY 17. We first obtain a recursion formula for the 
coefficients A,, k > 0. In order to do this, we introduce auxiliary coefficients 
A,, k > 0, which we now define. Of course, each coefficient A, can be written 
in terms of a4, a5, .... We define A, by the same expression for A, except that 
the subscript of each a; appearing in A, is increased by 1. For example, since 
A, =a? + аџа,, we define A, = a2 + а,аз. 
Now, by (17.1), 
1 


(—1)*А„х* = 
2, k 1+ ux ах  dyX ) 


ETE Жш 
1 


1 cr ax У (—1)#А„х* 
к=0 


1 


р (— 1) ta, A, ух“ 


5 


where A_, = —1/a,. Multiply both sides of the extremal equation above by 
the denominator on the right side and equate coefficients of x" on both sides 
to deduce that, for n > 1, 


п-1 


У: a, A,A,_,-1 = 9, 
k7-1 
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or 


n-1 = 
A,= Y aAA 4-5 nz, (17.13) 
k=0 


which is the recurrence formula that we sought. 
We now show that 


A, is a homogeneous polynomial of degree n in 

the noncommutative variables a,, a5, ..., аһ, 

where the subscripts ji, jz, ..., Ja of the monomials (17.14) 
comprising A, are precisely those sequences of positive 

integers starting at 1 for which j,,, — j, € 1, j, > 1. 


In order to make clearer the assertion above, we record the following 
examples: 


A, =a, 
Ay = аа, + а}, 
Аз = ауа»а» + 414243 + ааа + ааа + d40,0,. 


We now prove the assertion (17.14) by inducting on n. By using (17.13), we 
easily verify that (17.14) is true for n — 1, 2, 3, as indicated above. Assume that 
(17.14) is true up to but not including a specific integer n. Let Až denote the 
polynomial described by (17.14). We shall show that A* is equal to the 
right side of (17.13). Thus, A? = A,, which completes the induction. Let us 
divide the monomials comprising A* into n classes. The kth class, O < k < 
n — 1, consists of all monomials in A* wherein the second appearance of a, 
is the (k 4- 2)nd term in the monomial. (Recall that a; begins each monomial.) 
Thus, the entries of the kth class are produced in the following manner. Start 
with a,, adjoin a string of k as, j > 2, that starts with a, and follows the 
appropriate subscript rules, and lastly adjoin a string of n — k — 1 aj's that 
starts with a, and follows the prescribed subscript rules. But the entries for 
the string of k terms are generated by A, and the entries for the remaining 
n — k — 1 terms are generated by A,_,_,, by induction. Hence, the monomials 
in the kth class are generated by а, 4,4, ,.,. Summing on К, O« k « n — 1, 
we find that 


n-1 


At = à a АА, а, 


which, by (17.13), completes the induction. 

We now have a combinatorial interpretation (17.14) for A,. After finding 
combinatorial interpretations for P, and ¢,(n), we shall use a sieving process 
to establish (17.2). 

Let us say that a word of the type generated by A,, that is, ааа, 
where j, = 1 and j,,, — j, € 1, with j, > 1, has an "internal drop” if j,i, — 
jy # 1 for some k, 1 < k < n — 1. Then we see that Р, is the polynomial in a,, 
a3, ..., a, composed of all words without internal drops. 
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From (17.12), observe that ф, (п) is a homogeneous polynomial of degree k 
in the noncommuting variables ау, a2, ..., &„-2 wherein the subscripts of each 
monomial a; a;,: a, satisfy the inequalities jı —j; 2 2,1 Si € k — 1. 

We now begin the sieving procedure. We first examine A,. Recall that an 
internal drop occurs when j,,, — j; # 1 and 1 € i « n — 1. Let us call а, the 
“top of the last internal drop" if k is maximal for internal drops; that is, if 
jap ~j #1,1<i<n-1,thenj., -j #1, 1<k<n-—l1,and i< k. The 
top of the last internal drop must be one of the letters а, dz, ..., 44-2, since 
neither a,_, nor a, can be far enough to the left in a word to be at the top of 
an internal drop. 

In order to eliminate all words from A, with internal drops, we take the 
words from А,_; and insert aj, 1 <j € n — 2, in the last position where it 
forms the top of an internal drop. Thus, 


A, — (а, +a, + + а, 3) Asa (17.15) 


does not possess any internal drops. (Note that we have written (17.15) 
commutatively; the correct noncommutative expression would have aj, 1 < 
] < п — 2, inserted as described above.) Unfortunately, there are words in 
(17.15) that were not originally in A,. These words arose when the insertion 
of an a; produced a subscript increase greater than or equal to 2 from the a; 
immediately to the left of the inserted aj. Of course, we must eliminate these 
undesirable words. We do this by taking the words of A,... and inserting pairs 
аа; with j — i > 2 so that a; is at the top of the last internal drop. Hence, 


А, = Q1(n) A4, + 95(n) A,» (17.16) 


does not possess internal drops. (Again note that (17.16) is a commutative 
representation of what is really a noncommutative polynomial in a,, a5, ..., 
а„.) Unfortunately, we have now introduced some new words that were not 
originally under consideration. These new words have triples a,a,a, with 
j-iz2andk —j > 2 and with a, at the top of the last internal drop. 

We continue the process described above by induction. At each stage we 
must introduce a term 


(= 19,04, . 


to compensate for unwanted terms introduced at the previous stage. For- 
tunately, ф,(п) = О for k > n/2, which is evident from (17.12). Thus, the sieving 
process terminates, and we reach the desired formula (17.2). [7 


Among others, Muir [1] and Rogers [2] have studied the problem of 
deriving a continued fraction expansion from the coefficients of a power series. 
Both De Morgan [1] and Rogers [2] have commented on the fact that it is 
extremely more difficult to determine the power series coefficients 4,, 0 < k < 
со, from a continued fraction of the form (17.1). Ramanujan's Entry 17 is a 
fascinating contribution to this more recondite converse problem. 

By a theorem of Euler [1] (Jones and Thron [1, p. 37]) (see also (1.2)), 
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1 ax ах e (—1)#а,а, са, , 
AS E 
1+ 14+ 1 t x45 В, В, 


where B, = B,(x) is given by (1.4) and (17.5). Thus, (— 1)"А,, is equal to the 
coefficient of x" in 

n (—1Ya,:--a, 

к=о B.) Baa (x) 


Obtaining a general formula for A, in this manner seems hopeless. 

However, a very complicated formula for A, can be established combina- 
torially by counting planted plane trees with respect to their heights in two 
different ways. For a nice exposition of this proof, see the book of Goulden 
and Jackson [1]. See also a paper of Flajolet [1]. 


k 


Corollary (i). Write 


1 ax ах val 
= $ AC», 17.17 
1+5юх+1+Ь,х+1+Ьх+ at к(— X) (17.17) 


where Ag = 1. Define 
Р, = аа, а, 4(a4 +b, +a, + bo o +a, +b), п> 1. 
Then, for n > 1, 
Р, = у, (~ lf en) An, 


k=0 


where фо(п) = 1 and @,(n), ғ > 1, is defined recursively by 


p(n + 1) жы p(n) = bnp,- (n) + аһ-\ P,- (n = 1). 


As with Entry 17, Goulden and Jackson [2] independently and simultane- 
ously discovered the proof that we found and which is recorded below. 
Goulden and Jackson [2] have also derived a combinatorial proof. Yet 
another proof of Corollary (i) has been found by Achuthan and Ponnuswamy 
[1]. McCabe [1] has established an identification of continued fractions of 
the type (17.17) with power series of the form Ус. B,/x". Since the proof 
below is very similar to the first proof of Entry 17, we give only a brief sketch. 


Pnoor. Let C, = C,(x) and В, = B,(x) denote the numerator and denomina- 

tor, respectively, of the nth convergent of the continued fraction (17.17). Then 
Cm C, = 1 + bx C, = (1 + b,x)C,-1 + ap-1XCp-2; 
B,=14+),x, В, = 1+ (а, +b, + Б,)х + b,b3x’, (17.18) 
B, = (1 + Б„х)В„_, + a,-,xB,-2, 


where n > 3. Observe that С„(х) has degree n — 1 and B,(x) has degree n, n > 1. 
Thus, put 


B(x) = Y R(n-lx* n>1. (17.19) 
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By substituting (17.19) into the recursion formula for B,(x) in (17.18) and 
equating coefficients of х”, we deduce that [5„(п) = Ф, (п), r > 0, п > 2. 

The remainder of the proof is exactly parallel to that of the first proof of 
Entry 17. 0 


Corollary (ii). Let B,(x) be defined as at the beginning of the proof of Entry 
17. Then, for n > 1, 


[0/2] 
B(x) = Y, p(n + 1)x*. 
k=0 


Proor. Corollary (ii) was established in the course of proving Entry 17. In 
particular, recall that fj,(n) = q,(n) and consult (17.5). О 


Example. We have 


1 x 3x 5x 17x 23x 1395x 
арафа 17.2 
а 5 4.» 492.308» A 


Proor. Ramanujan evidently intends this example to be an illustration for 
Entry 17. In the notation of Entry 17, 


a : a : a ? i a 23 and 
= —— = = — а, = mm E 
t ПЕ 16° 16 * 80 ^ 80 
1395 
6 = ' 6256 


Squaring »F,(4, +; 1; x), we find, after some laborious computing, that 
1 m 17 1787 3047 


A, = E 25 373? A3 = 64 А4 =з 213°, As = 70214” апі 
42631 
6 = 218 * 

Lastly, 
1 11 3 291 153 
=n Box B=- Ace Pega and 

32337 
Py = 5.221" 


All these calculations are in agreement with Entry 17, and so (17.22) is indeed 
correct. o 


Entry 18. Suppose that x and n are complex numbers such that either x € 
[-L1]orx = +1 апа Ren # 0, or nis an integer. Then 
(x-1y—(x—1y n n?—1? п?—2?° m-3 


(x1 (х= x+ 3x + 5x + 7x 


‚ (18.1) 
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First Proor. If we replace x by 1/x in Perron’s book [3, p. 153, Eq. (9)], we 
obtain a continued fraction representation easily found to be equivalent to 
(18.1). By Perron’s proof, (18.1) is valid for all complex numbers x outside 
1—1, 1]. 

Now suppose that x? = 1 and n 40. If Re n > 0, the left side of (18.1) is 
continuous for |x| > 1 and equals +1 at x = +1, respectively. For Re n > 0, 
the continued fraction on the right side of (18.1) converges locally uniformly 
with respect to x for x >1 and x < —1. Thus, by the uniform parabola 
theorem (Jacobsen [3]), (18.1) is valid for x = +1 and Ren > 0. Since both 
sides of (18.1) are odd functions of n for x = +1, (18.1) is valid for x = +1 
and Re n « 0 as well. 

Lastly, suppose that n is an integer, and so both sides of (18.1) are rational 
functions of x. We already know that (18.1) holds for all x ¢ [ — 1, 1]. Thus, 
by analytic continuation, (18.1) holds for all complex x. П 


Perron’s derivation of Entry 18 arises from Entry 20. 


SECOND Pnoor. Let 
Г( (тх + т— n + 1) Г (тх -m+n + 1) 
T(i(mx + т+ n 1)) (nx -m-n + 1) 


g(m, n, x) = 


Replacing x by mx in Entry 33, with m > 0, we find that, for Re x > 0, 


1—g(mnx тп (m – 12) (и — 12) (m — 2?)(n? — 2?) 


1+ g(m,n,x) mx + 3mx + 5mx Te 
n (1 —1/m?)(n? — 12) (1 — 22/m?)(n? — 22) 
Е х + 3х + 5х + 


(18.2) 
Now let т tend to оо in (18.2). By using an asymptotic formula for the 
quotient of I-functions, Lemma 2, Section 24 of Chapter 11, or Stirling’s 
formula, we find that 
lim g(m, n, x) = (x + 1) "(x — 1)". 

For x exterior to (—оо, 0], by the uniform parabola theorem (Jacobsen 
[3, Theorem 2.3]), the continued fraction on the right side of (18.2) converges 
uniformly with respect to m in a neighborhood of m = оо. But by Perron's 
work [3, p. 153], or by the parabola theorem, the continued fraction in (18.1) 
converges for x ¢ [— 1, 1]. Thus, (18.1) holds for Re x > 0 and x ¢ (0, 1]. By 
analytic continuation and our argument in the first proof, the domain of 
validity can be extended to that indicated. Г] 


Entry 18 is due to Euler [7] and easily implies a continued fraction expansion 
for (x + 1)"/(x — 1)" due to Laguerre [1] (Perron [3, p. 153, Eq. (10)]). 

If V, denotes the left side of (18.1), then Ramanujan remarks that V, + 
1/V, = 2/V,,, a fact that is easily verified. 
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Corollary 1. Let x be any complex number outside the cuts (—ioo, —i] and 
Li, ioo). Then 
x x Qxy (3х)? 


Lo ды 
1-345 + 7 + 


tan x 


For a proof, see Perron's text [3, p. 155]. Early proofs of Corollary 1 were 
given by Lambert [2], J. L. Lagrange [1], and Euler [7]. 


Corollary 2. Let x be any complex number outside the cuts (—oo, —1] and 
[1, oo). Then 
1I-x 2x x? Qxy (3х)? 


Dogs ш | 
рш ы M A сей 


For a proof, see Perron’s treatise [3, р. 154]. Corollary 2 is due to Euler 
[7]. For an application of Corollary 2 to product-weighted lead codes, see a 
paper of Jackson [1]. 


Corollary 3. For any complex number x, 


tan x = 


1-3—-5-7-- 
Corollary 3 was initially discovered by Lambert [1], [3]. A proof may be 
found in Perron's book [3, p. 157]. 


Corollary 4. For any complex number x, 
e1 x x mmo x 
е+1 246-104-1447 


Corollary 4 is due to Euler [5] and a proof may be found in Perron's text 
[3, p. 157]. 


Entry 19. If n and x are arbitrary complex numbers, then 


хоп + dx) xix) x x à 
n оЕ (т; x) ipali) n*n*lenc2e 


where J, denotes the ordinary Bessel function of order v. 


First Proor. By a theorem of Euler [5] (Perron [3, p. 281, Satz 6.3]), 


КИС а а —-€ oF (c/d; a/d?) (19.1) 
c+d+c+2d+c+3d+ oFi(c/d + 1; а/а?) | 


where d # 0. Let c = n, a = x, and d = 1 to find that 


C 


" x x x 2 oFi(n; x) 
n+i+n+2+n+3+ Anti) 
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Taking the reciprocal of both sides above and then multiplying both sides by 
x, we deduce the desired result. g 


SECOND Proor. This proofis similar to the proof above, but employs a “finite” 
version of (19.1), namely, Entry 24. Simply let r tend to oo in Entry 24. After 
multiplying both sides by x/n, we complete the proof, since both sides converge 
for all x and n. О 


In fact, Entry 19 is classical; see, for example, the books of Wall [1, р. 349] 
or Jones and Thron [1, p. 168]. 


Entry 20. If x is any complex number outside the interval ( —oo, — 1], or if o, 
B,y —aory — Вє {0, —1, —2,...}, then 
aBx Е(у—В+1у+1;—х) 
y 2Fi(y — 9, iy; — x) 
ойх («—»(8B—7x (x«t*10(B-0)x (x-v—90(B—»—1x 
у + yt! * y+2 + yas 
(x + 2)(B + 2)x 
+ y+4 Te 


(20.1) 


This result is very famous and is known as Gauss's continued fraction [1]. 
A proof may be found in the texts of Jones and Thron [1], Khovanskii [1], 
Perron [3], and Wall [1]. The cases when the continued fraction terminates 
are discussed by Perron [3, p. 151]. In the case y — f = a + 1, Entry 20 may 
be extended to include x 2 — 1. 

It might be mentioned that Gauss's continued fraction may be found in 
Carr's book [1, p. 97], which was the most influential book in Ramanujan's 
development. Recent work on Gauss's continued fraction may be found in 
papers by Belevitch [1] and Ramanathan [1]. 


Entry 21. We have 


P n ңер Ей 


Bx YB*0)x 10-х О+0(6+ 2х 2у+1—)х 


у+ у+1 + у+2 + у+3 + y+4 gone 
(21.1) 


if either x £(—oo, — 1], or B, y or y — Be (0, —1, —2,...), 


_8х (Dx 11+) («2x 201943 —— (21.2) 
px db ow ЖЕ Ме ШЫ 0E pr pee 


if either Re x > —4 and not both В + 1 and y — f lie 
in (0, —1, —2,...}, or Be (0, — 1, —2,...} and 
) - Bé (0. -1, 008) 
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_ fx 1(B + 1)х(х+1) 208 + 2)x(x + 1) 
yt x(Bt+ I—y tl + x(B + 3)—y +24 x(B+5)—--” 


if either Re x > —4 and not both В + 1 and y — f lie 
in (0, —1, —2,...}, or Be (0, —1, —2,...} and 
y - B6 (0, -1, —2,...). 


Proor. The expansion (21.1) follows from Entry 20 as follows. First, divide 
both sides of (20.1) by «fl. Set 8 = 0. Then replace x by y — f — 1 and multiply 
both sides by f. The conditions on the parameters in Entry 20 are translated 
into the new conditions given for (21.1). 

An indication of Ramanujan’s proof is found in the first notebook (p. 217). 
Let 


(21.3) 


1 
Gu x Рев 217 +2 —х). 
у+1 
Then 
E Ly t =F 9-5 С (21.4) 
ld 


Now in Entry 20, replace f by f + 1 and y by y + 1 and then set « = y. This 
yields 
G (B+ 1)x .F,(B + 2,47 +2; –х) 
1—G y+1 ›Е({+1,1;у+1;—х) 
(В+ 0х Iy—B)x (+ I(B+2)x 2Q-ß+1)x 
ytl + у+2 + y+3 + y+4 
(7+ 2(B + 3)x 
+ y+5 Te 


(01.5) 


If we substitute (21.5) into (21.4), we complete the proof of (21.1). 
We next prove (21.3). If Rex <4, «+1 and y—« are not both non- 
positive integers, and f + 1 and y — f are not both nonpositive integers, then 
by a result of Nórlund [1] (Perron (3, p. 286, Eq. (10)]), 
2Ё\(®+1,0+1;у+1;х) 
7›Ё\(®, В; 7; х) 
Е 1 (x + 1)(B + D(x — x?) 
y-(t+at B)x+ y+1-B+at B)x 
(a + 2)(B + 2)(x — x?) 
+ y+2—(Stat Bx te 


(21.6) 


Setting « = 0, replacing x by — x, and lastly multiplying both sides by Bx, we 
complete the proof of (21.3). The cases when the continued fraction terminates 
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are established by a familiar argument, since both sides are then rational 
functions of x. 

Applying Entry 14 and letting n tend to o, or applying (14.2), we see that 
(21.3) is the even part of (21.2). Since (21.2) converges for Re x > —4, the 
identity follows. 

Under certain conditions (21.1) can be extended to x = — 1 and (21.2) and 
(21.3) to x = —4. o 


Corollary 1. For every complex number x, we have 
x 
bp 


х пх х (п + 1)x 2x 
п-п+1+п+2- n3 +п+4—® 


х Xx 2x 3x 
Ооп—х+п+1—х+п+2—-х+п+3—х+ 


Proor. To prove the first equality, replace y by n and x by —x/f in (21.1). 
Letting f tend to oo, we easily deduce the desired result. 

To prove the second equality, employ (21.3) and proceed in precisely the 
same manner as above. C] 


Corollary 2. If x is any complex number, then 


2х Зх 4х 5x 
2+3 +4 +5 +: 


Fill; x + 1;x)=1 + 


Proor. Let n = x in the second equality of Corollary 1. Oo 


Entry 22. Assume that a, fl, and у are complex numbers such that not both В + 1 
and y — В belong to (0, —1, —2,...} and not both —a and a + y + 1 are in 
(0, — 1, —2, ... . Suppose that either |x| < 1, or B e (0, —1, —2,...},orx = 1 
and Re(y — a — B — 1) > 0. Then 
Bx ,F(-*cr-lyr-l-x 
y 2Е,(—9, В; у; —x) 
Е Вх (B + (x +y + Ux 
у- («+В + 1)х +yt+1—(at+ 64 2)х 
(B + 2) (а + y + 2)x 
+у +2 (0+6 + 3)х + 


Proor. Since by Entry 19 of Chapter 10, 


2F (a, b; c; х) = (1— x)? 2Р; (e — a, b; с; =i) 
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we may write (21.6) in the form 


x 
n (ims + +) 
x—1 


) X 
(1-а) 


y(1 — x) 

Е х (x + 1)(B + D(x — x?) 
у—(1+&+)х+ y+1—B4a+ В)х 
(х + 2)(B + 2)(x — x?) 

Tytl-(ó-c-at)-t:- 


, 


provided that Re x < 4, not both f + 1 and y — fi belong to (0, — 1, —2,...}, 
and not both х + 1 and y — а belong to (0, — 1, —2,...}. Letting u = x/(1 — x), 
we find, after simplification, that 
uFi — a, B + 1; y+ 1; —u) 
Y 2F\(y — % P; y; —и) 
_ и (х + 1)( + 1и 
~ plu +1)— (1 +a + В)и + (у + 1u + 1) (3 +a + pu 
(x + 2(B + 2)u 
+ (у + 2)(и + 1) – (5 оа + В)и +" 


provided that |u| < 1. Replacing « by a + у in the foregoing equality, we 
readily complete the proof of Entry 22 for |x| < 1. 

Lastly, observe that the left side of Entry 22 is analytic in a neighborhood 
of x = 1. For x = 1, the continued fraction converges to an analytic function 
of a, В, and y provided that Re(y — « — f — 1) > 0, by the uniform parabola 
theorem (Jacobsen [3, Theorem 2.3]). This then completes the proof of Entry 
22 for x = 1. oO 


Perron [3, p. 306] attributes Entry 22 to Andoyer [1], and, as we have seen, 
Entry 22 is equivalent to Nórlund's result (21.6). However, К. Askey [2] has 
pointed out that Entry 22 is really due to Euler [6], [2]. A somewhat more 
detailed discussion of Entries 20—22, along with the associated contiguous 
relations, may be found in a paper by K. G. Ramanathan [1]. 

As with Entry 17, the equality in (23.1) below refers only to the correspon- 
dence of the two sides, for neither side needs to converge. 


Entry 23. Write, for each nonnegative integer n, 


a 


п Q1 O42 e 
x А„(®(— x), 23.1 
bax + Бх + Dag 2X +7 É b alk)(—x) ( ) 


where A,(0) = 1. Then c,Cys1 = ans 
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b, b, n 
А.(1) + Ani (1) = Em 2 › (23.2) 


п+1 а, 


A,(2) + AQ) = А (1), 
A,(3) + An+1(3) = 4,(1) (4,0) — Ans1(2)}; (23.3) 
A,(4) + А,..(4) = AI) {An(3) — 4,+1(3)) – An(2)Ans1 (2), 


and, in general, for k > 3, 


k-2 
Anlk) + Ansi(k) = А„(1){ А„(К — 1) — Ansi(k — 1) — È A,(j)Ansi(k — j). 
| (23.4) 
Proor. From (23.1), 


Qn 


E =o, Y. AR) xf, 
bx + Cn+t у Ansi(k)(—x)* ы 
к=0 


ог 


a, = Cy (Т + Cni Y m) у A,(k)(—x)* 
k=0 k=0 
= с, Ў Ak - 1)(—x)! 


+ Caner У У AKA СХ) 
k=0 j=0 


Now equate coefficients of x*, k > 0, on both sides. For К = 0, we find that 
CnCas1 == Ap, and, for k > 1, we deduce that 


b k-1 
Anlk) + Ansi(k) = —-A,(k — 1) — 2 А„()А„ы(К—/). (23.5) 


Cn1 


Letting k — 1, we immediately deduce (23.2). Using (23.2) in (23.5), we find 
that, for k > 2, 


k~1 
Anlk) + Ansi (k) = (AL) + Ansi (1)} AL — 1) — È Anl J) Ansilk — j). 
f£ 
Upon simplifying the equality above, we deduce both (23.3) and (23.4). © 
Example. We have 
lim 2x x 2x 3x Ах Е 2 
x>+o Vn 1+42+43+4+f 3r 


Proor. From Entry 47, for x > 0, 


T1) [= гү 2х 3x 4 
1.2620} (+) d=142 E 2 


x” 0 Lex ae 
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Taking the reciprocal of both sides, we find that 


x x 2x 3x 4x 


L(x):— _ z А NE 
+ (e JE 14243444 


x ls 
x " x 


It therefore remains to show that 


L(x) = E — x + o(1), (23.6) 


x 
le*x T(x4-1--6, 


as x tends to oo. 
Write 


L(x) = 


When x is a positive integer, Ramanujan [4], [16, p. 324] derived an asymp- 
totic expansion for 0, as x tends to oo. Watson [3] later established the 
expansion for general x > 0. See also the corollary to Entry 48 below and 
Entry 6 of Chapter 13. Using this asymptotic series (48.4) and Stirling’s 
formula, we find that 


x 


1 
TX + O(x712) + — + O(1/x) 
V2 3 
ox 2 
= |2 -2+ 00), 
п ЭЗл 


as x tends to оо. Thus, (23.6) is established, and the proof is completed. — [7] 


L(x) = 


Entry 24. Let n and x be any complex numbers, and let т be any positive integer. 

Let 

© (-r+k—1),x* 

f(n, т, x) = MM. 
= À Waa hk 

Then 
n x x x х  f(inti,r—1,x) 
ntntltnt+24¢n434--4n4+r Д, х) 


. (24.1) 


Pnoor. We shall induct оп r. For r = 1, 


n x n 1 


п+п+1 п+х(п+1) х 
п(п + 1) 


and so (24.1) is established for r = 1. 
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Now assume that (24.1) is true when r is replaced by r — 1 for some fixed 
integer r, r > 2. Then applying the induction hypothesis with n replaced by 
n+ 1, we find that 


n x x x n 
n+n+ltn4¢24-4n4r x f(int+2,r—2, x) 
n+ 
n+1f(n+1,r—1,x) 


nf(n+ 1,r—1, x) 


е : (24.2) 
nf(n + 1,r — 1, x) + —— f(n + 2,r 2, x) 
п+ 1 


We are thus led to examine, for k > 1, 
n(—r +k), ЕЗ (—r + E, 
(n+ 0,0—0 – р), (п+1)(—п—т),_,(К— 10) 


| (—r + kk- | n(—r + 2k — 1) i} 
(и + 1)(—n— ry _y(k — 1)! (—n —r +k -— 1)k 


_ (—r-F KE). (n + k)—r-t k 1) 
“(n+ 1),(—n —r) (К 10! (п-н 1k 
Р (-r+k-— 1), _n—-rt+k— 1), 
(и + 1),,1(-п = rk! (и), (п – rk" 
Непсе, 
пп + 1,r— 1, x) + in +2,к—2,х) = nfi, rx). (24.3) 
Substituting (24.3) into (24.2), we complete the induction. О 


Entry 24 is a rather remarkable result, for it gives a continued fraction 
expansion for the quotient of hypergeometric polynomials, 


F LE r m | 
243 2 , 9° rn *, r nix 


Entry 25. Suppose that either n is an odd integer and x is any complex number 
or that n is any complex number and Re x > 0. Then 


F(i(x +n + 1) ((x-»n-1) 
LI(i(x-nd43)r(i(x — n + 3) 
4 m-—-]? п? 32 п? – 52 


= 3 25.1 
x— 2x — 2x — 2x -—-:- ( ) 
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Entry 25 is originally due to Euler [6, Sec. 67]. Stieltjes [2], [4, pp. 329-394] 
derived Entry 25 from Entry 22. Other proofs have been found by Perron 
[3, p. 35] and Ramanathan [1]. The hypotheses in these proofs are stronger 
than those we have given. Proofs under the stated hypotheses have been 
derived by Jacobsen [3] and Masson [3]. 


First Proor. We offer another proof which is based upon Entry 39, for 


Re x > 0, or for either n or f in {+1, +3, +5,...}. First, rewrite Entry 39 in 
the form 


8 1,, 
Ton Sr £2? — 2.1 
pt n ) 


Pn P-P y-g y-p 
1 +x?7-1+ 1 +x?-14-° 


=х?— 1+ 


ог 
1 
8/P + Hx? + 7? — n? — 1) 
| 1 Paw P-P -rR 32-02 
»x—-14 1 +x7-14 1 -4x-l-e4- 
| 1. (P-m)r-2) Qa) e) 
x-—-m-x-f-w".9-—x—-fg-mz.133—:- 


5 


by Entry 14. Now take the reciprocal of both sides above and then solve for 
P, which again involves taking reciprocals. Hence, 


8 (12 — и2)(12 — £?) (32 — n?)(3? — 7?) 


P- ; 
lx?^—7—mr-)-x-20-—-m-9—-x-2-—nmn433—-— 


Replacing x by x + Z, we find that, either for Re(x + 7) > 0, or for n or Z 
belonging to {+1, +3, +5,...}, 
T(x +n + WG — n 1) ГО + 27 + nt DEG + 27 — n + 0) 
Г((х + п + 3))Г((х и + 3)) Г((х + 24 +n + 34 + 2¢ — n + 3)) 
= 8/ (12 — n?)(1? — /?) 
~ A(x? + 2xf n? + 1) — x? + Axl — m +9 
(3? => п?)(3? ыы 2) 
— x? + 2xf — п? + 33 – 
Е 8 (12 — n?)(1/¢? — 1) 
~ lQx + (x? — n? + D/£) — 2x + (x? — п? + 9)// 
(32 — n2)(22/7? — 1) 
— 2x + (x? = n? + 33I 
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Now let / tend to со. By using the reflection formula for the gamma function 
and Stirling’s formula, we deduce that 
Г(2(х + 24 +n + DEG +22 -n + 1) с 


lim ¢ =2 
te TORA +п+3)Г(Мх+2/—п+3) ^ 


and so Entry 25 readily follows, since the continued fraction above converges 
uniformly in a neighborhood of = œ under the stated hypotheses. Г] 


We next offer another proof of Entry 25 that is due to О, Masson [3]. In 
[1], [2], and [3], Masson employs second-order linear recurrence relations 
and a theorem of Pincherle [1] to represent a general class of continued 
fractions by quotients of hypergeometric functions. He also determines the 
rate of convergence of the continued fractions and establishes connections 
with several types of orthogonal polynomials. However, we shall not discuss 
the latter topics here. 

Consider the recurrence relation 


Xarı = b,X, = a,Xq-1 = 0, (25.2) 


where a, = —(an? + bn + c)andb, = z — dn; here, a, b, c, and d are constants. 
A solution X is said to be subdominant if for any other linearly independent 
solution X of (25.2), 


lim Х@/Х@ = 0. 


n> 


Pincherle's theorem [1] then states that K(a,/b,,) converges if and only if there 
exist linearly independent solutions X and Хб of (25.2), as described above. 
Moreover, 


K(a,/b,) = — XP/XP. (25.3) 


We now quote Masson's primary theorem [2], [3] for us. 


Theorem 1. Let a, d? — 4a # 0. Then (25.2) has linearly independent solutions 
ХХ (a, b, c, d; 2) 


a Y T'(n + o)T (n + f) 
- (af) Tx 4.55) Fin + o, n + Bin у; 5), 
where 
и = (d? — 4a)”, —n/2 < arg и x n/2, 


à* = 4(1 + d/p), 


and х and В are defined by 
a(n + a)(n + В) = ап? + bn + c. 
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Moreover, there exists a subdominant solution if and only if 
d b\d 
еа Ja 
H 2a ju и 
and it is given by 


git Xj, if Re(d/u) < 0 or if Re(d/u) = 0 and Re(y* — y ) > 0, 
^ — |X,, if Re(d/u) > 0 or if Re(d/u) = 0 and Re(y* — у) < 0. 


# 0, 


We shall apply Theorem 1 to prove the following theorem from which 
Entry 25 follows as a corollary. 


Theorem 2. If +Imz > О and n E С, then 
1 (1?—n?)/4 (32 —n*y/4 


r к=, 2 zd 2 Бо 

r(3*ntizyL(3-ntiz 21 

ái 4 4 

m 1+nFiz l-n Fiz ` 
Г Г 
о 


Proor. For brevity, we set 6 = 6* and y = y+. 

Comparing the left sides of (25.3) and (25.4), we see that a = 1, b= — 1, 
€ = (1 — и2)/4, and d = 0. In the notation of Theorem 1, we then find that 
u= 2i, ô = $, у = +2/(2i), а = (n — 1)2, and B = —(n + 1)/2. If - Im z > 0, 
then by Pincherle's theorem and Theorem 1, there exists a subdominant 
solution of (25.2) such that 


—(12—n?y4 (3? — n?yA xm 


СЕ:= 


(25.4) 


5 Р EA = xe (25.5) 
Since X, = zXo — aBX_,, we may rewrite (25.5) in the form 
x 
СЕ = AXT” (25.6) 
where, by Theorem 1, 
XO F 1, 1; 1;4 
ae = 42 Ht В+ ү 2) (05.7) 
«Вхе\ 2iy F(a, В; у; 2) 
It remains to evaluate this quotient of hypergeometric functions. 
Recall that (Erdélyi [1, p. 104, Eq. (51)], Bailey [4, р. 11, Eq. (3)]) 
2 To) (5 
›Ё\(а, 1 — a; c; 3) = OTG) (25.8) 


Ta + $0) (c — 4a + 4) 


It follows immediately that 
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кә 
= 
m 
A 
M 
+ 
2 
= 
= 
ке 
oF 
ur 


Fila + 1, +1;y + 1;4)= 


(25.9) 


In order to evaluate ,F,(«, B;y;4), we must use contiguous relations to 
obtain functions evaluable by (25.8). Using a common abbreviated notation 
in Erdélyi’s compendium [1, p. 103], we solve (31) there for F(a — 1) and then 
replace F by an expression for F obtained from (32). Accordingly, after 
simplification, we find that 
F(a — 1) 
1 
КЕС 


We apply this formula with F(a — 1) = ,F,(a, f; y; 1). After considerable 
simplification, we deduce that 


oF, (a, В; y; 3) 


сао 2a — (b — a)z} F(b + 1) + a(a + b — с)Е(а + 1)). 


d. 1,8 + yd) e — BÀ G2 n) 
4-2-2) 


= 2^T(Q)rG) i 27 YF OG) 
y 1 n у 3 n y 3 n yW 
Г Г r T 
(2+3 47 «i G an (i*2*1) E 4*2 
by (25.8). Putting this and (25.9) into (25.7), employing (25.7) in conjunction 
with (25.6), and lastly taking reciprocals of both sides, we conclude that 


3 n у 3 n y 
r = 
1 m Geira a 
= H . 
CF ` 1 n y lon y 2 
Г{-+-+;]Г + 
4 4 2 4-248 72 
Taking the reciprocal once again, we deduce (25.4). П 


SECOND PROOF OF ENTRY 25. Н is now easy to deduce (25.1). We remark at 
the outset that each of the two equalities in (25.4) yields (25.1). 

Let x = iz, where Im z < 0. Then Re x > 0. From (25.4), we easily deduce 
that 
1 P-P m-3 
2x 2x — 2x =| 

S_p G0 * n + DEG —п+ 2) 
—i| —ix — 4i 

rad +n + xyr(- n + х)) 


After taking the reciprocal of each side, we find that 
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п? — 1? п? — 3° _ ГЕВ +2+x)FGGB—n + x) 
tX - Oe — TE +n +E- nx) 


Taking the reciprocal of both sides once again, we complete the proof. O 


Masson’s proof is very interesting because it brings the hypergeometric 
functions out of the closet. Thus, there is a connection with the previous entries 
that was not heretofore noticed. Although Ramanujan probably did not derive 
in this way the many continued fractions for gamma functions that appear in 
this chapter, we have gained some insight into why these continued fractions 
exist. 


Corollary 1. If Re x > 0, then 
D'üx-1) 4 P 3 52 


I(x-3) х+2х+2х+2х+ 


Proor. Set n = 0 in Entry 25. LJ 


Corollary 1 was first proved by Bauer [2] in 1872 and was communicated 
by Ramanujan [16, p. xxvii] in his first letter to Hardy. Corollary 1 was also 
recently submitted as a problem by W. B. Jordan [1]. 

If we put x = 1 in Corollary 1, we obtain Lord Brouncker's continued 
fraction for л, 

4 17 3 52 
14224242047 


T 
For a very interesting historical account of Brouncker’s continued fraction, 
see Dutka’s paper [2]. 


Corollary 2. If Re x > 0, then 


г( х+3)Г( (х + 1) 8 L3 57 9-11 
rd + 7) + 5) х+2х+2х + 2x + 


Proor. Replace x by x/2 and n by $ in Entry 25. o 
Entry 26. Suppose that n is an odd integer and x is any complex number or that 
n is an arbitrary complex number and Re x > 0. Then 


ГЇ(1(х + n4 Dr — n + 1)) 
Tel + n + 3r — n + 3)) 


_ 8 P-R Dp 2-0 3? 
ix^ -m-—-)4 1 о +х—1+ 1 +x?-14°° 
8 1 P-nr 32 P»-m 


“Ux? н —1) 4-14 x-1 +1 -x?—1 Fu 
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Proor. To obtain the first equality, set / = 0 in Entry 39. The second equality 
follows from Entry 39 by letting n = 0 and replacing / by п. 

Alternatively, the two continued fractions can formally be shown to be 
equal by an application of Entry 15. Let h = —n? and a, = (2k — 1, k > 1, 
and also replace x by x? — 1 in Entry 15. The desired equality easily follows, 
since both continued fractions terminate if n is an odd integer, and since both 
continued fractions converge for Re x » 0, otherwise. Г] 


Corollary. If Re x > 0, then 
I*(l(x + 1)) _ 8 1? 1? 3? 3? 
(g(x +3)) 3Q-nD6Ó1-4-x-1-14x-14 


Proor. Set п = 0 in Entry 26. Г] 


The next theorem is found in Ramanujan’s [16, р. xxix] second letter to 
Hardy. The first proof in print was provided by Preece [1]. Entry 27 can also 
be found in Perron’s book [3, p. 37, Eq. (31)]. A very instructive proof of Entry 
27 has been derived by Ramanathan [1]. 


Entry 27. Suppose that x, у > 0. Then 
l+y?tn B+y +n (5+у)?+п 
2х + 2х + 2х dus 
_ Ож) tn (3--xy 4n (54+xP4n 
$ 2y + 2y + 2y Res 


ы! 


For an improved version of Entry 27, see Jacobsen’s paper [3]. 


Entry 28. Let Re x > Oand |arg n| < x/2 — д, for some positive number 6. Then 
п2 +12 m» 
; 2x + 2x te 
a ЭС 3 = 1. (28.1) 


n+ 
2n + 2n +: 


Proor. Apply Entry 25 with n replaced by in to find that, for Re x > 0, 
T(x + іп + I)TG@—in+)) 4 RAP 2+3? 
Г( (х + in + 3))Г( (х —in+ 3)) x+ 2x + 2х fe? 


or 


Г х + in + TQ —in 3) от +12 re? 


Г(х + in + D)F (x — in + 1) a.u бу dee 
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Next, apply Entry 25 with x and n interchanged to obtain, for Re n > 0, 


Г(а(п + x3) G(n — x + 3) _ А х2 12 x? — 3? 
Г( п+х+1)Г( п—х+1) Sa D 


Now, for [аге n| € 2/2 — 0, 
i Г(1(х + in + 3)F(i(x — in + 3)T (3n + x + 1))Г( (п — x + 1) 
Am T(x + in + 1)T (dx — in + 1))Г(Д(п + x + 3)) Ги — x + 3) 
= 1, 


where we have applied Stirling’s formula for the quotient of two gamma 
functions (Lemma 2, Section 24, Chapter 11). Thus, we have shown that 


и2 +12 ип? + 32 


d 2x + 2х + 
dne Ing =1. (28.2) 
ý 2n — 2n -—:- 
However, for Re n > 0, 
x—-1 х2 – 3? 
lim - suu o eer (28.3) 


E x?— 1? x? — 3? 
n 
2n + 2n + 


because the numerator and denominator above are both of the form n + 
O(1/n) as n tends to oo. Combining (28.2) and (28.3), we deduce (28.1). L1 


In his first notebook (p. 160), Ramanujan states a more precise version of 
Entry 28, 
п +12 и? +3? 

2х + 2x +: 1-е" 
xl x? — 3? 1 — 2e^""? sin(xx/2) + е ""` 


n+ - 
2n + 2n + 


x+ 


Ramanujan probably intends the right side to be an approximation to the left 
side for n large. However, the right side is 1 + O(e ""?) as n tends to œ. A 
close analysis of our proof of Entry 28 shows that the left side of (28.1) is of 
the form 1 + O(1/n) as n tends to oo and that the estimate O(1/n) cannot 
be improved. Thus, Ramanujan's claim does not appear to have a valid 
interpretation. 


Entry 29. Let n be an odd integer and x complex, or let n be complex and 
Re x > 0. Then 
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ә (—1)**! " (— 1) 

Gi lxtn+2k—1 x—n+2k-1 
1 Por 2 -r 4 5?—п? 
Xt X +х+ OX +х+ OX ck 


We provide two proofs under more restrictive hypotheses than what we 
have given. Jacobsen [3] has proved Entry 29 with the stated conditions. 


First Proor. Our first proof merely consists of a reformulation of a result 
found in Perron's book [3, p. 33, Eq. (12)], 


4 o-r 2 329 42 52 п? 
x+ x +х+ X +х+ X c 
x+n+3 x—-n+3 xtnt+l х-п+1 
ea лл с 
(29.1) 


where x > Oand п? < 1. Now employ (0.1) and simplify to complete the proof. 
m 


In fact, Entry 29 was first proved in print in 1953 under these stronger 
hypotheses by Perron [2] who derived it from Entry 34 below. 


SECOND PROOF. Since 


теа a ae 
we find that, for Rex > —1, 


dig ub ques ЛЕ (292) 
x} i= = —<—— <=. Е 
old шох +26 +1 


Then for Re(x + n) > —1, 


1 x(t" + t") 


H H — == 
(x +n) + H(x — n) | Шс? dt 


= һ 
| „лк ON s. (29.3) 


б cosh и 


where we have made the change of variable t = e^". But for x > Oand n? < 1, 
Rogers [3] has shown that 


Е ози cosh (nu) 4 1 P-m 2 y-m 4 
и = р 
о cosh и x+ х eR ape 


(29.4) 


Employing (29.2) and (29.4) in (29.3), we arrive at the desired formula. o 
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Corollary. If Re x > 0, then 
з (—1)**! Loupe 2° 35 g 
Ах+2К-1 х+х+х+х+х+ 


Proor. Set п = 0 in Entry 29. m 


Entry 30. Suppose either that n is an integer or that Re x > 0. Then 


У 1 1 
к=0 x—n+2k4+1 х+п +28 + 1 


242. p2 9202 — n2 2(22 _ p2 
m. 17(17 n*) (2 n^) 32(3 n*) | (30.1) 
x+ 3x + 5x + 7x кзз 


First Proor. Letting 


R=TA(x -m-n4 D)FG( —m-n4 1) 
and 
T — V (x - m — n4 Dr (x — m n 1), 


we first write Entry 33 in the form 


К-Т m (m – 12)(и2 — 12) (m? — 2?)(n? — 2?) 
R+T x+ 3x + 5x +? 


where x, m, and n are complex numbers such that Re x > 0, or either m or n 
is an integer. Thus, 


lim 1R-T m Püu?—-m) 2Q9?-—m) 
1 
moo MR + T x+ 3x + 5x 


(30.2) 


On the other hand, a direct calculation with the use of L'Hospital's rule shows 


that 
. 1R-T 1 [х+п+1 1 fíx—-n-cl 
ШЙ Р КЫТ t 2 )-s«( 2 ) 
e 1 1 
-Ei—Ód-n- КЕЙ у 
Combining (30.2) and (30.3), we finish the proof. Г] 


SECOND Pnoor. This proof requires that n? < 1 and x > 0. Proceeding in 
somewhat the same way as in the second proof of Entry 29, we find that, for 
Re(x tn) > —1, 


t* noc perm © 1 1 
———— = у — . (304 
i 1-2 Ў em ci] me) 


On the other hand, letting t = e " and using a theorem of Stieltjes [1], 
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[4, pp. 378--391], which was also proved by Rogers [3], we find that, for x > 0 
and n? < 1, 


S dl ud © sinh(nu 
| —a-| eet ( ) dá 
o 1l-t 0 sinh u 


n 17(1?—n?) 22(22 – п?) 


= 30.5 
x+ 3x + 5x Pus 
Combining (30.4) and (30.5), we complete the second proof. o 
Corollary. If Re x > 0, then 
2y 1 fr 25. 234 
бе Суст 
Proor. Divide both sides of (30.1) by n and let n tend to 0. [] 


If we set x = 1 in the corollary above, we deduce that 
g^ d q* 25 o3 
12 1-345474 


1 
500) = 


For a simple proof of this expansion, see a note by Madhava [1]. 
In fact, the corollary above is due to Stieltjes [1, Eq. (22) ], [4, p. 387]. 


Entry 31. Suppose that n is an even integer or that Re x > 0 and n is any 
complex number. Then 


Ms 


(— 1) (— 1) 
к (X—nN+2kK4+1 х+п+2К+1 
п 22 — п? 22 42 — п? 42 


Е . (311 
х —~1 + 1 seg 8 1 +x l+ ( ) 
First Proor. From Entry 36, if Re x > 0 or if n is an even integer, 
11—P n 22 — nn? 2? 42 — п2 42 
lim 5 я : | 
ped 1+P х?—1+ 1 +x?7-14+ 1 +x? -le 
(31.2) 


On the other hand, a direct calculation with the use of L’Hospital’s rule gives 


11—P 1 x+n+1 x—n+3 
lim DNE 
ЛЕВ ie 4 )+u( 4 ) 


(=) (M 
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" Э 1 1 
= xtn+4k—3 х-и +4к – 1 
1 1 
Tete tani} 19) 
Equalities (31.2) and (31.3) taken together yield (31.1). 0 


SECOND Pnoor. This proof requires more severe restrictions on x and n. As 
in the second proofs of Entries 29 and 30, we easily find that, for Re(x + n) > 


—1, 
© (—1)* (—1)* * — ,Sinh(nu) 
2. e? du 
ко (Х—п+2К+1 x+n+2k+1 0 cosh u 
But Stieltjes [3], [4, pp. 402-566] and later Rogers [3] have shown that, for 
x > Oand n? < 1, 


| -xu Sinh(nu) t 


e 
0 cosh u 


n 22 — и? 22 42 — п? 42 


?—-1+ 1 + 45 1 +x le] 


The foregoing two equalities imply (31.1). 0 


Corollary. /f Re x > 0, then 
2$ (—1)* 1 2 2 42 ц 
&%(х+2к+1# 2 S141 +2141 $e fa 


Pnoor. Divide both sides of (31.1) by n and then let n tend to 0. o 


If we put x = 2 in the foregoing corollary, we obtain the following elegant 
continued fraction for Catalan’s constant G: 


us. (—1)* 25 12 2 4 4 

i£ (2k + 1)? 34143 +2 43 40 
Of course, similar continued fraction expansions for G can be obtained by 
setting x = 2n, where n is any positive integer, in the corollary above. This 


same infinite set of continued fractions for G was independently found by H. 
Cohen (personal communication) who obtained them from a different formula. 


Entry 32(i). If Re x > 0, then 


2. (—1} 1 12 2:3. 3-4 
nies. Ж | 
j сет: XX +x tx + 


(32.1) 
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Pnoor. Let 
r4 Г(2(х — 3 
P = P(x, n) = T 3)) GO n+ )) 
Tlx +n + I) (Ge — n + 1)) 
Then by Entry 25, for Re x > Qand n ¥ 1, 
12 — n? 32 — n? 52 — n? 


4P = ; 
AE 2x + 2x + 2x + 


or 
4P—x l+n 32 -rnr 5? – п? 
l-n 2x + 2x + 2x + 


(32.2) 


Note that Р(х, 1) = x/4. We now let n tend to 1 in (32.2) and apply 
L'Hospital's rule on the left side. We then find that 


x x+2 x x 2 2:4 4:6 68 
= tau ( 4 ) (Gn) -z. a qe X D. ees 


Simplifying each side above, we arrive at (32.1). П 


Entry 32(ii). If Re x > 0, then 
2 1—1) 1 12 1:2 2 2:3 3? 
iio c | 
G+ х+х+ х+х+ х txt 


Proor. Let 


p= л) (E523) (E) 


х+п+1 x—n-cl 
qu 
Then from (29.1), we find that, for Re x > 0 and n z 1, 


Bp luae 2% dw 4 P-nr 
l-an x +x+ X +x+ Xx фы 


(32.3) 


Observe that P(x, 1) = 4/х. Letting п tend to 1 in (32.3) and employing 
L’Hospital’s rule, we find that 
д 
Lp 
45, (х, п) m | ) Р i 
a =x A-—« 
P?(x, 1) E (х + 4k)? (x + 4k – 2)2  (x-4k— 4)? 


2 2 24 4 46 
Сх+х+ x +х+х te 


Replacing x by 2x, we deduce that 
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ae Ў (-1I* 2 2 24 4 46 
x З = : 
(х +k? 2х+2х+ 2x +2x+ 2x + 


Simplifying the right side, we complete the proof. LJ 
If we set x — 1 in Entry 32(ii), we deduce that 

p. а Ооа 37 

1-141 +1+ 1 07-1014 


600) = 1+ 


Putting x = 4 in Entry 32(ii) yields another continued fraction for С, 
LOP Jo 229 037 


26 =1 
TIE Pete iri. 
Entry 32(iii). If Re x > —4, then 
o l 
3,х+1):=У = 
С Gem 
A i 1? 13 23 22 
—2x(x + 1) + 1 +6x(x+1)+ 1 + 10х(х +1) + 
Е 1 16 
~ 2x? + Ix + 1 —3Qx? + 2x + 3) 
26 36 


(32.4) 


— 5(2x? + 2x + 7) — 7(2x? + 2x + 13) — -7 


Proor. In Entry 35, replace x by 2x + 1. Then y = 4x(x + 1) + 2m — m°, and 
we need to require that Re x > —}. Also let / = n = m. Noting that t = 0 
and using the second continued fraction of Entry 35, we find that 
Е Г(2(2х + 2 + 3т))Г?(4(2х + 2 — т)) 
ае Г((2х + 2 — 3т))Г3(4(2х + 2 + m) 
1+P А T(4(2x + 2 + Зт))Г3(2(2х + 2 — m) 
I'($Qx + 2 — Зт))Г?(5(2х + 2 + m)) 
m 2(1 — т)(12 —m?)  2(1 + m)(1? — m?) 
у = 2m? + 1 + 3y 
2(2 — m)(2? — т?) 2(2 + m)(2? — т?) 
+ 1 + 5y 
Now divide both sides of (32.5) by m? and let m tend to 0. On the right side, 
we arrive at 
2 2-13 2-13 2:2 2-25 
4х(х+1)+ 1 +12х(х+1)+ 1 +20x(x+1) += 


(32.5) 


Simplifying above, we obtain the former continued fraction of (32.4). 
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Next, write the aforementioned continued fraction in the equivalent form 
1 13 13/3 23/3 23/5 33/5 
2x(x +1)+ 1 +2х(х+1)+ 1 +2хх+1)+ 1 +e 


Applying Entry 14 to this continued fraction, we deduce the equality between 
the continued fractions of (32.4). 
For brevity, set z = x + 1. For Rez > l, it remains to examine, by (32.5), 
11-Р 


im 
m0 mi+P 


1 3m 37m? 3?m? 
а ree 3 teg Ет res] 


m m? 3 
x MR dd А mares | 


2,4,9 
-{ "m (г) n. = Г” (2) + 


т? 


ae 3 
E zl O47. з Г (2) grep) 


1 35 ы, ЕЕ СО Я 
= ro (| y + m (2)ГЗ(2) + is 54 жг (21 (z)T*(z) 


1 3? 
+ ү = = rera) 


DI"(z  3I"(gr'z) Tre 
 2TG) o) T(z) 


ee e. dq 1 
- 5210) 0) = Е 


The proof is now complete. [21 


Ramanujan’s second continued fraction in Entry 32(iii) is slightly in error 
(p. 149). 
We might compare Entry 32(iii) with another continued fraction for £(3, x), 


1 
4х% (3, x) 22x +2 + Pi, 401 P2 dà | 
х+х+х-+ххХх+ хх + 


where, for k > 1, 


Kk + 1) k(k + 1)? 
4k + 2 4k+2 ` 


The last result was discovered by Stieltjes [1], [4, pp. 378—391]. 


Pk = and q= 
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Setting x = 1 in Entry 32(iii), we deduce the following рш continued. 
fraction for R (3): FARNE 
Mo C 8 
1 Jp 197 23 
22+1+62+1+102+9 


(03) = 1+ 


This continued fraction also follows from work of Apéry [11 and was of crucial 
importance in his famous proof that £(3) is irrational. 


Entry 33. Let x, m, and n be complex. If either m or n is an integer or if Re x > 0, 
then 


Tx +m +n + DTG -m-n + 1)— Г(Мх+т—п+ 1))ГО(х = m +n + 1) 
T(x + m+n + D)(x-m-n-1)-F(x-mc-n-aly(ix-m-n-t) 


om (т?—1°?)(02—1?°) (m — 2?)(n? — 2? 


x + 3x + 5x 
(m? oa 37) (n? _ 32) 
T 7x +97 
Proor. Set 


Г( (х+ё+п+1)+ т)Г((х—/—п-+1)+ т) 
Г(х—ё+п+1)+т)Г( х+ё—п+1)+т) 


К(т) = 


апа 


rx + п + rG- +n + 1) 
Г(х+ё+п+1)Г( х—/—п+1))` 


Suppose that mis a positive integer in Entry 35. Replacing x by x + min Entry 
35, we find that 


—R(mT | 2/mn 4(¢? — 12)(т2 — 12)(n? — 1?) 
1+ К(т)Т x? + 2mx — 2? —n +14 3(x? + 2mx – 12 —n? + 5) 
4(¢? — 2?)(m? — 22)(n? — 22) 
+ 5(x? + 2mx — 2 — и? + 13) + 
_ _ п (£? — 1?)(n? — 12)(1 — 1/m?) 
x + (x? — £? п? + 1)/2т + 3(x + (x? — £? — n? + 5)/2m) 
(¢? — 22)(m — 22)(1 — 22/т?) 
+ S(x + (x? — £? — n? + 13)/2m) + 


(33.1) 


Now let m tend to со in (33.1). By Stirling’s formula, R(m) tends to 1 as m tends 
to oo. The continued fraction converges uniformly with respect to m in a 
neighborhood of т = со if Re x > 0. Hence, 
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1-T £n (02 — 12)(и2 – 12) (¢? — 2?)(n? — 22) 
IT x+ ax 4 5x Re 


Replacing / by m above, we complete the proof. L1 


In fact, Entry 33 was first proved in print by Nórlund [1] under more 
restrictive hypotheses. 

The continued fraction in Entry 33 is a special case of a more general 
continued fraction for a quotient of two integrals involving hypergeometric 
functions that was discovered by Stieltjes [1], [4, p. 389, Eq. (29) ]. 


Entry 34. Suppose that n is an odd integer or ¢ is an even integer, or assume 
that Re x > 0 with £ and n arbitrary complex numbers. Define 


TG £n IG +¢—n+ D)TQG —¢ +04 3)TG -e-n + 3) 
TEx- +п + DG- n+ ГОИ ++ 3) +2 —п+3))` 


Then 
1-Р ¢ Pow 22-02 =n? p-p 
14+P x X + X + X + X + 


Entry 34 was stated by Ramanujan [16, p. 350] in his first letter to Hardy. 
The first published proof was provided by Preece [2]. Another proof has been 
devised by Perron [1], [3, p. 34, Eq. (15)]. These two proofs require stronger 
hypotheses. Jacobsen [3] has shown how to establish Entry 34 under the given 
assumptions on the parameters. 


Corollary. Suppose that Re(x/y) # 0. Put 


F(a, B) = tan 3° PEP а? +(2y)? B +BY 
m Xt x + x + x cj 


Then 
F(a, В) + F(B, о) = 2Е{3(« + В), 3(« + B)}. 


The corollary was communicated by Ramanujan [16, p. 353] in his second 
letter to Hardy. Again, the first published proof was given by Preece [2], and 
indeed this result is a corollary of Entry 34. 


Entry 35. Let x, /, т, and n denote complex numbers and put y = x? — (1 — т)? 
and t = (n? — ¢7)(1 — 2m). Define 


(+f mn) x-—m-n-clD)rüx-Zxm-n41)rü(x-Z-m-n-1) 


1, 
2 
А dx —f—m—n+ I(x- + mtn DTG -mn IAGO Авт п + 1) 


r( 
r( 


Then if either ¢, m, or n is an integer or if Re x > 0, 
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1—Р_ 2£mn 4(¢? — 17)(m? — 17)(n? — 1?) 
1+P  х?—{?%?—т?—п?+1+ 3(х2 – 42 – т? —n + 5) 
4(¢? — 22)(m? — 22)(п? — 2?) 
+ 5(x? — £? – т? — п? + 13) 4e 


| 2mn 2(1—m)(I?^—m) 2( + т)(12 — 2) 
С у+а—2т+ 1 + Зу+ї 
202 т)(22 – n?) 202 + т)(22 – /2) (5.1) 
+ 1 + Sy+t Le | 


Pnoor. The first equality was shown by Watson [8] to be а corollary of Entry 
40. If either Z, m, or n is an integer, Watson's limiting process is trivially 
justified. If 7, m, and n are nonintegral, then the limiting process is more 
difficult to justify. We refer the reader to Jacobsen's paper [3], where this 
justification is carefully presented. 

To prove the second equality, we employ the following generalization of 
Entry 14 but special case of (14.2). If the former continued fraction converges, 
then 


а а, аз а а-л д 
X, + 1 +x, + 1 ++ Xa 1 ө 


а, аза; 405 
Xp + d5 — X3 + 43+ a4 — X5 + а + Ag [TRA 


@2к-2@2к-1 
— Хаа + Aggy + Ag, + 


Thus, with а; = 2/mn, a, = 2(1 — т)(1 — n?), ... and x, = y + t — 27?m, 
хз = 3y + t ..., we find that 


2¢mn 20 —-m(1—m) 2(1+т)(1—4?) 2(2 — т)(22 — n?) 
у+ї—2{?°т + 1 + 3y+t + 1 
2(2 + m)(2? — £?) 2(k — m)(k? — п?) 
+ 5у+1ї T 1 To 
2¢mn 4(1 — m?)(1 — /?)(1 — n?) 


СА т ntl Pa 45) 
4(2? = m?)(2? ES 22)? - n?) 
— 35(x? — 42 -m — п? + 13) —- 
A((k — 1)? — т?) (к — 1? — P(k — 0? — m) 
— (2k — 1)(х2 — 2? — m —m + 2k? 2k D) + 


(35.2) 


where we have used the easily proved identity 
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Qj + Dy - t -2(j + m? — 77) + 2044+ 1 —m((j + 1)? – п?) 
= (2) + 1)(x? — £? — m? — n? + 27? + 2j + 1). 
This establishes the second equality in (35.1). О 


Entry 36. Suppose either that n or ¢ is an even integer or that Re x > 0 and п 
and # are arbitrary complex numbers. Let 


z Г( х+ё+п+3))Г(х—ё—п+3))Г(4(х+ё—п+ D)r(d(x —£ - n1) 
TG +e +n Dr- nt Dr х+ё—п+3)Г(@ х—ё+п+3))' 


Then 
1—Р_ fn 22—12 22-12 Eor 42 (2 
1+P x'-1-7?4 1 -x-1« 1 +¢x?-1 pe’ 


Proor. In the second equality of Entry 35, let m = 4 and replace x, n, and ¢ 
by x/2, n/2, and 7/2, respectively. After simplification, the proposed identity 
follows. Li 


Entry 37. Suppose that either £ or n is an integer or that Re x > 0. Then 


1 x+f—n+1 x—-f+nt+1 
ea 
х+ё+п+1 х-ё—п+1 
i a) 


" 2n 202 — п?) 202 — £2) 
© х?—1+п?—{?+ 1 + 3(х? — 1) + п? — £? 
402 — п?) 402 — £^) 


(37.1) 


+ 1 + 5(х2 -D+ VP-P + 


Proor. Taking the second equality in (35.1), divide both sides by т and then 
let m tend to 0. Applying L’Hospital’s rule on the left side, we readily deduce 
the desired formula with no difficulty. Г] 


Entry 38. Assume that either п is an integer or that Re x > 0. Then 
e 1 es 1 
D aene CIENTO 2 ewe EA? 
- n 2(1? — n?) 2-12 
~ x2 l+ + 1 + 3(х2 — 1) + п? 
4(2? — n?) 4-2? 
+ 1 + 5(x?— 1) +n? +e 
= n 4(12 — n?)1* 4(2? — n?)2* 
х2 = и? + 1 3(х2 – н? + 5) – 5(х2 – и? + 13) – :-- 


(38.1) 
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Proor. To prove the first equality in (38.1), divide both sides of (37.1) by 27 
and let / tend to 0. Applying L’Hospital’s rule on the left side, we easily achieve 
the desired equality. 

The second equality in (38.1) is also easily established. First, divide both 
sides of the first equality in (35.1) by m and then let m tend to 0. Of course, 
this gives a second continued fraction for the left side of (37.1). Now divide 
both sides by / and let / tend to 0. П 


Entry 39, Let ¢ and п denote arbitrary complex numbers. Suppose that x is 
complex with Re x > 0 or that either n or £ is an odd integer. Then 


, Tx E £n DG- tnt INTE +f п t+ rG -n+ 1) 
" Tx п 3) —£ n4 3)FQ( п 3))Г(Цх—{ —п+3)) 

8 -Rr P-P y- 3-7 
(х*#—?+п?—1/2+ 1 4+x?-14+ 1 4+ x?-1 40° 


Proor. We shall prove Entry 39 for —oo < 7?, n? < 1 and x > 1. An argu- 
ment of Jacobsen [3] can then be used to extend the domains of convergence 
for Z, n, and x to those indicated. 

To prove Entry 39, we employ the following theorem found in Perron's 
text [3, p. 27, Satz 1.13]. Suppose that all the elements are positive in both 
continued fractions below. Assume also that each continued fraction con- 
verges. Then 


a, а, а, 


Ь+— = = 
b, tb + b, Toe 
=b, +r +- Pı 4192/0, 4593/92 | 
by + ry + by ry — офф + b3 + з = 1103/02 +" 
(39.2) 
where 
=A Tilber) k21. (39.3) 
(The parameters r,, k > 0, have no restrictions other than those imposed 
above.) 
Let 
x—?.m-1 Por P-e 
F(x) = F(x, £, n) = 
б) = F(x, 4,0) 5 а 
3?2—п? 32—02 
s (39.4) 


d. dL weeds 


In the notation above, aj, = (2k — 1)? — 72, a4, = (2k — 1} — n?, bj, = 
x? — 1, and b, = 1, where k > 1. Write 


ry = ak +c, and r,4,-d,kuc, kzl (39.5) 
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Our first goal is to determine c,, c;, d,, and d, so that фу is constant for 
к> 1. 
From (39.3), (39.5), and the aforementioned formula for a,x, it follows that 


4,4, = 4. (39.6) 
Thus, from (39.3), we find that 
Фә = (2k — 1? — 7? — (dk + с,)(х2 - 3 9 duke c) 
= —{44 d(x? -1+¢,)+¢,d,}k + 1-0? с(х2 -14¢,) (39.7) 
and 
Фок = (2k — 1? — n? — fdi(k — 1) +,} {1 + dk + с) 
= —{4 + d,(1 + e) - d,(d, — ¢,)}k 
+1—n? + (4, — с,)(® + с), (39.8) 
where k > 1. By our prescriptions, we require that 
d(x? —1+4c¢,)+ c,d, = —4 = 4,(1++ c2) – 4,(4, —c,) (39.9) 
Using (39.6) and simplifying the extremal equality above, we find that 
d? — 4d, + 4(1— x?) = 0. 


We shali choose the positive root d, = 2x + 2. Thus, by (39.6), d, = 2/(x + 1). 
Since we wish фу to be constant, by (39.7) and (39.8), we need to stipulate 
that 


1— £? —¢,(x? -14+¢,)=1—n? + (d, — c4)(1 + с). 


Simplifying, we find that 


€, с,(х + 1)? = 7? — nm + 2(x + 1). (39.10) 
On the other hand, from (39.9), 
€, + elx + 1)? = —(x + 1)’. (39.11) 


Adding (39.10) and (39.11), we deduce that 
c, =4(¢? — п? — x? + 1), 
and so 
12 —n?—x? 41 
2(x + 1)? 


Hence, we have determined the parameters c,, c,, d,, and d, so that ©, is 
constant, namely, from (39.5), 


тәк = Ux t Dk +H- n? x1, k21, (39.12) 


с = 


апа 
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2 peg 7 —n?—x? +1 
х +1 2(х + 1)? 
Let us set фу = а. By (39.8) and our determinations above, 
a=1—n* + (4, – с,)(1 + с) 
4(1 — n?)(x + 1)2 — 4(х + DY? и — x? + 1) + (0? п? — x? + 1)? 


(39.13) 


Fjk-i = 


4(х + 1)? 
| oan (xc + (02 п – x? 1 20+ DP 
Е 4(x + 1)? 
002—2 х2+1— 201+ п)(х + 1)} {42 ~n? —x? + 1—2(1 — п)(х + 1)} 
= ~ “40+ DP | 


The numerator above is a polynomial in x of degree 4. It is easily checked that 
the four roots of this polynomial are x + 1 = +/ + n, where all four possible 
combinations of signs are taken. Hence, 


(х+1+{Є-+п)(х+1—ё—п(х+1+/—п)(х+1—ё#+п) 
4(х + 1)? 


(39.14) 


Recalling the definition (39.4), applying (39.2), and employing (39.12) and 
(39.13), we have shown that 


F(x) = a 12 — n? 
3 ё®—п?—х?+1+х%?—1+2х+2 
х +1 2(х + 1)? 
12 — #2 32 £9? 32 _ z? 
+142(x4 1)4+x?-142x424142/(x4+1)4+-: 
_ a(x + 1)? 12—п? Pg 
{(x+2P—f74n?-13/24+ 1. +(х+1)(х+3) 
32 _ n? 32 _ (2 
+ 1 c(xtÜD-3-e 
a(x + 1)? 
= a 39. 
F(x + 2) Cr) 


For brevity, set, for any function f, 
П.х +++ п) 
=f(xtk+flenf(xtk—-f—nf(xtk+f—nf(xt+tk—f4+n). 
Hence, from (39.14) and (39.15), 


водо +2) = TT (x+1+f+n), 
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and so 


F(x)F(x + 2) (ER 
F(x + 2)F(x + 4) = П. х+3+ё{+п 


By iteration of this formula, we find that, for each positive integer т, 


Fx) — 'H пе 


F(x + 4m) | - IE x+4k+34fHtn 


NU i 1 (lx +1 Z и) + kymme 15/05 
m? (x +3 +Z x п) + k)mtmo 37 Em 


Hence, 


А F(x)m? (4х+3+/+п)) 1 

1 i 39.16 
ты Р(х + 4m) -Il F Г(@ х+ї+/+т) P ao) 

From the definition of F(x) in (39.4), we easily see that 

m? 1 

lim —————. = =. 39.17 
moo F(x 4m) 8 62000 
Combining (39.16) and (39.17), we deduce (39.1). [Г] 


Н. Cohen has communicated to us a similar proof of Entry 39. His proof is 
based on Apéry’s method for accelerating the convergence of a continued 
fraction. For a complete description of this method, see Cohen’s seminar notes 
[1]. Accounts are also given in papers by Apéry [1] and Batut and Olivier [1]. 

The equality (39.2) is called the Bauer—Muir transformation. Jacobsen [5] 
has shown that the conditions for its validity can be considerably relaxed. 

We might note an interesting consequence of Entry 39. From Malmstén's 
integral representation for Log T(z) (Whittaker and Watson [1, p. 249]), we 
find that 


© —(xtftnti)t/4 -(xtftnt+3)t/4 
е — e dt 
Log P = | (2 L+ ге) 


1—e! t? 


0 


where Y', indicates а sum of four terms with each possible combination of 
signs taken. Simplifying, we find that 


Y PES © fe соѕ (22/4) cosh(nt/4) pa dt 
Ru б cosh(t/4) t 
© O T4 _ $5-xt 
= : | 2 Е cosh(nt) п)“ : | е eT i 
0 cosh t t 0 t 
© һ 4 4 
22 | a = ыш ) m (9. (39.18) 
à cosh t t x 


by Frullani’s theorem (Edwards [2, pp. 337-342] or Part I [9, p. 313, Eq. 
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(2.15)]). Exponentiating (39.18) and combining the result with (39.1), we 
deduce that 


*  ,,í[cosh(£t) cosh(nt) dt 
ехр{2 e" 1 
б cosh t t 


x?/2 Snr P- Pay 352 
(x2? — #2 4n?-1/24 1 +x?7-14 1 жх" 
(39.19) 


where 0 < |/|,|п| < 1 and x > 1. 

The expansion (39.19) appears to be new. It generalizes a result of Rogers 
[3] and is similar to results of both Rogers [3] and Stieltjes [1], [4, 
pp. 378—391]. 


Entry 40. Let 


P=[|T@@+fh+ty+dte+1)), 
where the product contains eight gamma functions and where the argument 
of each gamma function contains an even number of minus signs. Let 

О= ПГО +6 +760 ++ 1), 


where the product contains eight gamma functions and where the argument 
of each gamma function contains an odd number of minus signs. Suppose that 
at least one of the parameters В, y, 6, є is equal to a nonzero integer. Then 


P-Q 
Р+О 
8aByde 
1{2(at + f* + yt + 5% + et + 1) — (02 + fy + 6? + е2 — 1)? — 27} 


64(a? — 17)(B? — 1?)(y? — 17)(6? — 1?)(e? — 1?) 
+ 3{2(«® + Bt + pt + 54 + et + 1) – (02 + 32 + у? + 5? + 22 — 5)? — 62) 


64(a? — 27)(B? — 2?)(y? — 27)(6? — 27)(e? — 22) 
+ 5{2(а® + Bt + yt + Stet + 1) (à + 82+ у° + te — 137 - Be 
(40.1) 


Entry 40 is certainly one of Ramanujan’s crowning achievements in the 
theory of continued fractions. Watson [8] has given the only published proof 
of Entry 40. 

In an address before the London Mathematical Society in 1931, Watson 
[7] discussed Entry 40 but incorrectly wrote 9 and 10 instead of 13 and 14, 
respectively, in the last recorded denominator above. In a footnote of [8], 
Watson remarked: “Through an error in copying which occurred when I 
previously published an enunciation of the theorem... .” However, Watson 
did copy the result faithfully; Ramanujan had made the same error (p. 152). 
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Throughout the notebooks, Ramanujan normally did not completely state 
identities involving sequences, but he did usually give enough terms to deter- 
mine the sequence. In particular, if a sequence is linear, Ramanujan often gave 
only two terms, while if a sequence is quadratic, he would give three. In the 
first notebook, he only stated two terms of the sequences 2n? + 2n + 1 and 
2n? + 2n + 2; that is, 1, 5 and 2, 6, respectively, that occur on the right side 
of (40.1). This was probably carelessness on his part for he most likely knew 
the quadratic patterns of the sequences. When he wrote his second notebook, 
a revised enlargement of the first, he decided to add one more term. However, 
he evidently did not rederive his identity and erroneously assumed that the 
two sequences are linear. Ironically, Watson's statement of Entry 40 in [8] 
also contains a misprint. Watson [8] also obtained a q-analogue of Entry 40. 

It is natural to ask if the hypotheses on £, y, ô, and c can be relaxed. Jacobsen 
[3] has answered this by proving the following theorem. 


Theorem. The continued fraction on the right side of (40.1) converges to a 
meromorphic function F(a, В, y, 6, c) in €^. Furthermore, F 5 (P — Q)/(P + О). 


The identity of F is not known. 
Entry 41. Let x and y be complex numbers such that either |x + 1| > 1 or y is 


a nonnegative integer. Then 
_ T(f + TG + DO + х) 
7 Г(В + у + 1)х? 
y lt — у)(х + 1) 
(B+1)x+1—y—(P+2)x+3-y 
2(2 — у)(х + 1) 
—(B +3)x+5—-—y—- 


JF B 1s y + 1; —x) 


(41.1) 


Proor. From Erdélyi's treatise [1, p. 108, formula (2)], 
aF\(—B, 13 y + 1; —х) 
TIC-8 - Dro + 1) 


JF, 1 — y; B + 2; —1/x) 


FC TO 
Г Dr 1)x? 
EE FB —8-у;—8;—1/%) 
Е ДКК КЕ Ad а о, 
SS ст к шш eee a 
(41.2) 


Now apply (21.3) with f, у, and x replaced by — 7, B + 1, and 1/x, respectively, 
to deduce that 
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~ pape Мас. 
у/х l1 —» + 1/хух 20—001 + 1/ху/х 
В+1+(@—7у/х— В+2+(3—уух — ВЁ+3+(5—у/х — 
(41.3) 


Translating the conditions under which (21.3) is valid, we find that (41.3) 
holds if Re 1/x > —4 with not both 1—y and 3 +у +1 belonging 
to (0, —1, —2,... or if y is a nonnegative integer and B+y+1¢ 
(0, — 1, —2,...). Combining (41.2) and (41.3), we obtain (41.1) under the 
conditions given in the previous sentence. Now Re 1/х > — 5 if and only if 
|x + 1| > 1. Lastly, Jacobsen [3] has employed the uniform parabola theorem 
to remove the extraneous conditions on В and y given above. O 


Entry 42. If n is a nonnegative integer, or if x ф (—оо, 0], then 
1Fi(l; n + 1; x) 
_eT(n+1) n i-n 1 2-n 2 3-n 3 


x" x+ 1 +х+ 1 +х+ 1 xc 
_е*Г(п +1) п -n | 2Q-n  38-m 
2 x" x*1—-n—-xc*3-n—-xc-S$-n-x47—-n—-:- 


(42.1) 


Proor. In Entry 41, replace x by x/f and y by n. If |1 + x/B| > 1, orifnisa 
nonnegative integer, we find that 
Г(В + 1)Г(я + 1)(1 + x/pf*" 
Е(— В, ци + 1; = 
2Fi(—B, 1; n x/B) Г(В +n + DOBY 


y 1(1 — n)(1 + x/f) 
(B + Dx/B - 1 n — (B - 2)àx/B -3—n 


2Q — п)(1 + x/p) 
= (В + 3) +5 и 
Since the continued fraction above converges uniformly with respect to f in 
a neighborhood of f = oo, we may let fj tend to oo to deduce the second 
equality in (42.1). 
To obtain the first equality in (42.1), apply Entry 14. D 


Entry 42 was first discovered by Legendre [1]. See also Nielsen's book 
[1, p. 217] for a proof. 


Corollary. If either x is exterior to (—оо, 0] or if n is a positive integer, then 
© (—xX T» e* 1—n 1 2-n 2 


PET: x x + 1 x 1 txt 
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Proor. Multiplying both sides of (42.1) by e */n and comparing the resulting 

equality with that above, we see that we must show that 
(= х) 

o kt(n + ky 


k 
00 
days x 


Sta 


(42.2) 


e = 
k=0 Mir 


Applying Entry 21 of Chapter 10 with x replaced by — x, n replaced by n + 1, 
and m = n, we deduce (42.2). m 


Entry 43. If x is any complex number outside ( —oo, 0], then 


g x TETES 
e 
01-2: Ок) 2х х+і+х+і+х +1 + 
[fuu 1 12 3:4 56 
~ af 2x х+1-—-х+5+х+9—х+13 =>] 


(43.1) 


Proor. Putting n = 1 in Entry 42, we find that 
E п 12 2 1 32 2 5/2 


x 


2 QUEUE Vå х+1+х+ 1 +х+ 1+ 


Replacing x by x/2, we obtain an equivalent form of the first continued fraction 
of (43.1). 

The second continued fraction in (43.1) follows in the same way from the 
second continued fraction of (42.1). Alternatively, apply Entry 14 to the first 
continued fraction in (43.1). Li 


Corollary 1. For Re x > 0, 


oyr e 1 2 3 4 


Е(х):= | e"dt2N—— | 
a E 2 2x +х+2х+х+2х+ 


PRoor. By (42.2), for n > 0, 


oo (—1Yx ntk со x" 
et! dt = y ————-=е* | 43.2 
|, à k(n + k) = ko (и), +1 pem 


Let n = + and replace t by t? and x by x?. Applying Entry 43, we then find 
that, for x? exterior to (—oo, 0], 


ge x = _ Qy _ 
көя Ego RTE OTD 


m PM. a 
Е 4x? 2x +1 42x27 1 2x2 0 


which is equivalent to the proposed formula. Г] 
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Corollary 2. Let x be real. Then as x tends to oo, 


| Po dt = E + Log) + 0(1), (43.3) 
E: 2 Q2 


where F is defined in Corollary 1 and denotes Euler's constant. 
Proor. Integrating by parts, we find that 


х F(t x Йй 
| PO а = ro) Log x - | е Logt dt 


0 0 


= (| e" dt — | gt D Log x 
0 x 
= (| e" Log t dt — | e" Logt а) 
0 x 


S L Log x — | e^? Log t dt + o(1), (43.4) 
0 


as x tends to oo. 
From the integral definition of I (x), for x > 0, 


Г'(х) = af ett] Log t dt. 
0 


In particular, 
Г'(%) = af e" Log t dt = -J10 + 2 Log 2), (43.5) 
0 


which was established by Ramanujan (p. 92) in Chapter 8. (See our book 
[9, p. 184, Cor. 3(i)].) Employing (43.5) in (43.4), we deduce (43.3) at once. 


L1 
Entry 44. For x > 0, define 
© е! 
= dt. 
eto | x+t 
Then for x > 0, 
x 1 ТАГ: © 1 k-1 Vk 
| 3 es 2 ' " Х =y + Logx + е *ф(х, (441) 
0 =1 ` 


where y denotes Euler’s constant. 


Proor. At the outset, we remark that essentially the same calculations are 
made in slightly more detail in our edited version of Chapter 4 [9, p. 103]. 

The first equality in (44.1) is readily established by writing the integrand as 
a Maclaurin series and inverting the order of summation and integration. 
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Next, making a simple change of variable in the definition of ф and using 
a well-known integral representation for y (Olver [1, p. 40]), we find that 


o „—ї 11—egt 0 5-t x dt 
egy togas [Las | ы a- | tdt — 


x 0 1 1t 


Upon simplification, we complete the proof of the second equality in (44.1). 
0 
Entry 44(i). Let x be real. Then as x approaches оо, 


= (— Dk! 
969 Y. xc 


Entry 44(i) was established by Euler, and a rigorous discussion of it can be 
found in Hardy's book [5, pp. 26, 27]. Ramanujan also stated this result in 
Chapter 4 (p. 44); see our book [9, pp. 101—102]. 

For Entry 44(ii), we quote Ramanujan (p. 153). 


Entry 44(ii). ф(х) lies between 1/x and 1/(x + 1) and very nearly equals 
em 1)/x. 


Proor. Letting n tend to 0 in the corollary of Section 42, we find that, for 
x>0, 


о (—1y*!x* т? 1 T(n) РА 
2, k!k Hm (3 x^ ) ке) 
=у+Горх+е */(х), (442) 


where 
i 1 1 2 2 
х+1+х+1+Хх+ 7 


Comparing (44.1) and (44.2), we deduce that f(x) = ф(х). 
Now from (44.3), it is immediate that ф(х) < 1/x. Next, if 


2 2 3 3 


F(x) (44.3) 


БЕХ eI; , 
1+х+1+х + 
we сап write (44.3) as 
(9) 1 Е 1 £ 1 
HXTXTICIUF F ^x4lY 
х + == 


1+Е 


Thus, Ramanujan’s upper and lower bounds for ф(х) are established. 
Squaring the asymptotic series from Entry 44(i), we find that, as x tends 
to oo, 
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Е ЕТЕ ЕГ. 
d х? x 


On the other hand, also from Entry 44(i), as x tends to oo, 


ф(х + 1) 1 1 " 2 den 
x х(х+1) x(x+ 1)? x(x + 1)° 


x 
2 3 1 
ff eS o|— 
salt) ole) 
D. 2 5 10 1 
x гале S+o( ;) 


Thus, the initial three terms of the asymptotic expansions for ф?(х) and 
ф(х + 1)/x agree. Hence, Ramanujan's approximation for o(x) is reasonable. 


0 
Entry 44(ii). For x > 0, 
Poh: ih Sa 30 33 
Ох+1+х+1+х+1+х+ 
sd por p 
| x-*l-x-3-xct5-x47—-7 


ф(х) 


Pnoor. The former continued fraction was established in the course of prov- 
ing Entry 44(ii) (see (44.3)). To obtain the latter continued fraction, apply 
Entry 14. L1 


In fact, Entry 44(iii) is valid for all complex x outside (—oo, 0) (Jacobsen 


[3]). 


The second continued fraction above was first derived by Tschebyscheff 


[1]. 


Entry 44(iv). Let x be any complex number exterior to (—оо, 0], and let n bea 
natural number. Then 


O na (1k! | (= Dn! 
eG) = у. у + x" 


1 ntl 2(n + 2) 3(n +3) 
х+и+1-х+и+3 -х+и+5 -х+п+7 


Proor. Integrating by parts п times, we find that 
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1 (– 1)! n Ory хр! 
ф(х ) = 2 ee ш. "|, Gary 


EIU NE 


k+1 


t 

t 

- й, (44.4) 
x o x+t 


k=0 X 


where we have used the equality (Perron [3, p. 219]) 


ett? 1 t? 
t Rea, Reb» 0. 
ml arg SIL Sa 


However, for x ¢ (—oo, 0] (Perron (3, р. 219, Eq. (12)], Khovanskii [1, p. 148, 
Eq. (11.17)]), 
1 [9 eT 1 п+ 1 2(п + 2) 3(n + 3) 
ox+t — x*ntl—xnt3—-xtntS-xtnT- 
(44.5) 


Substituting (44.5) into (44.4), we deduce the proposed identity. О 


п! 


Corollary 1. Let 


Then if x > 0, 


= e*(Log x + y)+ ф(х). 


y H,x* 
k=t 


Corollary 1 is also given by Ramanujan in Chapter 4 (p. 44). See the author’s 
book [9, p. 103] for a proof. 
Our formulation of Corollary 2 corrects that given by Ramanujan (p. 153). 


Corollary 2. For |h| < 1 and n > 0, define f(h, n) by 


nizh) р pt _ E 
; dt = y + Logn+e“"g(n) — е", n). (44.6) 


0 


е 


Then 


1 k-i и] 
f(h, п) = žie- PG 


1 


Pnoor. First, if h = 0, we see from Entry 44 that f(0, п) = 0. For brevity, set 
g(h) = f(h, n). Clearly, we shall be finished if we can show that 


k pni 
geno) =ti(er— $ 7) к> 0. (44.7) 


First, differentiating (44.6), we find that 
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еп!" — | 
90) = ү: (44.8) 


Setting h = 0 іп (44.8), we deduce (44.7) in the сазе k = 0. For k > 0, we apply 
Leibniz’s rule to (44.8) to find that 


k 4) 1 d* j 
g** (h у= E Jas Ja jle nh-n __ 1) 
MN o pojnon 
% Ur =н EHE ME 


where 6, = 1 and ô = 0,0 <j < k — 1. Thus, 


E fk 
g**9(0) = Ме" — Y (une 


0 


Equality (44.7) now follows upon replacing j by k — j above. [Г] 


Ramanujan concludes Section 44 by recording the values ф(1) = 0.5963474 
and (4) = 0.9229106. From (44.1), 


(8 Ca 
on - (2 ИЕ -7) 


1 ЕР 2 (D) Log 2 
Ф(5) = Je жик 0а og 2]. 


Using calculated values for у, е, Je, and Log 2 (Abramowitz and Stegun 
[1, pp. 2, 3]) and 11 and 9 terms, respectively, from the two sums above, we 
can readily verify that Ramanujan’s calculations are correct. 


and 


Entries 45(i), (ii). Consider the continued fraction 


1 x x 2x 2x 3x 3x (n—1)x nx 
1+1+1+1+1+1 4+ 1 ++ 1 +1 


Then in the notation of (1.4), forn > 1, 


BX) = Boy = Ў, m (45.1) 
and 
n-1 (_ 4M К 
B, a): Bon =}, a ( -*) k, (45.2) 


Proor. We shall induct on n. For n = 1, both (45.1) and (45.2) are easily seen 
to be correct. 
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We shall thus assume that both (45.1) and (45.2) are true up to a specific 
positive integer n. By (1.4), 


Bonsi(X) = В›„(х) + пхВ,,-1(х) 


ЕЕ н (ни 1x! 
OE ид? (k — Di 


But, forl <k <n, 


(-nk (—пу-1(п — К+ 1) (п) (п = k+ 1) 
ko (k— 1)! = k! 


a= 1)? 1 k 
EE. п+1/' 
Hence, we have established (45.2) with n replaced by n + 1. 


By (1.4) and the proof just completed above, 
В›„+(Х) = Bia) + (п + 1)xB, (x) 


ntl (— —1X k k-1 ok 
= T thii) teen Eo Piit, 


But, fori <k<n+1, 


ЕЕ и m. (=m, 
k! ntl (к= 1)! 


cr- kf k а k NV (—n— 1 
ЕУ: п+1 nc-1j k ` 


Hence, (45.1) is established with n replaced by n + 1. Г] 


((n — k - 1) +k} 


)een 


We have slightly rearranged the ordering of the formulas in Section 46. 


Entry 46(i). For |x| < 1, set 


oo ERN 
T(x +1) = у >» | (46.1) 
k=0 


Define ф„(х) as the constant term in the Laurent expansion of х?Г(1 — р)/р", 
0 < |p| < 1, where n is a nonnegative integer. Then, if x з 0, 


pices [us c ase. (46.2) 
n! k=0 k 
Furthermore, define w(x), n > 0, by 
© (—1)!1х 1.k 
Yaa = Pn) + (— 1 tex). (46.3) 
ey КК 


Then, for n > 1, 
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(x) — W(x) = Es (46.4) 
Pnoor. First, for |p| < 1, by (46.1), 
х?Г(1—р) 1 Э р“ Log* x y Ap! 
p" ро Kk ж Л 


Lo ЕЕЕ а 
= — У — A,_, Log* 2 
р" p al () CEU х) 
Equality (46.2) is now immediate. 


Using (46.2) in (46.3) and differentiating both sides with respect to x, we 
find that, for п > 1, 


(—1)'e* Wal) + (— 0" 1e (х) 


5 на od Y n), Log x 
| kn 1k! n! = k a x 


1б (=x den 
= Ааа Logt 
(5 kk! (n—D! DEN gu се, 


1 
= =(= De 0%). 


The proof of (46.4) is now complete. о 


Entry 46(1). For n> 1, 
(п – 10 
"CA (п — А)! 
where A, is defined by (46.1), S, = y, and S, = C(K), k = 2, where C denotes the 
Riemann zeta-function. 


OP RR (46.5) 


Proor. Entry 46(ii) is a reformulation of a well-known result that can be 
found in Luke's book [1, p. 27]. Namely, if 


Гк+ї)= Y bx, x «i 
k=0 
then, for n > 1, 
nb, = F (—1YS,b, (46.6) 
k=t 


Translating the recursion formula (46.6) in terms of the coefficients A,, we 
readily obtain (46.5). Г] 


We state Entry 46(iii) as recorded by Ramanujan. Afterward, we discuss 
the accuracy of his numerical calculations. 
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Entry 46(iii). In the notation (46.6), 
b, = —0.5772156649, 
b, = 0.9890560173, 


b, = —0.9074790803, 
by = 0.9817280965. 
Furthermore, if we write 
T(x + 1)= 1+ b,x + bx! + Бух? + аа (46.7) 
then 
% = 1.00027, 
0, = 51/52, 
6, = 77/82, 
05 = 5/68, 
6, = —1/38 
“nearly.” 


The coefficient b, is equal to — y, and the numerical value that is given is 
correct. The given values for b,, Б, and b, do not seem to be correct. We have 
employed (46.6) along with values of S, given in Abramowitz and Stegun's 
tables [1, p. 811] and have found that 


b, = 0.9890559953, 
b, = —0.9074790762, 
by = 0.9817280865. 


Evidently, we are to interpret 0, to be that unique number yielding an 
equality in (46.7). The values given by Ramanujan are rational approxima- 
tions. The value for 6, is enigmatic, because, for x = 0, 0, is not well defined. 
In the table below, we give the calculated values of the right side of (46.7) using 
Ramanujan's determinations and also our determinations of b;, b,, and b4. 


Ө, Г(х+ 1) Ramanujan’s Value Our Value 


x 

1 51/52 1 0.999990949 0.999990967 
2 77/82 2 1.999702292 1.999702625 
6 5/68 720 719.9611865 719.9612493 

7 — 1/38 5040 2623.541808 2623.542013 
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Thus, the values for 0;, 6,, and б give good approximations, but the value 
for 6, certainly does not. 

We are very grateful to Henri Cohen for motivating the proof of Entry 
46(iv) below. In particular, he informed us of formula (46.20). As in Entry 17, 
the equality below refers only to the correspondence between the two sides. 
The left side is a power series, and the continued fraction on the right side is 
the (unique) C-fraction corresponding to the power series. 


Entry 46(iv). If n is a nonnegative integer, then 


x 


d. n 5п+10 d4in4 58 Ju M 
х + А 


2+ 6x + 10 


Proor. From (46.4), it is clear that (x) can be expressed as a power series 
in 1/х. Putting 


о a(n) 
р(х) = У, nz 
к=0 X 
we then write (46.4) іп the form 
o aln) &(k-DaimM 2a _(n-1 
Э Ke + у ( 9n 1( zm У к 1( i ) (46.9) 
к=0 X к=2 x k=1 x 


where n > 1. It follows immediately that ao(n) = 0 if n > 1, а, (п) = Oifn > 2, 
and 
a,(n) + (k — Па, (п) = а, (п — 1), (46.10) 


for k 2 2 and n> 1. Now assume that, up to some fixed integer k — 1, 
a,-,(n) = Oif n > k. Thus, a, ,(n — 1) = Oif n > k + 1. It follows from (46.10) 
and our inductive assumption that a,(n) = 0 if n > k + 1. Hence, we shall 
rewrite (46.9) in the form 


x 50 X (n +К -—À _ pl e 1) 
Hence, forn > 1, 
bo(n) = bo(n — 1) (46.11) 
and, for k,n > 1, 
Бп) + (n + k — 1)5, ,(n) = b(n — 1). (46.12) 


From the definition (46.3) of w,,(x), it is easy to see that у(х) = 1. Hence, 
by (46.11) and induction, we find that 


bo(n) = 1, п> 0. (46.13) 


Next, in (46.12), let k = 1 and replace n by j. Since Б,() = 1, j > 0, we find 
that 
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b(t*jocb(j-1, jzl (46.14) 


Summing both sides of (46.14) for 1 < j < n and recalling that b, (0) = a, (0) = 
0, we deduce that 


b, (n) + Y j = 0, 
j=1 


or 
b,(n) = —4n(n + 1). (46.15) 

Put k = 2 and n = j in (46.12) to obtain the equality 
0) + G + 06,0) = ba(j 1). (46.16) 


Sum both sides of (46.16) on j, 1 < j < n. Using the fact that b,(0) = 0 as well 
as (46.15), we find that 


(п) = iA G? +2? +j) 
= an(n + 1)(n + 2)(3п + 5). (46.17) 
Lastly, we set k = 3 and n = j in (46.12) and find that 
b3(j) + (j + 2)b:(j) = b3(j — 1). (46.18) 


Summing both sides of (46.18) for 1 < j < n and employing (46.17), we find 
that 


1 ^ 
bin) = -53 2, JU + DG + 2)2(3 + 5) 


= —ggn(n + 1)(n + 27 (n + 3), (46.19) 


after a lengthy calculation. (Formulas for summing У, <;<,j*,1 < k < 5, тау 
be found in Gradshteyn and Ryzhik's tables [1, pp. 1, 2].) 

In conclusion, from (46.13), (46.15), (46.17), and (46.19), we have demon- 
strated that, for x sufficiently large, 


ed пп +1)  n(n-- 1)(n + 2)(3n + 5) 
Vs oo) = x" ( 2x К 24x? 
п(п + 1)(п + 2)2(и + 3)2 —— 
- 4853 + ) (46.20) 


Now, Бу (46.8), we wish to prove that 
(x! у(х) "+ = ee Qd =) 
n 5п+10 41п + 58 


Е ЕТ 
п Sn+ 10 41п + 58 
2x 12x 60x 

=х|1+ 


L+ od + d + 
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In fact, it will be slightly more convenient to show that the reciprocals of the 
expressions above ae equal. Hence, we shall prove that 

n 5п+ 10 4in+ 58 
1 2x 12x 60x 
1+1+ 1 + 1 


{хр (х) = (46.21) 

In order to establish (46.21), we shall first compute the power series for 
(x" y, (x)) **P in powers of 1/x. By (46.20) and the binomial theorem, we find 
that, for x sufficiently large, 


(x"y, (x)) tO 
_ 1 п(п+ 1) n(n + 1)(n + 2)(3n + 5) 
ста ax t 24x? 
_ ant Int 2n +3 ez 
48x? Ў 
я ( тп +1) n(n + (п + 2)8n + 5) c 

2n lyA 2x 24x E 

n(2n- D)/ nn-*1 | WV, 

ez X ) LE: 


We now compute the coefficients c, (n), c; (n), and c3(n) of 1/x, 1/x?, and 1/x?, 
respectively. Clearly, c,(n) = — n/2. Second, 


n(n + 2)(3п + 5) m  n(lin + 10) 


el) = 24 8 24 ` 
Third, 
om піп + 2)2(п +3)? п3(п + 2)(3п + 5) n'Qn- 1) 
48 48 48 
п(9п? + 20n + 12) 
16 | 
Непсе, 


oer п(11п +10)  n(9n? + 20n + 12) 
2x 24x? 16x? 


(x"v,0)) m1 Le. (4622) 
We now employ Entry 17 to compute the continued fraction representation 
(46.21). In the notation of Entry 17, by (46.22), 


n _ n(lin + 10) 


n(9n? + 20n + 12) 
A =z, A, Д І 


16 


and А; 


First, 


a = А 75. (46.23) 
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Second, 


n(11n + 10) 


Р, = a,(a, + a3) = A, = 4 


Using (46.23) and solving for a,, we readily find that 


|n +10 


туч (46.24) 


Lastly, 


n(9n? + 20n + 12) n?(11n + 10) 
16 24 


P, = a,0,(a, + a, + a3) = A,;—a,A,= 


Solving for a, and employing (46.23) and (46.24), we find, after a mild calcula- 
tion, that 


TS 41n + 58 
? 60 
Employing (46.23)-(46.25) in Entry 17, we complete the proof of (46.21). П 


; (46.25) 


Example. For x > 0, let 


Then 


i * F(t) л? 
— dt —1F? are) 
m | t Ж о) 12 


Proor. First, from Entry 44, 
AF2(x) = 1у2 + t Log? x + y Log x + 0(1), (46.26) 


as x tends to ос. 
Next, integrating by parts twice and using Entry 44, we find that, as x tends 
to oo, 


x = 


xdi Log t dt 


= F(x) Log x - | 


0 t 
x 


= (y + Log x) Log x + o(1) — 4(1 — e") Log? x + 1 е‘ Log? t dt. 
0 
(46.27) 
Combining (46.26) and (46.27), we deduce that 
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x 1 oo 
| o dt — 4 F° (x) = —47? + ‚| e™ Log? t dt + o(1) 
0 


0 
—4y? + AT"(1) + o(1), (46.28) 


as x tends to оо. 
By Entry 26 of Chapter 7 (see the author's book [9, p. 176), 


k)-»* 


lobo icu . pou Ix] <1. 
k=2 


Hence, after two differentiations, 


НЕ PT 
тозу C PED SX D*(k — 1)6(0)х* 2, 


and so 
I"(1) = ?(1) + CQ) = y? + 27/6. 


Substituting the value for I'"(1) found above into (46.28) and letting x tend to 
oo, we complete the proof. 0 


Entry 47. If n is any complex number outside of ( —oo, 0], then 


jJ e "(1 + х/п)" dx 


n 1(п—1) 2(n—2) 3(n—3) 
= 1 47.1 
Pus Sra. QU. 3. PO ee ш 


n—1 1(n—2) 2(n—3) 3(n—4) 
224. 47. 
e 2+ 4 + 6 + 8 + ш 


е"Г(и + 1) 2n 3n 4n 5n 


— . 47.3 
n" 2+3+4+5 + ® me) 
Proor. In (21.2), let x = y/n and fj = —n. Thus, under certain restrictions on 
y and n arising from (21.2), 
2F,(1 =n, 1; y + 1; —у/п) 
_› @-туп iü)m (@—туп 20-»m aid 


(y 0 +o y» + d * y» tv 
Now, for Re(y/n) > 0 (Bailey [4, p. 4]), 


1 
FÉ — n, 1;y + 1; —у/п) = Ji (1 — 01 + tym" dt 
0 


= | (1—и/%)771(1+ н/п)": du. (47.5) 
0 
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Thus, letting y tend to oo in (47.4) and (47.5), we find that, for n exterior to 
(— оо, 0], 
ie 1 (1—n/n ijn (2—n)jn 2/n 


"«(1 + ит) du = | 
"ou E жез жог 


Integrating by parts once, adding 1 to both sides, and writing the right side 
above in an equivalent form, we see that 


L n l-n 1 2-n 2 


«(1 n = | 
а ur ] 4n 1 tne: 


n n—1 2(n—-2) 3(n—3) 
1+ 3 + 5 + 7 fr? 


by Entry 14. This completes the proof of (47.1). 
Second, let x = уп and 8 = 1 — n in (21.2). Then, for Re(y/n) > 0, 


n—1 


Ё\(@—п,1;у-+ 1; —y/n) 


п—-1)уп (2—nyn 1(1+ут) QG-nyn 2(1+у/п) 
7 + 1 + 7 + 1 + 7 qoe 


Now proceed as above and let y tend to oo to find that, if n is outside (—oo, 0], 


= d 
{ = | e'(1 + t/n)? dt 


0 
(n—1)/n (Q2-—nyn 1т (3—n)jn 2/п 
1 + 1 +1 + 1.) +1 4-7 
п-1 2-n 1 3-n 2 4-nm 
n + 1 +n+ 1 Мм 
n—1 n—2 2(n—3) 3(n—4) 
5 47. 
2+ 4 + 6 + 8 + 9 


by Entry 14. 
Assuming that n is any complex number outside (—oo, 0] and integrating 
by parts twice, we find that 


oo 


= 1 © 
e - | е1 + t/n"? dt = -2+ Í e™(1 + t/nY dt. 
[4] 


0 


Substituting the formula above into (47.6), we establish (47.2). 
Third, setting x = t — n, we find that 


| e *(1 + x/ny dx = = | e~t" dt 
0 n п 
е"Г(п +1 e^ |" 
= н = oR | et" dt 
n n" Jo 
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k+1 


_e'T(n +1) > n 
п" к= (n + 1,1 
е"Г(п + 1) 


E +1—,Ё,(1;п+1;п), 


п 


п 


where in the penultimate line we employed (43.2). Applying Corollary 2 in 
Section 21, we complete the proof of (47.3). О 


In essence, Entry 47 is due to Nielsen [1], [2]. Equality (47.1) тау be 
derived from [2, p. 46, Eq. (6)]. Equality (47.2) can be deduced from [2, p. 47, 
Eq. (11)]. Lastly, equality (47.3) can be proved by using [1, p. 219, Eq. (8)]. 
Note that, by Corollary 2 in Section 21, the continued fraction in (47.3) 
actually converges for all complex n. 


Entry 48. As n tends to со, 


й Г ый 2 4 8 
*(1 + x/n) dx = 
| ЕНА Е oa ФЕ ШО; 
16 8992 


= 2. (481 
+ 8505m 38-527 11n + ce) 


The asymptotic expansion given above first appeared in Ramanujan’s 
solution to an ultimately famous problem proposed by Ramanujan [4], 
[16, pp. 323, 324] in the Journal of the Indian Mathematical Society. In 
addition to Ramanujan’s (formal) solution, later proofs were given by Watson 
[3] and Szegó [1]. In fact, the last displayed term on the right side of (48.1) 
has not been recorded by any of the aforementioned authors. Further coeffi- 
cients have been calculated by Bowman et al. [1] and Marsaglia [1]. 

The corollary below is similar to the aforementioned problem posed by 
Ramanujan [4], [16, pp. 323, 324]. A version of this corollary was also 
communicated by Ramanujan [16, p. xxvi] in his first letter to Hardy. 


Corollary. Define 0 = 0, by 


ng n e 
E m + are ns (48.2) 
Then 
4 + 15n 
Ө x 0* = OF := — . 48.3 
4 8 + 45n ( 


Proor. As Ramanujan [4], [16, p. 324] easily demonstrated, 
"Г + 1 © 
_é (n+ 1) ne e | 


с е "(1 + x/ny dx, (48.4) 
2n 


0 


and so (48.1) may be reformulated as 
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1 4 8 
д = — ia 48.5 
3* 13» 285€ ^ (133) 
as n tends to со. On the other hand, 
4+15n 1 4 32 
SUBEN эз, 48.6 
8445n 3 135n 60755 (180) 
as n tends to оо. Thus, 0* is a fairly good approximation to 0. О 


In 1983, a problem similar to the corollary above was published, апа а 
lengthy discussion, with three solutions, was given in a later issue of the 
Mathematical Gazette [2]. In particular, suppose that each of the n inde- 
pendent random variables X,, 1 < k < n, has a Poisson distribution with 
parameter 1. Then $,:— Уз; X, has a Poisson distribution with parameter 
n. Thus, 


n n* 
Р(5„<п)=е" У —. 
к=о k! 


After applying the central limit theorem, we conclude that 


lim P(S, x n) = 4. 
For further connections of the aforementioned corollary to probability, see 
the papers by Bowman et al. [1] and Lawden [1]. 

The integral of Entry 48, as well as a generalization, arises in a solution of 
the famous “birthday surprise” problem. See the delightful paper by Blaum 
et al. [1] where earlier work of Klamkin and Newman [1] is corrected and 
greatly extended. 

A result analogous to (48.5) has been obtained by Copson [1] for e". More 
precisely, if o, is defined by 


as CHE Cay 
t Е e k! m n! т 
then 
ү 1 + 1 + 1 + +, 
Mora t ens Bnet 


as n tends to œ. 

Generalizations of Ramanujan's and Copson's theorems have been estab- 
lished by Buckholtz [1] and Paris [1]. The commentary in Szegó's Collected 
Papers [2, pp. 151, 152] provides a good summary of the literature on 
generalizations and related problems. Another proof of Ramanujan's result 
(48.5) as well as some related results may be found in Knuth's book [1, 
pp. 112-117]. Carlitz [1] has examined a class of functions arising in the work 
of Ramanujan, Copson, and Buckholtz. Jogdeo and Samuels [1] considered 
a binomial analogue of (48.2). 
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Ramanujan concludes Section 48 with the following table. 


n Ө, 0* 

0 0.50000 0.50000 
Е 0.37750 0.37705 
1 0.35914 0.35849 
3 0.35146 0.35099 
2 0.34726 0.34694 


оо 0.33333 0.33333 


Of course, when и = 0, it is trivial that б, = 0* = 4. From (48.5) and (48.6), 
it is clear that б„ = 0* = 1. The proposed values for 6,, 07, 0,, 0%, 9%, and 
0$, are easily corroborated by using the definitions of 0, and 0* given in (48.2) 
and (48.3). It remains to examine the values of 0, and 03. 

In order to calculate 0; and 05, we shall employ (48.4) and the continued 
fraction (47.3). Hence, 

е"Г(п + 1) 2n 3n 4n Sn 


8,-1 ) 0. (48.7 
" ааа ML x e 


In the notation of (1.3) and (1.4), when n = 5, 


Ay = (k FDA, 4 + 3(k + 1)4, 5, к> 1, 
and 
В, = (k + 1B, + 3(k + 1)B,-2 К> 1. 


By successive calculations, we eventually find that 


As Ag A, 
—3 = 0.4106925, 2% = 04106857, <? = 0.4106862. 
B B B 


5 6 7 
Thus, 
2/2 23/2 4/2 5/2 Е 
МЫ КД NE eves = 0410686. 
Since 
1 јел 
= /— = 1.033182838 
343 33182838, 


we conclude from (48.7) that Ramanujan's proposed value for 0,2 is correct. 
If n = 3, again, from (1.3) and (1.4), 


Ay = (k + 1)Ar + 3K + DAR 2,  kzl, 
and 
B, = (k + 1) B,., + 3K + 1)В,_›, К> 1. 
Iterated calculations yield 
A, Ag 


A 
— = 0.9729 — = 0.972930, —=0. А 
В. 52, В, 0.972930, 5 0.972933 
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Proceeding as above, we find that 03. = 0.35145, which differs slightly from 
the value given by Ramanujan. 

Ramanujan [4], [16, p. 324] conjectured, probably partially on the basis 
of his calculations above, that 0, always lies between 4 and 4. This conjecture 
was proved by both Watson [3] and Szegó [1]. 


Entry 49. For each integer n > 2, define 0 = 8, by 


e og "2 k! (n- Di 
y+ Logn + n" dut 2! 


к=0 П 


where y denotes Euler's constant. Then, as n tends to oo, 


фа cq pu e oper 
—.3 135n 2835n? : 


We are very grateful to F. W. J. Olver for providing us the following 
solution based on material from his book [1]. 


PRoor. First, observe that, for n > 0, 


© k n t1 
Y al d —— dt (49.1) 


By combining (49.1) with a familiar formula for y (Olver [1, p. 40]), we readily 
find that 


00 n* n ot 
L — = PV — dt =: Ei(n), 
y+ og" pn i | i(n) 
where n > 0. Olver has calculated an asymptotic series for Ei(n), and in the 
notation of his text [1, p. 529, Eq. (4.06)], 0 = C, ,(n). By [1, p. 529, formula 
(4.07)], 
e U) 
0 = C, (n) ~ ч 
п 1(и) 25 (n = 1} 
as n tends to œ, where the first three values for y,(1) are given by (see 
[1, p. 530]) 


(49.2) 


76 


and y; (1) = 72835 


2 4 
1) == 1)=— 
0) = 3. ^0) = т, 


Putting these values іп (49.2), we deduce that 
2 4 76 


0 = 2e 
3 1 135(n — 1) 2835— y ^ 
2 4 1 76 1 
Eu eal ш 3 28358) * о(-з), 
from which the proposed asymptotic expansion follows. П 


For much of the theory of Ei(n), see Nielsen’s book [2]. 


СНАРТЕК 13 


Integrals and Asymptotic Expansions 


In assessing the content of Ramanujan’s first letter to him, Hardy [9, p. 9] 
judged that “on the whole, the integral formulae seemed the least impressive.” 
Later he added that Ramanujan’s definite integral formulae “are still inter- 
esting and will repay a careful analysis” [9, p. 186]. Indeed, a dismissal 
of Ramanujan’s contributions to integration would have been decidedly pre- 
mature. First, we might recall that this first letter contained several remarkable 
formulas on series and continued fractions. In evaluating infinite series and 
deriving series identities, Ramanujan had no peers, except for possibly Euler 
and Jacobi. Ramanujan’s work on continued fraction expansions of analytic 
functions ranks as one of his most brilliant achievements. Thus, if Ramanujan’s 
contributions to integrals dim slightly in comparison, it is only because the 
glitter of diamonds surpasses that of rubies. Indeed, there are many elegant 
and important integrals that bear Ramanujan’s name. (See, for example, 
Entry 22.) 

Chapter 13 is largely devoted to integrals. In this chapter, we find some of 
Ramanujan’s more prominent integral evaluations. In particular, many of 
the integrals from [8], [16, pp. 53-58] are found here. But much more 
importantly, Chapter 13 contains some absolutely remarkable results not 
heretofore observed. Entry 6 gives an asymptotic expansion of a certain inte- 
gral and provides a generalization of a famous question posed by Ramanujan 
[4], [16, pp. 323, 324] in the Journal of the Indian Mathematical Society. 
The latter problem and related asymptotic expansions may be found at the 
end of Chapter 12. Entry 7 is a highlight of Chapter 13 and a truly remarkable 
formula. Ramanujan offers here an asymptotic expansion of a certain integral 
as two parameters tend to oo. From both theoretical and computational 
standpoints, Entry 7 was very difficult for us to prove. As a by-product of 
Entry 7, we obtain an asymptotic expansion for the hypergeometric function 
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m 
oF, ( 1,m;m—n;- 
m 


does not appear to have been previously given in the literature. Another 
elegant asymptotic formula for an integral appears in Entry 8. This expansion 
is related to the confluent hypergeometric functions ®(a, c; z) and ‘P(a, с; z) 
(Lebedev [1, pp. 260, 263]). We have proved a generalization of Entry 8 in 
Section 10 (see (10.22)). Entry 5 is a very unusual integral formula that has 
its roots in a favorite theorem of Ramanujan, an interpolation formula in 
the theory of integral transforms. Special cases of Entry 5 are formulas for 
K-Bessel and confluent hypergeometric functions. 

In addition to theorems on integrals, Chapter 13 contains material on 
infinite series. Undoubtedly, the most impressive results on series appear in 
Section 10. Entry 10 offers an extraordinarily beautiful asymptotic expansion 
for series that are remindful of hypergeometric series. We know of nothing 
like it in the literature. Corollary (i) is also a very interesting result which, in 
a special case, is related to Entry 8 and therefore to confluent hypergeometric 
functions. 

It should be remarked that none of Ramanujan’s integral evaluations or 
asymptotic expansions is accompanied by conditions of validity. Particularly 
in Entries 5, 7, and 10, the determination of these conditions was not an easy 
task. 

For an enlightening discussion of several of Ramanujan’s asymptotic ex- 
pansions and for some further generalizations, see Evans’ paper [1]. 

As might be expected, several of Ramanujan’s integral evaluations are 
classical. It would be very difficult to determine the original discoverers of 
these results, and so we usually content ourselves with just pointing out their 
appearances in the tables of Gradshteyn and Ryzhik [1]. 

Occasionally, we shall write expressions such as 


) as m, n, and m — n tend to oo. Such an expansion 


a a 
f(x) ~ оона, Lp - n e 
X x 
By this we mean that 


f(x) = g(x)h(F(x)), 


where F(x) has the asymptotic expansion 
a, a 
F(x)~ ag +t tts 
Хех 
as x tends to оо. 


Entry 1. Let n > 0 and put N = [n+ 1]. Then 


ii "E È A,(7 x) dx — (— DN | 


о 0 


oo o0 
хх"! 2 Арх) dx, 
k=0 


when the right side is meaningful. 


13. Integrals and Asymptotic Expansions 187 


Ramanujan does not intend Entry 1 to be a theorem, but instead he is 
defining the integral on the left side by the expression on the right side. To 
illustrate Entry 1, Ramanujan gives the example 


© e? 
| т 4х = $m, 
о X 
which is to be interpreted as 


oo e? — 1+ х? 
| : i dx = $ /n. (1.1) 


0 x 


This result is easy to establish either directly or by using the general formula 
(Whittaker and Watson [1, р. 243]) 


© п Lo gn 
T(z) -f 1271 (= -5 (-0 IE (1.2) 
0 k=0 k! 


due to Cauchy and Saalschütz, where the integer m is chosen so that 
—n — ] « Re(z) « — n. Hence, employing (1.2), we find that 


© | 2 1 f> 
Е ety Wes | £75 (67 1 + pdt 


4 
о 


Е х 2 
= ir(-3) - àT() = 3 s, 


which establishes (1.1). 


Corollary. If a, n > 0 and b is real, then 


| T n cos(bx) T(n)  cos(ntan !(b/a)) 


Tax ун-1 


б sin(bx) из (a? + b?y'? sin(n tan! (b/a)) 


These two formulas are well known (Gradshteyn and Ryzhik [1, p. 490]). 
Ramanujan furthermore remarks that the integrals above "for negative values 
of n are known." Indeed, Ramanujan's definition in Entry 1 assigns a meaning 
to these integrals for negative values of n. In fact, these same formulas still 
hold if n « 0, provided that n is not a negative integer. To that end, using 
Ramanujan's definition from Entry 1 and (1.2) and defining the nonnegative 
integer m by —m — 1 « n « —m, we find that 


^ T1 | 
| e "x"! cos(bx) dx = Ji x" (eath) ъ es n en dy 
0 0 


= (а — bi)" + (a + bi} | ? 19% dx 
0 


3{(a — Ы)" + (a + bi) "} | yu (e = у с») dx 


0 
= (a? + 02) "? cos(n tan"! (b/a))T (n). 


À similar argument holds for sin(bx) in place of cos(bx). 
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Entry 2. Let ф have m + 1 continuous derivatives. Then 


m (k) x 1 
ш Lo dx=—e™ у T a. еы [one dx, 
P k=0 n n 
(ii) | ф(х) cos(nx) dx 
: m/2 (— 1)#ф®(х) m/2-1 (— 1 pt (x) 
= sin(nx) У — аар + соѕ(пх) Y < 
k=0 n к=0 п 
(еу (т+1) ; d "AT 
t |? (x)sin(nx) dx, if m is even, 
. (m-1)/2 (— 1 999 (x) (m-1)2 ( — 1)* (2k+1)(x) 
= sin(nx) = —— ç; + cos(nx) Y Ss 
k=O " к=о п 
[pose (m1) "MM 
+ QU Фф (x) cos(nx) dx, if m is odd, 


(iii) Je sin(nx) dx 


. m/2~-1 (— 1f p(x) mj2 (- 1)*p2"(x) 
= sin(nx) ), 2k*2 cos(nx) У, — Gu. - 
к=0 n k=0 n 
(— p"? (m1) d E E 
tous |? (х) cos(nx) dx, if m is even, 
} (т-1)/2 (— 1yoQ** D(x) (m-1)/2 (— 1) o9 (x) 
= sin(nx) У a cos(nx) Y, — imr 
k=0 n к=0 п 
(— ет? 
t HT | o'*)(x) sin(nx) dx, if m is odd. 


All the equalities above may be established by successively integrating by 
parts. 


Entry 3. Let n, x > 0 and define 0 and r by 0 = tan !(п/х) andr = (п? + х?)!?. 
Suppose that т is any positive integer. Then as x tends to оо, 


| e " cos(2nt) dt 
677 теа (П), cos(2nx + (2k + 1)0) 


2 = rp 


+ O(r 77) 


Proor. Upon successively integrating by parts, we find that, for x sufficiently 
large, 
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| e " cos(2nt) dt 


x 
e" © 1 90 
E | e € dt + 56" e (tim dy 


x 


=n? © -t © -t 
€ € € 
= —= dt + | = а) 
4 URN at (x+in)? Jt 


ew ее)? К g ctim 1 f? et P. 1 [2 et dt 
i 4 + їп х + їп 2 (x—in)? p? 2 (x tin)? pn? 


1 (— eg X 2inx —x?-2inx ех? — 2іпх 


е 
4\ x— in t х+іп  2(x—inf 2(х + inp 


3 " V e I: e 
+ е" —; dt + — dt 
25 теки (x+in)2 p 


e? е?їтх+їө е ?nx-i8 е2іпх+3і0 g 2inx— 310 
= + — uus 
4 r r 2r? 2r? 
Зе2іпх+ 510 Зе 2іпх— 510 
+ + 
225 22,5 


15 Я T e Г e 
—– е" — dt + =; йі». 
2? ne Gap t^ 


It is now clear that, after m integrations by parts, we may easily deduce the 
desired formula. o 


Entry 4. Suppose that ф is entire, n is real, and that the integrals and series 
below converge. Then 


oo 


| e (e?*o(x) + e?" o(—x)) dx = | e" (o(n + x) + ф(п — x)} dx 


0 0 
(2k) 
п © Фи) 
= net тиг 
Proor. Letting J denote the integral at the far left side, we find that 


I zl е2 (х) dx = ef e 9" ф(х) dx 


=© 


e" | е”**ф(п + x) dx = | e" * {p(n + x) + ф(п — x)} dx, 
-© 0 
and so the first equality of Entry 4 is established. 
Expanding ф(п + x) and y(n — x) in power series, simplifying, and inverting 
the order of summation and integration by a theorem in Titchmarsh’s book 
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[1, p. 47], we find that 


2 ox] зоо ф°®(п)х 
[e {ф(п + x) + ф(п— x)) dx 22 К à gg ^ 


from which the second equality of Entry 4 easily follows. Г] 


Аз an example, if we put ф(х) = e* in Entry 4, we find that 


oo oo n?+n+1/4 
| e^* cosh((2n + 1)x) dx = | е" +" cosh x dx = ue 
o о 


In order to state Entry 5, we first need to enunciate a theorem due to 
Hardy [9, p. 186, formula (A)]. See also Part I [9, p. 299]. Let s = o + it with 
c and t both real. Let H(ô) = {s:¢ > —6!, where 0 < ô < 1. Suppose that 
V (s) is analytic on H(6) and that there exist constants C, P, and A with A < л 
such that 


IU (s) < CeP*4!l, (5.1) 
for all s e Н(д). For x > 0 and 0 « c « ó, define 
wee [ esa (52) 
х) = — — : А 
2mi |. sin(zs) SNO 


If 0 < x < e^", an application of the residue theorem yields (Hardy [9, p. 189]) 


Wo) = Y vl -sf. 


Finally, if 0 < c < 6 (Hardy [9, pp. 189, 190]), 


| E o EL (5.3) 


0 sin(zs) 
Entry 5. Let (3) satisfy the hypotheses of Hardy's theorem given above for 
some 6 > 4. Put (8) = A,+,/T(s + 1), and so, in the notation above, 


k 
—x 
O<x<e?, 


Suppose that for a = 26 > 1, x* ? P(x?) e L?(0, oo). Then 
(— а 


к=0 


| етм P(x?) dx = a Y 
0 


13. Integrals and Asymptotic Expansions 191 


Ramanujan (p. 156) states Entry 5 in the form 


| que $ (аах gy n CIA, 
0 


к=0 К! 2 ку К! 


Although Ҹ(х) has been defined for x > 0 by (5.2), there is no guarantee that 
its power series converges for all x. 


Proor. First, for 0 < o < 20, 


oo 1 oo 
| x8 W(x?) dx = ‚| us?“ (yu) du = 1T (s/2)A .,,,, (5.4) 
o о 
Бу (5.3). 

Second, for o < 0, 


eo Я 1 © 
xs te dx == | u?e" du = УГ(—$/2). (5.5) 
о 2 Јо 


We now apply Parseval’s theorem for Mellin transforms (Titchmarsh 
[2, p. 95]). Using (5.4) and (5.5), we find that, for a > 1, 


© 1 atic 1 5 5 — 1 
TURN (x? = Г АГ | 45. 5.6 
| à j ee 2ni | 4 G) T ( 2 ) н | | 


In order to evaluate the integral on the right side above, we examine 


1 | fs 5—1 т 
= = -T{ =} A_,,,0 | —— |45 = — A. “F(s — 1) ds, 
Ім,м UI (5 s+1 ( 2 ) $ ?ni [ s42 T(s ) ds 
(5.7) 


where Cy y is a positively oriented rectangle with vertices a+iM and 

—N+iM, where M, N >0 and N = 4(mod 1). By hypothesis, the only 

singularities of the integrand for с < a are at s = 1 — К, where k is a non- 
negative integer. Thus, by (5.7) and the residue theorem, 
ser 

мк=/л Y AQ EU (5.8) 


O<k<Nt+1 


By (5.1), for o < a, 
TS n(s — 1) 


csc — csc —— —- Ау; 
— 1 2 2 
r5 ee r emis | 

2 2 r 3—5 ríi s 

2 2 

TS к n(s — 1) 

csc — cs 

« Сл? 2 2 eg Pal2+Alel/2_ 


NEC 


From the upper bound above and from Stirling's formula, we easily see, by 
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first letting M tend to oo and then letting N tend to oo, that 


lim I np Niar 
im -—— - nire 
M,N^o "n 2ni a-— ioo 4 2 s 2 à 


c k— (— 1 
= n Y AQ f (5.9) 
Peni k! 
by (5.8). Substituting (5.9) into (5.6), we complete the proof. C1 


As a first illustration of Entry 5, we note that (Gradshteyn and Ryzhik 
[1, p. 307]) 


Е т 
gree do ENT V 
0 2 


For a second example, take W(x) = (1 + х)“, where и > 5. Then 
LI tisch 
T(u) 
An application of Entry 5 then yields 


-yx e (—2}T(u + 2k — 3) 
1/x 
| МТ a k! 
Г(и = 1 


where in the last line (a, с; z) denotes the confluent hypergeometric function 
mentioned in the introduction to this chapter. 

The theorem of Hardy that we quoted above is a rigorous reformulation 
of one of Ramanujan’s favorite theorems. It is Entry 11 of Chapter 4 and 
also appears as Theorem I in his quarterly reports. See our first volume 
[9, pp. 105, 298] on Ramanujan’s notebooks, where many applications of 
Ramanujan’s theorem are also found. Hardy’s book [9, Chapter 12] also 
contains several applications. According to J. Edwards [2, p. 213], a special 
case of Ramanujan’s theorem, or the case s = 4 of (5.3), was established by 
J. W. L. Glaisher. 

An alternative approach to Entry 5 is now sketched. Suppose that we 
expand exp(— 1/x?) in a power series, invert the order of summation and 
integration, and apply the aforementioned favorite theorem of Ramanujan. 
Accordingly, we find that 


| e YP (x?) dx -j X = | uJ? YP (u) du 
0 o J 0 


j= 


= У cer ed t 3A 
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Thus, we obtain the “wrong” answer; the odd indexed terms do not appear! 
Now, in fact, Ramanujan used this same type of argument in many similar 
instances; see our account of the quarterly reports in [9]. Despite the non- 
rigorous nature of the procedure, Ramanujan possessed extraordinary intuition 
in determining when the process leads to the correct formula and when it 
leads to an incorrect formula. 

The case h = 0 of the asymptotic expansion in Entry 6 below is essentially 
a famous problem that Ramanujan [4], [16, pp. 323, 324] submitted to the 
Journal of the Indian Mathematical Society. See also Entry 48 of Chapter 12 
for the case h = 0. Watson [3] has made a more detailed study of this 
asymptotic expansion, and we shall use some of his analysis in our proof of 
the generalization below. 

It should be remarked that the first integral below is equal to n W(1, n + 
2 — h; n) (Lebedev (1, p. 268, formula (9.11.6) ]), where V(a, с; 2) denotes the 
confluent hypergeometric function. 


Entry 6. Let n > 0 and suppose that m is a positive integer. Then 


0 k-0 n 
—1y(— h © n-h-m 
Кш Иш EA »t А -| (+7) dx 
n n n 
e"T(n — А+ 1) А, А, 
EARUM a D CU EN." astu Me es 
2n" ^ + Ao n T n? E 
as n tends to oo. Here, 
2 4  h(—h) 
Accede dolce | 
ы ES 3 und 
T 8 2h(1— h) А1 — h?)(2 — 3h?) 
? ' 2835 135 45 


Pnoor. The first equality in Entry 6 follows by successively integrating by 
parts m times. 

We now establish the asymptotic expansion. Putting x = (U — 1)n and 
x — un, respectively, in the two integrals below, we find that 


o0 n-h n MK 
| e(1 +z) P EER ru DE D 
0 n 2n" 


© x n-—h е" © 
=| еа) dx-— | ete 
| i ( Í 2n" | 10 


© п oo 
= 1 etl LR dU € 4 е" n-h du 


1 0 
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© п 1 
| gra Upn-^ dU NS 4i е"1-0 nok du 
0 


where we have made the changes of variables e! "U = e™ and е! “u = ет", 
respectively, in the two foregoing integrals. 


From Watson's paper [3], for t sufficiently small, 


| 20 Qu? 22 RA з 
U(t) = 14 Qn? Hs 
ф=1+090 7 + у *t^36- — 135 + 4320 + 8505 * 


It follows that 


dU 1 42,20" 4t Qu 42 
dt (О)? 3 12 135 864 2835 


and 


_ 2: (Quy? 202 20° 
һ_ | __ 1/2 ET 
ОНЕ nfen tyt 3 ^ 135. 4320 


hht D fop 2: 29" 20 12 
ea fen "3 7357 85^ 
па + 120-2). , 2¢ Q)" Y 
z fen qo 
hh 00-203, 5 2t, V 
+ x io» ++ | 
h(h + 1)(h + 2v + 3)(h + 4) fon К 3: 


The expansion for u(t) in ascending powers of л is the same as that for 
U(t), except that the coefficients of odd powers of /ї are of opposite signs. 
Omitting all the algebraic calculations, we find that 


„dU 1 2 ы (4. 2h ahh +) 
ai = ou (3 Кай ОА ЕТТ eg 
h(h + 1)(h + 2) 4 _ 2h Mh(h + 1) 
3 2835 135 135 
Thh + 1)(h 4-2) — h(h + D(h + 2)(h +3) 
9 L 3 


па + 1)(й + 2) + 3)0 + 3); — 
30 


+ с UP + ( 
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where с,, c5, ... are certain constants, depending on h but not on t. The 
expansion for и * du/dt is the same as that above, except that the coefficients 
of odd powers of wt are of opposite signs. By the same justification as in 
Watson’s proof [3], we thus obtain the following asymptotic expansion as 
n tends to со: 


ее 8 4h 8h(h+1) 2h(h + 1)(h 2) 
ix (6 2h) +( ая 3 


8 4h | 88h(h-- 1) 14h(h + 10)(А + 2) 


+ (2835 135 135 9 
2h(h + 1)(h + 2)(h + 3) 
T— CAN E UN UNS MIS 
3 
h(h + D(h 4-2 
(А + 1)(һ + Ue sl 
15 
PT 4 R ge 
3 nV 135 3 3 


VU m. И жуш 
n^ 2835 135 135 9 15 


By (6.1), this completes the proof. L1 


Entry 7. Let m >n + 1. If m and n tend to oo while m — n remains bounded, 
then 


oo 1 n oo k 
jer ЕЕ е0) і EME dx= D =» tOO 00 
Put 
R= з ul (7.2) 


If m, n, and m — n tend to оо, implying that also R tends to oo, then we have 
the asymptotic expansion 
m""T(n-4 1)Г(т—п+ d) 


I= A+A, +A ey @. 
о отел м >. 


where A,, 1 < k < œ, is a rational function of m and n such that 
| A, = O(mR!^*, (7.4) 


as m, n, and m — n tend to oo. Moreover, 
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А, = 2n чл). (7.5) 
3 
_ 4(т+п)(т— 2п)(т—%п) 
Mm 135mn(m — n) 2 uns) 
8(m? + п?)(т — 2n)(m — in) 
Аз = E 
3 2835т?п?(т — п)? { (55 
and 
_ l6(n? + n3)(m — 2n)(m — in) (m? — mn + п?) (78) 
Ё 8505m? n? (m — n? | | 
Proor. Replacing x by nx in (7.1), we find that 
Т=(т—п— | (1 + xy'(1 + nx/m) " dx. (7.9) 
0 


Using a standard integral representation for the hypergeometric function 
2Ё\ (a, b; c; z) (Luke П, p. 57, Eq. (2)]), we deduce that 


Lo nah (mim t) (7.10) 
m 


We first suppose that as m and n tend to oo, m — n « B for some constant 
B. By (7.10), 


=, (т — n) (т), 


= ” So (m —n, m*’ 
and so 
mi 00 (т — ny _ oo (m mt ny'((m), M m^) 
n i к=о (m — n), = à (m — n) ткі (7.11) 


To prove (7.1), we shall show that the left side of (7.11) is bounded as m and n 
tend to oo, by proving that 


_ (m — пкт), — m) 


220 7.12 
(m= тутт < ч 


Т, : 


for all т апа k sufficiently large. 
Clearly, 


(m—n)* B 
(m — n), kV 


Next, by the mean value theorem, 


(п), m* (mk om a(t " JE (7.14) 


ткі тї 


(7.13) 
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Thus, by (7.13), (7.14), and Stirling’s formula, for k and m sufficiently large, 
B* 
« и? <2*, ifk<m, 
апа 


К к-1 
Т, aU ) «2*5 Шт < К. 
Hence, (7.12) is established, and therefore the proof of (7.1) is complete. 
Second, we suppose that m, n, and m — n tend to oo. For brevity, set 
m"*!T(n + DT (m — n 1) 
© 2п"Г(т + 1)(m— ny" 


Employing a basic integral representation for the beta function (Gradshteyn 
and Ryzhik [1, p. 948, formula 3]), we see that 


m"(m — n — Dr(m — n — DI (n + 1) 


à 2n"(m — n)" "tT (m) 


А —п—1) [ x" dx 
- s n—1 (1 + x)" 
_ mmm п – "Г "а 
2(m — п)" o (1+ n J! 
m—n 
Up. Dn | (u+ or (je + y du. (7.15) 
2 -1 m 


Combining (7.9) and (7.15), we obtain the representation 


==. |" v ws U 1) ^ au 


E |. (u+ (2а + y aut. (7.16) 


The former integrand in (7.16) is decreasing on (0, oo), while the latter integrand 
is increasing on (— 1, 0). In order to see this, define 


Q(z) = (2+ 1)" (2: + Ve (7.17) 


and observe that 


ор В. d (7.18) 


d 1 , 
Е 2 Еды є+(же+1) 
т т 
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where R is defined by (7.2). Now replace both integrands in (7.16) by e™ to 
obtain 
(m — n — 


I-S= 
2 


l)n |° 
) f e '(U'(t) + u'(t)) dt. (7.19) 
0 
By the inverse function theorem, for t > 0 and t sufficiently small, 
со oo 
u(t)= У at? and О() = У (—1)#ан®?, (7.20) 
к=1 к=1 


where the coefficients a,, 1 < k < oo, are functions of m and n with 
= —КСЇ?, (7.21) 


Recalling (7.17), we observe that, for |u| < 1, 


t = Ј(и):= —Log Q(u) =m Log( 1 + Zu) — n Log(1 + u) = Ru? У си“, 
k=0 


(7.22) 
where 
2(— т"! = пк) 
= к> 0. 7.2 
= (k 4- 2)m*(m — n) xt Uo) 
Note that 
2 
Be She qul M. Aere. peg "^fw 
3m 
Thus, for |z| < 4, 
© A © k 4 © -i 
Y azszt-Ylelz'z1-- La (7.25) 
к=0 к=1 з= 


We next proceed to show how the coefficients a, in (7.20) are related to the 
coefficients c, defined in (7.22) and (7.23). 
For t > 0 and t sufficiently small, let 


g(t) = » аці“. 
From (7.22), t? = f(u(t^)) = f(g(t)), and sot = ./f(g(t)). Applying g to the last 


equality, we find that 
u=g(/f(u)), (7.26) 


for u < 0 and u sufficiently close to zero. Let R(F) denote the residue of 
a function F(z) at a pole z = 0. Then by the Lagrange inversion formula, (36.8) 
of Chapter 11, for k > 1, 


a, = Rz *!g(2) = (л fey ** "gc /f(z)) za) (7.27) 
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By (7.26) and (7.27), for k > 1, 
d 1 
dS G az!) a sa RORIS 


Now by (7.22) and (7.25), for 0 < |z| < 4, 
|f(z)| > К|2]?/3 > 0. 
Hence, by (7.28), (7.29), and the residue theorem, 


| fey? dz  kzl. 
[zi 71/3 


um 
Finally, by (7.29) and (7. - fork > +, 
2n -k2 с 1 27 Wa 
lal < Sx. pud KG xai 
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(7.28) 


(7.29) 


(7.30) 


(7.31) 


It follows that the expansions for u(t) and U(t) given in (7.20) are valid for 


0 «t x R/30. 


By (7.20), (7.21), and (7.31), there exists a positive number ô < 45 such that 


u(ôR) < —ó and U(dR)> 6, 
since |u(dR)| and | U(dR)| both exceed 


8 Ў lal (OR > /8— » (276)? 
к=? к=? 


=й е 55° 


Now return to (7.19) and write 


p80 og, 
where 
og. òR 
qs | ЧИ @ + u'(t)} dt 
2 o 
and 
E ue. f, еи) + u(t} dt. 
oR 


Fix a positive integer K. By (7.20), 


=(m—n—1)n | е“ Y кам dt = H, + H,, 
o k=1 


where 


K ôR 
= (т—п— 1)п У kan | et dt 
k-1 0 


(7.32) 


(7.33) 


(7.34) 


(7.35) 
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and 
ôR oo 
H,-(n—n- | et È Ка, dt. (7.36) 
0 k=K+1 
By (7.31), 
ôR ,-t © 27t k 
СЕ] = у (=) dt 
o t а \ К 


OR et 27t К+1 27t -1 
же ЕЕ 
27 К+1 дЕ 
« 2mR e (1 — 276)! | ечк dt 
R о 


= О(тК*), (7.37) 
as т, п, and т — п tend to оо. Thus, by (7.34)-(7.37), 
K 
H = H, + O(mR™*) = (т – п – 1)п У ayk! + O(mR-*), (7.38) 
k=1 
as m, n, and m — n tend to oc. 
Define, for k > 1, 
A, = n(m — n)a;,k! — па, (Е — 1)! (7.39) 
where ay = 0. Then, by (7.2) and (7.31), for k < К, 
A, = O(mR- R™*) + O(nR' *) = O(mR!^*), 
as m, n, and m — n approach oo. Thus, (7.4) holds. 
By (7.31), (7.38), and (7.39), 
K 
Н = У A, + O(mR к), (7.40) 
к=1 


as m, n, and m — n tend to оо, In order to prove (7.3), it suffices, by (7.33) and 
(7.40), to prove that 


J = О(те ®°®), 


for some fixed positive constant g. Since (m — n — 1)n = O(mR), it suffices to 
show that, for some constant g > 0, 


| e 'U'(t) dt, | e 'u'(t) dt = O(e 9), 
OR OR 


as m, n, and m — n tend to оо. Changing variables, using (7.32), and recalling 
the remark made after (7.16), we see that it suffices to show that, for some g > 0, 


F (U + 1)" (žu + ')` dU, Ir (u + 1)" (2 + y du = Ое), 
é m —1 т 
(7.41) 
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Now let р = +6. By (7.29), 
Р) > R6?/3. (7.42) 


By (7.17) and the aforementioned remark prior to (7.17), 0 < Q(u) < 1. Thus, 
by (7.22), f(u) > 0. Thus, by (7.42), f(u) > Rg, with g = 52/3; that is, 


Q(u) = e SH) < ог Re, 


Hence, 


-ő 
| Olu) du < e F5, 
-1 
since the integrand is increasing on (— 1, — 6б). Similarly, 


|. Q(U) dU < Зе_®%, 


8 


Thus, by the last two inequalities, to complete the proof of (7.41), it suffices 
to prove that 


Q(U) < UP}, (7.43) 


when U > 1, for then 


oo oo FARR 
| Q(U) dU < | U-"? 40 = : um O(e^ ?), 


3 3 


By (7.18), for U > 1, 
2RU 


SUE Um (ж + ) 
т 


zi 1 4U? <0 
2U (U + 12/7 


Thus, U*?Q(U) is decreasing for U > 1. Moreover, with w = m/n, 


2 n 
ше (ту) =н 


since (1 + 1/w)" is increasing for w > 1. This completes the proof of (7.43) 
and consequently of (7.3) as well. 

In order to calculate 4,, A,, Аз, and A4, by (7.39), we need to determine 
а, ал, dg, and ag. To do this, we employ (7.28). From (7. 29 and the value 
of c, given in (7.24), it is easy to see that 


“Lost? QU) = 
dU 


2(m + n) 


HW 3n(m — n) 


However, the calculations of a4, a4, and ag rapidly increase in difficulty. After 
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very many hours of excruciatingly laborious calculation, we found that 


2m + n)(m* — 25mn + n?) 


PET 135mn? (m — п)? ; 
s 4(т + n)(m* — 14m? n + 261m? n? — 14mn? + n^) 
e 8505m? n? (m — п)? | 


апа 


2(m + n)(m$ — 3m?n — 12m*n? + 389m3n3 — 12т2п* — 3mn? + nô) 
dg = ; 
. 25515m?n*(m — n)* 


The values (7.5)-(7.8) now follow from (7.39) and the evaluations given above. 


m 


Customarily, Ramanujan provides no hypotheses for Entry 7. Only the 
expansion (7.3) is given, and (7.1) is not found in the notebooks. Although 
Ramanujan was very familiar with the Lagrange inversion formula, it is very 
doubtful that our proof is substantially like that found by Ramanujan. In 
particular, our calculations of A, and A, were so involved that Ramanujan 
must have had a proof wherein the coefficients A, arise more naturally with 
less computation. 

By combining (7.3) and (7.10) with Stirling's formula, we obtain an asym- 
ptotic expansion for ;,F,(1, m; m — n; (m — n)/m), as m, n and m — n tend to 
оо. The asymptotic behavior of this ,F, function for general m > n > 0 with 
m tending to oo is discussed in the paper by Evans [1, Theorems 15-17]. 
А vast literature on asymptotic expansions of hypergeometric functions exists, 
but this asymptotic expansion appears to be new. 


Entry 8. As n tends to oo, 


? | n*T(n + 1) _ x\" е"Г(и + 1) бп М 
аса {1+ | dx= O(n 3). 
f E te GJIC a tgi EN 


Before proving Entry 8, we indicate its connection with the confluent hyper- 
geometric functions ¥(a, c; z) and Ф(а, с; 2). As mentioned prior to Entry 6, 


n¥(1,n + 2; »-[ «(i +5) dx. 


0 


Also from Lebedev's text [1, p. 263, Eq. (9.10.3)] and the definition of ® 

[1, p. 260, Eq. (9.9.1)], 
I(—-n—1 Г 1 

ataron = Т аа 

Г(—п) п" 

n & п е"Г(и + 1) 

= — + 
n + 1% (1 + 2), п" 


®(—n, —n; n) 
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n* е"Г(п + 1) 
к=1 (п + 1), п" 
o pnT(ncl) е"Г(п+1) 

= 1 
ery qe co 


Thus, Entry 8 may be rewritten in the form 
[ n*T(n + 1) p n*T (n + 1) бп +1 


On?) (81 
o Tn x4 1) Heb] Онт 5 2005 


Proor. From Stirling's formula, as n tends to oo, 


n?T(n + 1) е*п" 1? ү 1 _ 1 d 1 
Г(п+х+1) (nt xt 12n 12(n+ x) n ){° 


uniformly for 0 < x < oo. Thus, 


© n*T(n + 1) Е © ennt 1 1 1 
| T(n 4 x 4- 1) ee [ (п + х)" 102 fi Po Dac» o(=)} 
1 ^. el n 
7 f tm ol; jJ" E а EDS n PL ш 
-S (1+ 27 "iy Ze dt 


=+h, (8.2) 


say. 
As t increases from 0 to oo, e'/(1 + t)! ** decreases monotonically from 1 to 
0. To apply Watson’s lemma (Copson [3, p. 49], Olver [1, p. 113]), set 


p=(1+ t) Log(1 +0) —t 


o (р 
= 27 it| « 1. (8.3) 
For v sufficiently small and nonnegative, let 
t= У cv. (8.4) 
k=1 


Now substitute (8.4) into (8.3) and solve for c,, ..., c4. After a lengthy 
calculation, we find that 


1 ae 2 
= 1/2 32 
t = (20) + а 26 v + Td +: (8.5) 
and so 
dt 1 1 (20? 


d Q2 3 04 n (89) 


for о sufficiently small and о > 0. 
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Again, from (8.5), for v sufficiently small and nonnegative 
1 1 2 3 1 а 
1+ 08722 = 1 = 402012 фр V Ty Ls LT ipa Ip. 
(1+0 10 Tat 36° + ERE +50 + | 
Е E 
16 


бу”, т 13,/2 pua 
2 12 36 


(8.7) 
Hence, from (8.6) and (8.7), for v > 0 and v sufficiently small 
dt 1 1 


m2 1 
teed = “е. 
v 


Qui? 6* 12 - 1080" * 


Thus, by Watson's lemma, 


1 T dt 
L=[n+—+0 14y em д 
1 сы DIM +t) 15° р 
hadaa d EE. pepe Ж eco 
Б ФИТАИ (Qui? 6 j 


12 1080" * 
/ 1 1 1 /2 103 1 
=(n+—+0 ес ыы ee +0[—» 
C -d2 n 2n бп 24п2  1080n п?! 
_ fan 2л 118 (= 
y2 +5 i 


~ 1080n * os 


(8.8) 
as n tends to oc. 
Next, from (8.5) and (8.6), 
_3, dt 3v)? ] 1 
1 t 3/2 7. a= 1 55 tt ge THE D 
(14 t) di ( уе бй +3 + 
EE 7 A 
(w) 6 : 
for v 2 0 and v sufficiently small. Hence, by Watson's lemma, 
1 [9 dt 
Eno ah 1 t 3/2 ow d 
L р |, (+t) 1;° v 
1 [* 1 7 
aio ae Fs —nv кий» ed 
12 | à los 6* | i 
1 fm 7 1 
=—— [—-- = 8.9 
24 72n ч (s). (89) 


as n tends to oo. 
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Putting (8.8) and (8.9) in (8.2), we conclude that 


? n(n + DP 
«^ TENIS | E ra - iig + (= 


е"Г(п+ 1) 1 13 
€T c1 1 vs (8.10) 


2n" 6 1080n | 


as n tends to оо. 
Next, from Entry 6, as n tends to oo, 


са e"T(n+1) 2 4 1 
*(1 п)" dx = — О A 8.11 
[ ‚л. 2п" ii 3 135n і tJ ш 


Combining (8.10) and (8.11), we deduce that 


ихГ(п + 1) е"Г(п+1) 1 1 1 
1 п = О 
L iix qe ED E mo 72 Ma AED 


as n tends to oo. Since, as n tends to oo, 


6n _1 1 +0 1 
12п+1 2 24n n? 


we conclude the proof of Ramanujan’s approximation. П 


For a generalization of Entry 8, see (10.22). 


Entry 9. If 


© eum? 
= ug 
9m) [ 1+х?^^ 


and if |m| > |n|, where m and n are real, then 


| m xo FOE = : z {elm+n)+o(m—n}. (9.1) 
0 


Proor. First, note that (9.1) is trivial for n = 0. Assume next that 0 < n < m. 
Then 


co 5—-m?x? : © 1 1 s 
| E 5 cos(2mnx) dx = Я | ( - — Je" *' cos(2mnx) dx 


o 1+х xcti х—ї 


pp" 1 1 2 
ae | ( -— jer dx 
4 J.Wwcti хі 


(L — D). (9.2) 


say. 
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Let p = n/m, so that 0 < p < 1. By integrating e ""^?*/(z + i) around 
a rectangle with vertices + N and +N + ip, applying Cauchy's theorem, and 
letting N tend to oo, we find that 


o0 e n» m+n [2 g nte 
аг | IIT a 


x= 
-æ X + i(1 + p) m jJ-om+n m+n, 
——u + ——i 


m m 
© „—(т+п)?и? © уо (mtn)2u2 
Е | p = | шен 
-o Uti EN 1+и 
= —2їф(т + n). (9.3) 


Proceeding in the same fashion as above and setting x = (т — n)u/m, we 
find that 


E (geese oil ip ааа PNE 
= — dx = ————4@йи= —n) (9. 
2= |. xa cp) жа нар 


Subsituting (9.3) and (9.4) into (9.2), we easily deduce (9.1) for 0 < n < т. 

Observe that both sides of (9.1) are even functions of n. Hence, (9.1) holds 
for —т < п < т. Since the left side of (9.1) is an even function of т and 
since g(r) is an even function of r, we see that (9.1) is valid for |n| < |m|. By 
continuity, (9.1) holds for |m| = |n| as well. This completes the proof. О 


We now find the analogue of (9.1) when |n] > |m]. Suppose that 0 < m < n. 
As before, I, is given by (9.3). But, letting R(i) denote the residue of 
e "(7 — i) at the simple pole z = i, we find that 

00 e (rx 
= HE he RG 
1, |: xtipol dx + 2niR(i) 
o „—(п-т)?и? 
= | же du + 2nie™™ 
~~. Uti 
n" oo (u tg ije mu? 
E m 1+? 
—2їф(п — т) + 2nie"^"". (9.5) 


Hence, substituting (9.3) and (9.5) into (9.2), we easily find that 


ди + 2nig" ^"? 


| : lxi cos(2mnx) dx = de^" {ф(т + n) — ф(т — n)} + іле"? 2m, 
0 
(9.6) 


By the same arguments are before, (9.6) is valid in general for |n| > |m| > 0. 
Another proof of Entry 9 can be given by combining a result of Binet 
(Burkhardt [1, p. 1154]) with some formulas in Nielsen's book [2, pp. 18, 19, 
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Eqs. (5), (13)]. Entry 9 can also be derived by an appropriate application of 
Parseval's theorem. 


Entry 10. Let x, В, y, and 6 be fixed real numbers with y > 6 > 0. Assume that 
for some fixed d > 0, ф(х) is analytic and nonzero in the disk |х| < d; ф(х) and 
q'(x) are positive for x > —d; and there exists a constant M > 0 such that 


хф'(х) > Mo(x) (10.1) 
for all x > d. Let h > 0. Then аз h tends to 0, 


= o(hx + hjó) 
dac aede М) 


Е пф(0) 17+ oep) a-g 
= Ja + [ } as o/h). (102) 


2h(y — 0) (0 3у—8 e' (0)? 


Two functions ф(х) that satisfy Entry 10 are e* and (1 + x)", n > 0 (see 
Corollary (i) below). Observe that if @ satisfies Entry 10, so do e? and 9°, 
for any c > 0. Also, if o, and o; obey the hypotheses of Entry 10, then о; 9; 
does as well. Entry 10 is truly a remarkable theorem, and there does not appear 
to be anything like it in the literature. The form of this asymptotic formula is 
reminiscent of the asymptotic formulas that arise in the method of stationary 
phase and in other asymptotic estimates of integrals. 


PROOF. Let L(x) = Log ф(х) and w = [h ?^]. Write 


$ = 8, + Sz, 
where 
к (ha + hjó) k pha + hjó) 
к<» j Ц Ф(ВВ + hjy) “=, Е. Ф(АВ + hjy) 


We first examine S,. Choose й so small that 
iha + hjó|, |hB + hjy| < d, 
for each j, 1 <j < w. Since, for |x| < d, 
L(x) = L(0) + L'(0)x + 4L"(0)x? + O(x3), 
we find that 


S$,- У exp( 5 {L(ha + hjó) — L(hB + 2) 


ч 2. ew( $ (UL (0)h(x — B + j — у)) + $L()n* – ^y? 


<w 


+ O(j)) + ou») 
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Y, exp On — Bk 30 — 08 + W) 
+ LOG? — у + OR?) + POLK) 
Y, exp(— Ahk? + Bhk + Ch? IO + O(h?k?) + O(hPk*)), 


К<» 


where 
А = у — 6)L’(0) > 0, B = iL'(0)Qa — 28 + 6 — y), 
С = 4L" (0) (8? — у?). 


Since ех = 1 + x + O(x?), whenever х = O(1), we deduce that 


(10.3) 


S, = У e^" {1 + (Bhk + Chèk? + O(I? k?) + O(h? k*)) + O(h^ К) 


k<w 
= Ty + ВИТ, + САТ, + O(h?T, + РТ, + h*T;), (10.4) 


where 


w 
= Ў её, r20. 


k=0 


Furthermore, define 


oo 
И = | e 4 ir dt, r>0. 


Then 
y п _ 1 
9 4Ah? 1 JAk’ 
and, for r > 2, 
r—1 
V, = И, = 0(h ЭТ), 
r Ah r-2 ( ) 


Recall now the Euler- Maclaurin summation formula (Olver [1, p. 285]). 
Let a and b denote nonnegative integers with b > a. Suppose that f ?"(r) is 
absolutely integrable over [a, b], where m is a fixed positive integer. Then 


Ely | foa citta + rn E op; Uo 


(2k)! 
— f Q*-9(a)) + Rm (10.5) 
where 
(o Bas — Bas(t — С) pam 
Ri, = [| Qm) fet) dt. (10.6) 


Here B, denotes the jth Bernoulli number and B(x) denotes the jth Bernoulli 
polynomial, 0 <j < oo. The Euler- Maclaurin summation formula was the 
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focus of much of Ramanujan’s work. In particular, see Chapters 6-8 of Part I 
[9] and Chapter 15 in this book. 

Applying the Euler-Maclaurin formula (10.5) with f(t) = exp(— Aht?)t', 
а = 0, b = w, and m = 1, we easily find that, as h tends to 0, 


Ty = Vo +$ + O(h) 
and, forr > 1, 
T, = V, + 0(7"?). 
Thus, by (10.4), 


т 1 B 
5t + ay tage t OP. ы 


Comparing the right sides of (10.2) and (10.7) with the help of (10.3), we find 
that they agree. Thus, it remains to show that S, = olh), as h tends to 0. 

Let N + 1 denote the smallest integer j, j > 1, for which « + jô < B + jy. 
Then 


5 = У exp( È (La + Мб) — ЦАВ + 22) 


«У exp( > {L(ha + hjó) — L(hB + iy) 


kw 


k>w 


k 
= У exp (= 2 A L'(8)h(B — а + j(y — 5), 
jJ=N+ 


where we have applied the mean value theorem, and so 
h(a + jô) < 0, < h(B + jy). (10.8) 


Since L'(x) is continuous for |x| < d and L'(x) > 0 for x > — d, there exists 
a constant О > 0 such that L'(x) > О whenever |x| < d. The terms with 
h(a + jô) x d < АВ + jy) make a total contribution that is less than 1 to each 
summand on k. Hence, 
k 
5% « У, е У  Qh(B—a«-j(y—9) 
k>w j=N+1 
вв jy) «d 
k 
- у L(8)hk-a«-j(y— ») 
j-N41 
h(a t jó)» d 


min(k, g) 


SE ew(- o Qh(B—acj(o—9) 


k>w 


k 
SE 


where g = [(dh^! — f)/y] and f = [(dh * — a)/ó] with the understanding that 
fuit 50 
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Now by (10.1), xL'(x) > M > 0, for x > d. Thus, 


Mh(B — а + jy — 3) 
0, 
_ Mh(B — «+ Ду — ò) 
“RB +) 


> К, 


L'(O)(B — «+ jy — 6)) > 


for some constant R > 0, where we have used (10.8). Thus, 


k 
Sat) exp( - Qh PA (B-a + jo- ô) — R Y ) 


= P + Р, + P, 


Р, = exp(— Qh((B — a)(k — № + (у — 5)(k? + k — N? — N)}), 


P= 2, exp(—Qhi(B — a)(g — N) +30 — (g^ +g- № — N)}), 


Py = У exp( - Qh(f — (0 — N) 


+ 00 — 8)(g? + g — N? — N)} - R(k - f). 


It is not difficult to see that there exist positive constants Q,, О,, and О, 
such that, as ^ tends to 0, 


Р, « 2. exp(—Q, hk?) = O(,/h), 
Р, нЕ Q;hg?) « fe 9: = O(h), 


and 
P, «е 9" У g^ Rk «c o7 Quh — O(h). 
k=1 
Thus, 
S, «Р, + P, + P, = O( fh), 
as h tends to 0. This completes the proof. Г] 


Corollary (i). Let n > 0. Then as x tends to oo, 


о ( x*T(x + 1) ux 1 T 
ME EE = [ron К 


We first offer a short proof for the case when n = 1 and x is a positive 
integer. Using the corollary and (48.5) in Section 48 of Chapter 12 and 
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Stirling’s formula, we find that 


2 х*Г(х+1) x 
ко Г(х+К+ 1) x* 


TX 1 1 1 
= О О А 
ли, (Jz) 1g G) 


as x tends to oo. The result now follows in the case that n = 1 and x is a positive 
integer. 

Second, we remark that a more precise version of Corollary (i) in the case 
n — 1 has essentially already been proved in this chapter. By combining (8.1) 
and (8.10), we deduce that 


Э Txt) | zx 1,1 2л | 4 iu 1 
oT(xtk+i1) V2 3 24x 135х gom m 


as x tends to oo. 
We next give two proofs of Corollary (i), in general. The first uses Entry 10; 
the second is ab initio. 


Fmsr Proor. In Entry 10, let o(t) = (1 + t), «a = В = б = 0, y= 1, and 
x = 1/h. Brief calculations of the expressions on the right side of (10.2) 
complete the proof. О 


SECOND PRoor. For u > 0, set 
А x"T(x +1) Y 
= (eee: 10.9 
f» (aret) um) 


By Stirling's formula, as x tends to oo, 


f um i i u —n(xtu-t1/2) | ? 1 " 1 n 
и) = a oo. PETE EN 
x 12x 288x? 


1 1 -п 
ё fı + + 288 40? =} un 


Hence, with t — u/x, 


[fo du = (1 + 0(x 3) | “(1 + 22000 3s 
: 0 


x 


E © EN. e! nx 
= x(1 + O(x э |, (1+0 si dt. (10.11) 
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To apply Watson's lemma (Olver [1, p. 113]), we set v = (1 + t) Log(1 + t) 
— t and proceed as in the proof of Entry 8. Using (8.5) and (8.6), we find 
that for v > 0 and sufficiently small, 


dt 1 n 
1 =п2 6 _ u24.[-5.—- Je. 10.12 


Hence, from (10.11) and (10.12), as x tends to со, 


| du = (х + O(1)) | e "(1 + ge dt di 
i 0 dv 


= (x O(1) L em fear? + G ч z) + E i 


_ PX, (s. 2 5) + Ох”), (10.13) 


For each pair of nonnegative integers k, r, let А, ,(z) denote a function 
with an asymptotic expansion 


a a 
AG) = а + + Gt (10.14) 


as z tends to oo, where the coefficients a;, i > 0, may depend on k and r, and 
where, for each positive integer j, (10.14) becomes an asymptotic expansion 
of Af) (z) after j-fold term by term differentiation with respect to z. Using 
(10.10) and induction on r, it can be shown that, for each positive integer r, 
f" (u) has the form 


r 


fu = f(u) ZA (X + и)(х + ш) 180021 Log" (i 4 “), (10.15) 


as x tends to oo. In particular, 
FOO) = o(x V9), (10.16) 
as x tends to oo, and 
fu) — 0, (10.17) 


as u tends to со. 
Applying the Euler- Maclaurin formula (10.5) with f(u) defined by (10.9), 
а = 0, and b = oo, we find that, in view of (10.17), 


Y f = | f(u) du cae x Ba SS YO) + R, (10.18) 
к=0 0 2 = (2k)! 


where 


ae | Bom — Banlt — 0) кат (t) dt. (10.19) 
т (2т)! 
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By (10.13) and (10.18) with m = 1, it remains to show that R, = O(x !?), as 
x tends to oo. We shall show more generally that, for each integer m > 1, 


Ry = O(x!?"), (10.20) 


as x tends to oo. Observe that (10.16) and (10.18)--(10.20) imply the interesting 
infinite asymptotic expansion 


S^ E 1 S Bu 2k-1 
p = | f(u) du ~ 3^ È бк IU (о), (10.21) 
E 0 


zi (2k)! 
as x tends to oo. 
By (10.15) and (10.19), as x tends to oo, 


Ry < | тш) du < |^ ay x + u) 021 Log?n- (+) 
о х 


2т oo 
« у pe Хи) гон! + =) du. 
k=0 0 x 
Set t = u/x and apply (10.10) to deduce that 
0 1-06+1)/21 4 /2 e i 2 k 
Rm xi^ 1 4f) "^i———— 5 ор?" "(1 + t) dt. 
= | ( ) f; d 8 ( ) 
Setting v = (1 + t) Log(1 + t) — t, we then obtain 
< 1—[(k+1)/2 Ё = e 24 2m-k 
К„« y, xh 021 у eo + p"2— Log?"^*(] + t) ар. 
к=0 0 dv 
By (10.12), (8.5), and Watson's lemma, 
Ry «< y xi «*02] | e ""Qp) 12 (2y)em-H2 dv 
0 


к=0 


2т © 
« у хї7@&+1)/21 eg "vum 12 dv 
k=0 o 


2m 
< у x(k )/2—[(&+1)/2]—т = O(x1?7"), 
k=0 


as x tends to со. This completes the proof of (10.20). О 
The second proof above is substantially due to Е. W. J. Olver (personal 
communication), who established (10.20) in the case m = 1. By an extension 


of his ideas, we have proved (10.20) for all m in order to obtain the asymptotic 
formula (10.21). As an application of (10.21), we demonstrate that 


pee et ша 


where n > 0 and x tends to oo. Observe that (10.22) generalizes Entry 8, 
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since in the case n = 1, (10.22) implies (8.1). To verify (10.22), logarithmically 
differentiate with respect to u in (10.10) to obtain 


fn i i 
f xe nier) d 


1 -1 1 1 
вв + u)? } | 12(х+шщ? 1440 +0) В 
Thus, 
ae 


-2 
2x + O(x *) 


f'(0) = 
as x tends to oo. Since B,/2! = 45, (10.22) therefore follows from (10.16) and 
(10.21). 


Corollary (ii). If n is a positive integer, as x tends to оо, 


pcd d ded 
= /xk\n FP)” n 24 nx is 2n? x? 
У (| ~ ] (10.23) 
k=0 К! J/n(2nx) 02 


It is tempting to conclude that the sum in the exponent on the right side 
is equal to — Log(1 — 1/(nx)). However, then we would have an exact formula 
rather than an asymptotic formula, and it is clear that this exact formula could 
not possibly be true for n » 1. 

For n — 1, (10.23) is trivial. For n — 2, the left side of (10.23) is equal to 
I,(2x), where I; is the Bessel function of imaginary argument of order 0. In 
this case, the first three terms 


ET au ЕЕ n 
2 TX 16x 512x? 


agree with the asymptotic expansion for I)(2x) found in Watson’s treatise [9, 
p. 203, Eq. (2)]. The case n = 5 was communicated by Ramanujan in his first 
letter to Hardy [16, p. xxvi] and was proved by Watson [2]. 


Proor. Ramanujan’s result follows easily from a general result proved by 
Barnes [1, p. 115]. Accordingly, Barnes showed that (see also Watson’s paper 


[2]) 


= fxh ng 2—1 (п? — 1)(п2 + 23 
iE) Es (1+ Wars e е) 
к= \ k! nQnxy" nx 52n*x 

as x tends to oo. Expanding the exponential on the right side of (10.23), we 


find that Ramanujan’s result is in agreement with that of Barnes (for the first 
three terms). Г] 


For another approach to Corollary (ii), when n is any positive number, see 
the text by Olver [1, pp. 307-309]. 
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Entry 11(i). As x tends to oo, 
© Гех\* 1 1 1 1\1 
а ef | = Pern 
m (5) MENEE (х 24x 48x? (s Bi =m) x ) 


Proor. We shall apply a general asymptotic formula 


E» 205 


x x x? 
ЖООИ. X ul LS 
~ оі) +59 dci (x) + 3? (x) 
+a? oa) +5 oO) + 996), (14) 


as x tends to 00, that is found in Chapter 3, Entry 10 of the second notebook. 
The function ф(х) = e*T'(x + 1)/x* is easily seen to satisfy the hypotheses of 
a rigorous formulation of this theorem (Part I [9, pp. 57, 58]). Thus, by (11.1) 
and Stirling’s formula, 


_‚ @ {ех П 139 
: AG )- Ў {е + 12х12 bus ) 
x 5 
+928 can ‘Tem t 384x72 7 ie) 


s 
т am) 


; 35 
sve(- E ten tU 
x? 105 
debi 1602 * укм os т ) 


Te E 


23 11237 
e. /2. -— 1. 
кү Lx 353 2936587 ) 0 


as x tends to оо. 
On the other hand, 


" 1 1 Bodies 
P\ 24x 48x! 36 5760/х3 


zi 1 1 tpi Y ibus 1 
Z 24x 48x? 36 5760)x? 2-242x? 
$ pe a 

24- 48x? 6:24*x3 
1 23 11237 
24x 27.322 210.34. 5x3 
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Comparing the two asymptotic expansions found above with that in Entry 
11(i), we complete the proof. o 


Ramanujan’s asymptotic formula (11.1) is very useful and powerful. In 
addition to Part I, see the paper by R. J. Evans [1] for several applications. 
Corollary 14 of his paper provides a solution to a previously unsolved problem 
of Appledorn [1]. 


Entry 11(ii). As n tends to oo, 


2! 
р x x" dx 
Ё 1 23 11237 
0 ох / 
2S i 7 24x 235) 2936587 -) 


EN 4 Tete 1+ 1 x 25 Ж 11957 as 
EU 24x | 27.3242 210.34.533 T x 


е" 1 25 


11957 , 
50.534.510 2) +7 ` 


It seems convenient to express each of the gamma functions above in terms 
of T(n + 3) and then use the asymptotic series (Olver [1, p. 295]), 


Г(п + 5) ~ iei Е. | ue 2 


dn 1 2-3. 1 210.34. 5,3 + 


as n tends to oo. Hence, as n tends to oo, 


se -— 25 
Улп) 240-9 2^30-920-9 


т. 11957 me 
21939-50 Fin — (п — 3) 
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ОЕ Е eee ee 
=" 24n ' 27-3203 219.35. 5,3 


2 cd up E past que p eu b eue 

Ёл 2n dnt ' 8п? 24n 16n? 32n3 
25 25 11957 

+5343 1 75.3243 7 7 * 302036558 77 


Collecting together the coefficients of 1/n*, 1 < k < 4, we complete the proof. 
П 


Entry 11 (iii). 
e (— s 1 
© tn 5 à k Log k Log(2k) | 


Entry 11(iii) was, in fact, submitted as a problem by Ramanujan to the 
Journal of the Indian Mathematical Society [12], [16, p. 333]. 
Pnoor. We shall show by induction on n that, for n > 0, 

© Log? 2 о (—1)* Log 2 
Los n ntl + у, п 
e d + Fae к=з k Log(2"k) Log(2"**k) 65 k Log(2"k) ` 
By definition of S, (11.3) is valid for n = 0. Now, 
d Log? 2 jy ED PORA — 1) Log 2 
къ k Log(2"k) Logi) * iE k Log(2^k). 
_ Э ((—V* + 1} Log? 2 + (— 1) Log 2 Log(2"k) 
к= k Log(2"k) Log(2"*'k) 
- $ Іор? 2 E $ (—1)* Log 2 
к= k LogQ"*!k) Log(2"*?k) £ k Log(2"*! k) 
1 с Log? 2 
= + 2. nti nt2 
(n+ 1)(n +2) K= k Log"! k) Log2"?K) 


(11.3) 


^ 


mi 


(—1)* Log 2 
5k Log(2"**k)’ 


ims 


Ti 


which completes the induction. Letting n tend to œ in (11.3), we easily 
conclude that 


= 1 


S= = 
k=1 k(k + 1) 


1. Г] 


Ramanujan begins Section 12 by briefly describing Entry 10 of Chapter 3. 
He concludes this section by giving an example that is an elaboration of 
Example 2, Section 10 of Chapter 3. Pollak and Shepp [1] have proposed an 
equivalent asymptotic expansion, but with less terms. 
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Example. As x tends to со, 


æ Lo oe 1 1 1 19 9 
dae TEU RE ~e*(Log x+ tlt + +). 


2x 12х27 12x? 12059 * 2055 


Proor. As in the proof of Entry 11(i), we apply Entry 10 of Chapter 3. 
However, in addition to the seven terms displayed in (11.1), nine more terms 
are needed. Thus, as x tends to со, 


20 гов. _ 1)x* x x 3x? 
ro ~ Log(x + 1 + а 
£X og t D TA Ely aes Щу ЕТУ 
x $ 2x? 5x3 " x 
4(x41* (x15 xt No 5(х + 1)? 
25х? ^ 15x? 105x^ x 
6(х +1) (x4+1)’ 8(х 4+1)® 6(x + 10$ 
" 8x? 245x3 " 140x* 
(x+ 1)? 4х+1)# (+1) 
189х? E 
2(x + 1)!? 
Log x + + ! : : 8 
COSE 2х2 3x? 4x4* S55 t 


Txt 


Collecting the coefficients of x *, 1 < k < 5, we arrive at Ramanujan’s asymp- 
totic expansion. g 
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Entry 13. Let a, B, y, and б be any complex numbers. Then 


d dx 
| (x? + а2)(х2 + B?)(x? + y!) + 2) 
on (xtBtyctóf – (0 +8 + у? + 6°) 
© 6 offyó(a + 0 + у)@ + ala + б)(8 + 8) + 5) 


(13.1) 


Corollary. If а, 8, y, and б are the roots of the polynomial x* — px? + qx? — 
rx + s, then 


" dx п 1 
|, Grano. Py ere +8) 2 _ рз (132) 


а—т/р 


Ramanujan’s formula (13.2) is the same as an evaluation in Gradshteyn and 
Ryzhik’s tables [1, p. 218, formula (5)]. Since p - a + fi cy + д, 9 = af + 
ay + ад + Ву + Bó + уд, = «бу + xfló + оуд + Вуд, and s = affyó, formula 
(13.2) can be rewritten in the form (13.1), after a tedious calculation. 


Entry 14. If x is arbitrary and a + 0, —1, —2,..., then 
e (— 1)<(2а), (а + k) Г*(а) 


= © xw 
2I (2a) П [ + (т ү z) ) 


КЫК! (а+Ю?+х?} | 
A proof of Entry 14 was published by Ramanujan [8], [16, р. 53]. 
R. Askey has pointed out the following observation. Letting b = ix and 
c = —ix and using a value for ;F, found in Wilson's paper [1, Eq. (2.4)], we 
find that the sum in Entry 14 equals 


a 2a,a + 1, a+ іх, а — ix 
cu ccs Nl 
a* + х аа+1+іх,а+ і іх 


а lim -F 2a,at+l,atbat+catd A 
(а + Б)(а + с) а *|aat1—bati—-cat+1—d’ 

= a 

— (a 4 b)(a + c) 

„ш Гак! DT(a 1 -orla 1 Г -а- b — c — d) 
dcs Ta + DI — 5 —or(1 — » Гс d) 


Entry 14 now follows after computing the limit above. 


Example. For n, a > 0, 


, а?+х?_ 2a 


| ?cos(nx)dx T _,, 
= е". 
I! 
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This formula is well known and was established by Ramanujan in his 
quarterly reports (Part I [9, p. 322]) via the Fourier cosine inversion formula. 


Entry 15. For a > 0 and n real, 


| IT (a + ix)|? cos(2nx) dx = 4 /nT (a)r (a + 4) sech?" n. 
0 


Entry 15 was proved by Ramanujan in [8], [16, pp. 53, 54]. 
We note the following generalization of Entry 15. If a > 0 and |Re y| < 3, 
then 


| |Г(а + ixj?e?* dx = J/nT (a)T (a + 4) sec? у. 


=oD 


For this and substantial ramifications, see Wilson’s paper [1]. 


Entry 16. For a and n both real, and n integral in (iv), 


i) | © sinh(ax) 1 sin а 


е Ях ee 
o sinh(zx) A 2 cosh n + cos a’ Ee 
.. [? cosh(ax) . 1 sinh n 
or ingx) dx = -— "fal <a, 
(D o Sinh(nx) и 2 cosh n + соза LE: 
„. [7 sin(nx) 1 1 1 1 
dx = Ра 
un | gis cq do t3 ;) pone, 
© x?n^1 (— 1)""1B, 
. TUN A 
(iv) | gp re ; п> 0, 
© х?" 
dx = 1)"Е 0 
| cosh(zx/2) аш: тә» 


where B, and E,, 0 x k « oo, denote the kth Bernoulli and Euler numbers, 
respectively. 


In each case below, [1] refers to the tables of Gradshteyn and Ryzhik. 

Both (i) and (ii) can be found in [1, p. 504]. Ramanujan has stated (iii) in 
[8], [16, p. 56] but does not give a proof. Formula (iii, however, is easily 
derived from [1, p. 481, formula 3.911, No. 2]. Both integrals in (iv) are classical 
Li, pp. 1076, 349]. 


Entry 17. Let q(z) be analytic for a < Re(z) < n, where a is a nonnegative 
integer. Suppose that 


lim [ф(х + iy)le 2° = 0, 


у= 


uniformly for a < х <n. Then 
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È ot = | ш) du + Неба)  o(9) 


ap 9(n + i) — o(n — iu) — pla + iu) + ofa — iu) 3 (17.1) 
fi 


i е2ти — 1 


Entry 17 15 the famous Abel—Plana summation formula (Henrici [1, p. 274], 
Whittaker and Watson [1, p. 145]). For the history of this formula and some 
of its applications, see Lindelóf's book [1, Chapter 3]. Ramanujan's formula- 
tion of Entry 17 is not as precise as that given above, because all those 
expressions that are independent of n are not explicitly given. 


Corollary. For each positive integer n, 


% tan! 
Log n! = nLog n= n + $ Loglan) + 2 | on 
" = 


This corollary is easily established by setting ф(х) = Log x in Entry 17. 
Details may be found in Lindelóf's text [1, pp. 69, 70]. Whittaker and Watson 
[1, pp. 250, 251] give another proof and attribute the result to Binet in 1839. 


Entry 18(i). Let t > 0, and fix a positive integer n. Set x = tn, and put (z) = 
f(t + tz) — f(tz) for a given function f. Suppose that (z) satisfies the hypo- 
theses of Entry 17 with a = 0. Then 


F(x) + зф(п) = 2{ FO)  f(0) + | pu) du 


о 


ди. 


‚ | © ф(п + iu) — ф(п — iu) — ф(іи) + o(—iu) 
l A К e?™ — 1 


Proor. Apply Entry 17 to ф(2) with a = 0. Now observe that the left side of 
(17.1) is equal to 


04 tk) = ф(п) + f(x) — /(0). 
After some rearrangement, we deduce the desired result. LJ 


Our formulation of Entry 18(1) is rather different from that of Ramanujan 
since he does not record those parts of the formula that do not depend on x. 
Furthermore, there are two misprints in his statement (p. 159). In order to 
prove Entry 18(ii), which is likewise not properly stated by Ramanujan, we 
need to establish a lemma that is similar in character to Entry 17. 


Lemma. Let n = 2m be an even positive integer. Suppose that (z) is analytic 
on © < Re(z) < n and that 
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lim [ф(х + iy)|e 7"? = 0, 
yo 


uniformly for 0 « x <n. Then, provided that the integrals below exist, 


25. (—1)'p(2k — 1) 


du. 


[ Ф(п + iu) + o(n — iu) | |: (iu) + o(— iu) 
=(—1)" du 
0 


е"? +е —nu/2 е"“!2 + e "2 


Proor. Let Cy denote the positively oriented rectangle with vertices +iN and 
n + iN. By the residue theorem, 
1 пф(2) dz m 
a А ы у — D*o(k — 1). 
mi cama a OSN 
If we let N tend to œ and invoke our hypotheses, we find that 


УЭ “|. ф(х) dz 30 oz) dz 


k = 
Ki “е 2i |, cos(nz/2) 2i J-i» cos(nz/2). 


(18.1) 


Letting z = n + iu and recalling that n = 2m, we find that 


1 | o(z) dz ут i ф(п + iu) du 


2i Jai» cos(nz/2) 2 OTM? е"? 


du. 


gr + e "2 


=c [p o (n + iu) + ọ(n — iu) 
0 


The remaining integral in (18.1) can be transformed in a similar fashion. The 
desired result now follows. o 


Entry 18(ii). Let t > 0, and fix an even positive integer n = 2m. Set x = tn and 
define p(z) = f(tz + t) + f(tz — t) for a given function f. Suppose that q(z) 
satisfies the hypotheses of the previous lemma. Then 


f) - ivo [1909221 909, 


m (— 1)" N (iu) + Ф(— iu) du, 


gri + e 7 


provided that the integrals above exist. 
Proor. Apply the previous lemma and observe that 
2 p (= U*oQk — 1) = 2(- "fo — 2f(0). 
zi 


The desired equality now follows. О 
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Entry 19. Let n > 0. If 


y(n) = | i ф(х) cos(nx) dx, 


о 


then 
5 іт), m< h, 
(i) | n V (x) cos(mx) dx = 1 otis ЗЕ 
0, m > h; 
if 
h 
y(n) = | ф(х) sin(nx) dx, 
0 
then 
л 
5907), т< һ, 
(ii) [ y(x) sin(mx) dx = Z tm), TEA 
0, m>h 


Entry 19 follows easily from the Fourier integral theorem (Titchmarsh [1, 
pp. 432-435], [2, рр. 16, 17]) and is valid when ф is continuous and of 
bounded variation on [0, Л]. Entry 19 is also given in Ramanujan's quarterly 
reports (Part I [9, p. 333]). 


Corollary. If а > 0 and n is real, then 


© Г(а + in)|? 
В: = vn IT (a + in)? А 
i sech** x cos(2nx) dx ara + 1) 


This result was proved by Ramanujan [8], [16, р. 54] by means of the 
Fourier inversion formula and Entry 15. 

We note the following generalization of the previous corollary. If a > 
|Re y|, then 


Ё Па + у)Г(а – у) 
2а 2ух x. 2a-1 ; 
| sech^" x e dx = 2 ГОа) 


—o00 


'To see this, observe that 


oo oo 2 2a 
sech?’ x e?" dx = e?” dx 


—00 7o 
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25 22а | [29 +2а-1(] =e py? dt 
0 


=. 224-1 | u**»1(] + u) 74 du 
0 


Г(а + yT(a — y) 


—. 52a-1 
а: Г(2а) : 


where we have employed a familiar integral representation for the beta- 
function. 


Entry 20. Ifn > 0 and 0 x a < m, then 
© sinh(ax) dx о (—1)**! sin(ka) 
6 : 


o Sinh(zx) 1 + п2х2 у 1 4 nk 


This result is classical (Gradshteyn and Ryzhik [1, p. 352]) and is easily 
established by contour integration. 


Entry 21. Let p, q, and n be real. Suppose that фур, x) and F(nx) are continuous 
for a; € x € В, where j = 1, 2. Define y, (p, n) and y;(p, n) by 


By В 
| фү(р, x)F(nx) dx = (р, п) and | Ф›(р, x) F(nx) dx = (р, n). 


а a 


Then 


By B2 
| (p, X)Wo(q, nx) dx = | Ф›(4, X) (p, nx) dx. 


ay a2 


Entry 21 is easily established by inverting the order of integration. 

The following corollary, which is Parseval’s theorem for cosine transforms, 
is formally a special case of Entry 21. However, since the intervals of integra- 
tion are not finite, different hypotheses, which we have taken from Titchmarsh’s 
book [2, p. 54], must be assumed. Both Entry 21 and the corollary below were 
proved formally by Ramanujan in [8], [16, pp. 55, 56]. 


Corollary. Let р, q, l, and п be real. Suppose that q(p, x) e L(0, oo) in the 
variable x and that lim, уу (p, x) exists. Define 


ip n- | (p. x) cos(nx) dx, 


0 


which we assume is integrable over any finite interval in 0 < n < œ. Also 
suppose that i/(p, n) tends to 0 as n tends to oo. Then 


a) o(p, x)o(q, Ix) dx = | V(q, x)W(p, Ix) dx. 
РА 0 
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The corollary above and the example below were communicated in 
Ramanujan’s first letter to Hardy [16, p. 350]. Earlier, Ramanujan [6] had 
submitted this example as a problem to the Journal of the Indian Mathematical 
Society. Ramanujan also established this example in [8], [16, р. 55]. 


Example. If af == 7/4, then 


e" dx * dx 
va L = Vf #| < cosh(fix)' 


cosh(x 


Ramanujan’s next statement is enigmatic. He says that the example above 
can be derived from the formula 


© = (ТЕ 2 (КЕ 
у= ана а Ет ы E (21.1) 


“which is obtained from the theorem” 


o 


Y (Meth) = Y (tech. 21.2 


Equality (21.1) is really just a very special case of the Poisson summation 
formula (see Corollary (i) in Section 31) when the functions appearing in the 
formula are self-reciprocal Fourier transforms of a special type. Formula (21.2) 
was stated by Ramanujan in Chapter 4, Section 9, Example 2 and, as to be 
expected, is valid only under severe restrictions (Part I, p. 97). 


Entry 22. If a, b > 0, then 


т Г(а)Г(а + 3)F(b)T (b + 3)T(a + b). 
2Г(а+Ь+3) | 


(i) iN Ferro ro dx 


if 0 « a « b +1, then 


(i) | Й 


These two beautiful formulas were derived by Ramanujan in [8], [16, 
pp. 57, 54] and are perhaps his most famous integral evaluations. It should 
be mentioned, however, that Barnes [2, pp. 154, 155] established an extension 
of (i) at roughly the same time that Ramanujan discovered Entry 22. R. Roy 
[1] has employed Mellin transforms to give a proof of (ii). For ramifications 
of these results, see papers of Wilson [1] and Askey and Wilson [1]. 

Entry 22(i) can be generalized in the following way. If we apply Parseval’s 
theorem (Titchmarsh [2, p. 5]), the corollary in Section 19, and Legendre’s 
duplication formula, we find that 


F _ V/nT(a)T(a + 3)T (b — a ^ 3) 
~ (b+ DT (b +1 Dr(b—a-41) 


Г(а + ix) 


Tib+14+ + ix) 
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2 | |Г(а + їх)Г(Ь + ix)|? cos(xy) dx 
0 


du, 


= e Г(2а)Г(2Ь) f sech?! 5 sech?^ " м y 
where y > 0. Glasser [1] has shown how to evaluate integrals like that on the 
right side above. 


Entry 23. Let a > 0, т < 1, and m + n > 0. Then 


К x "T(x + a) л сзс(лт) 9  (—n), 
o Fatatnel — F4 1) Ska@th™ 


We have not been able to find this result in the literature. Ramanujan has 
also obtained this integral formula in his quarterly reports, and a complete 
proof may be found in Part I, pp. 303, 304. 

Entry 24(1) offers the triviality 


7 


= È Аа У, Ane 
k=0 k=1 


which is followed by a oni in which A, above is replaced by A,/T (k + 1). 
The intent of Entry 24(ii), 


N 
lim y ọ(x+k)= lim У ọ(y+k), 
Now k=—N N>% КЕМ 


is indeed unclear. What can be said? 
Ramanujan, in a corollary, claims that 


x^ © xh tka x^ 
xin IUE d tap aya) 


z " Ў x" Г x" x e* 

© G M&n-l Г(—Ккт+1)/ n’ 
where n x 1 and x and h are arbitrary. Although these equalities are true for 
h = 0 and n = 1, they certainly are false in general, because the far left side 1s 
a nonconstant function of h and the expressions to the right are not. Moreover, 


the series diverge if n is not an integer. 
In Entry 24 (iii), Ramanujan offers the equality 


© ф(х) < e(n) 
T( 


dx = 


x +1) къ F(n + 1) eng 


Instances when an integral is equal to the corresponding sum are rare. For 
examples of this phenomenon, see papers by Boas and Pollard [1], Krishnan 
[1], and Forrester [1]. See also Entries 5(i) (ii) and Entries 16(1), (ii) in 
Chapter 14. 
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In Corollary (1), Ramanujan claims that 


oo а 
х= et, 
Crea 


which follows formally from (24.1) by setting ф(х) = a*. However, if a = 0, 
Ramanujan’s claim is clearly false, and if a is real and nonzero, the integral 


diverges. 
In Corollary (ii), Ramanujan asserts that 


[+ а*Г(п + 1) dx 
Г(х + DE (n — x + 1) 


which follows formally from (24.1) by letting ф(х) = a*I'(n + 1)/T (n — x + 1). 
Again, (24.2) is false for a = 0, while the integral diverges for real a # 0, +1. 
If a = е?, |a| < л, with a real, then (24.2) is valid and, in fact, was proved by 
Ramanujan in his paper [14], [16, pp. 216—229, Eq. (1.2)]. 

Entry 25(1) is the special case b = 0 of Entry 25(ii). 

In Entry 25(ii), Ramanujan writes 


o а?** а? 
= - d 
An (тво) oax 


acosn 


= (1 + ay, (24.2) 


=e cos(a sin n — nb) 


and 
a^ * 


B= | (+ mo m (b — x +1) 


= @°°%" sin(a sin n — nb), 


) sin(nx) dx 


where presumably a is real. 

It is easy to see, by Stirling's formula, that both of these integrals diverge 
if a # 0. But let us discern how Ramanujan reasoned. By simple changes of 
variable and (24.1), 


oo а?** 
A, + iB, = ins d 
| MN i 


= e а" in(u—b) d 
eun М 


о ake in(k—b) 
= a 


= „ж — inb). 


Equating real and imaginary parts, we complete Ramanujan's formal 
derivation. 

The content of Entries 23—25 perhaps served as the seed for Ramanujan's 
beautiful paper [14] on integrals involving the gamma function. 
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Example (i). The maximum value of a*/T(x + 1) is equal to 


qni 1 1 
І 0 
Г(а + г) + 115203 * 9 


Pnoor. Differentiating a*/T (x + 1) with respect to x, we find that a*/T (x + 1) 
achieves its maximum when 


when a is large. 


w(x + 1) — Loga = 0, (25.1) 


where, as usual, (x) = Г'(х)/Г(х). Now in Entry 15 of Chapter 8 (p. 95), (Part 
I, p. 194), Ramanujan derived an asymptotic expansion for the root x of (25.1) 
in descending powers of a as a tends to oo; namely, 


1 1 3 


**37" 3a" 60 К 
Letting 
3 
= 60) = а + 64027 


we find that, for a large, 


= -4 
а* q^ 1/2+e+O(a~4) 


а lW2te 
e+) Ta+i+e+0@) нра! + oC] о 


From Lemma 2, Section 24 of Chapter 11, 


Г(а +++) e? D 1 
Fart) ^53 ae Оа 


1 
: ( 115243 ^ o( в). 


as a tends to oo. Using the expansion above in (25.2), we deduce the desired 
approximation. О 


Our version of Example (i) is different from that of Ramanujan, who writes 
that the maximum value of a*/T (x + 1) is 


aq? 12 


1 
Г(а +1) (зза + zx) 


"very nearly." This agrees with our statement, except for the appearance of 
the expression 323.2a, which is apparently incorrect. 
In Example (ii), Ramanujan states a version of the Euler- Maclaurin sum- 


13. Integrals and Asymptotic Expansions 229 


mation formula (10.5) and remarks that it “is very useful in evaluating definite 
integrals.” 


Entry 26(i). Let n > 0 and suppose that m is a nonnegative integer. Then 
| cos(2nx) dx — nn"e 7?" (m + k)! 


o (o2) 2m! é (Any (m — КК! 


Ms 


Nx 


This result is classical (Gradshteyn and Ryzhik [1, p. 413]) and can be 
established by contour integration. 


Entry 26(ii). Let p > 0 and suppose that m and n are nonnegative integers with 
m x n. Then 


ю x?" cos(px) (—1)"ne7? ^ _ 
1 = dx = А,р"", 26.1 
(т, п) i (1 + xyrü x tin! 2 rP ( ) 


where, forr > 0, 


(nen mem (P Cm C ny 
"o Zri(n—r! £6 (—n — r)k! 


Proor. First, for n = 0, the proposed formula is readily established, for exam- 
ple, by the calculus of residues. Thus, in the sequel, we assume that n > 0. 

We shall induct on m. For m = 0, formula (26.1) is seen to be valid by Entry 
26(1). Now it is easy to see that 


I(m + 1, n) = I(m, n — 1) — Қт, п), (26.2) 
where m > 0,n > 1. Inducting on m, we shall employ (26.2) to show that (26.1) 
is true with m replaced by m + 1. To that end, 

(—D"me "Si ais (к= 147)! 
Tn-1 4^ 20010) 
get aD adden e, (= Dae T 
k=0 (—п + 1 Ta r)o,k! 2"*1п! 
ОАЕ ХЕСТ 

60 2'т!(п—т)! Zo (—n — r)k! 


I(m + 1, п) = 5 


(= тте? i р" (2n(n-24 9) 
^ 2"! p(n — rt | 27 (r 1)! 
x minim 4*(—r + 1),(—m)(—n+ D, (1+)! 
кє (—п —r + 2),,k! 2'r! 


x 


min(r.m) ДК — r) (— m), (— J 


к=0 (—n — в), „К! 
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aay met Y p _„ (n+r)! 
— Pina 6 (n — r)! 2'r! 


r 


ee 4*(—r)(—m),(— n), 4nr 
x min(r,m-1) 4010р + 1),-,(— т), (п + кз} 
1 (=n =r + 25, 3k — 1)! 
LC metes, (nnl 
“= orig AU Ram 
min(r,m+1) 4 4(—r r),(— m),( — n), 
* | à (—п — rk! 


юш с 
E (=n — ralk- DS 


Since 
(—m), E (— т), -; = (—m — 1), 
k! (k — 1)! k! : 
the desired formula, (26.1) with m replaced by m + 1, follows. g 


Entry 27. If nis an even positive integer, then 


Шр, 


cosh(2zx sin((2k — 1)л/п)) — cos(2nx cos((2k — 1)л/п)) 


"2 
27.1 
=I ME (27.1) 
PRoor. We have 
il соѕћ(2лх sin((2j — 1)л/п)) — cos(2nx cos((2j — 1)л/п)) 
j=l 2n?x? 
п2 (sinh(inxe ™?J-0/") sinh(— inxerir) 
= inxe "iI Dn — inxe^ii- 1)/n 
ас n/2 267 2ni(2j- Dn 292ni(2j-1)/n 
ETT ( ке \-*= : | (27.2) 
k=1 jel k k 


Comparing (27.1) with (27.2) and replacing x/k by x, we find that it remains 
to show that 


(1 + x") = у (1 __ x?e ?"iQj- Dimy(1— х26е2"#2)- Dm), 
ј=1 
It is easily checked that the 2л roots оп the left side are precisely the same as 
the 2n roots on the right side, and so the proof is complete. | 
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Corollary (i). If n is arbitrary, then 


( 2n n Г2(п + 1) sinh(an,/3) 
+{(-——] = ; 
Г(3п + gn. /3 


Corollary (ii). If n is arbitrary, then 


ñ fi (2 + y _ I?(n + 1) cosh (z(n + 1/3) 
l 


n+k Г(3п + 2)л 


k=1 
The latter two formulas were proven by Ramanujan in [9], [16, p. 51]. 


Entry 28. If m and n are positive integers and x is arbitrary, then 
oo xk 


"om = x cos(2zk/n) cos(x sin(2nk/n)). 


Proor. Lettingk =jn+r,0< j zm — 1,0 xr n — 1, below, we find that 


mn-i mn-i | 
У eose cos(x 5їп(2лК/п)) = Y, ехр(хе2"*/") 
k=0 


k=0 


li I 
з iM 
iti 
Ms 

ge 

E: 
s 

а. 


"Ed 


a p e^ririm. 
j=0 J: 


The last inner sum is equal to 0 unless n| j in which case it is equal to n. The 
proof is now complete. П 


Entries 29(i), (ii). Suppose that p > 0, | is а nonnegative integer, and n is а 
positive integer with n > l. Then 


| oe » ; cos(px) dx 


л л Cu 21+ 1)лк . nk 
de Y g Pcos(tk/n) cog ( ) p sin | if n is odd, 
n n 


2n n к 
т А У eg ?905(2k-1)n/2n) co (© + D@k — In р ып zi у"), 
П k=1 2п 


if n is even. 


The integrals above may be evaluated by the calculus of residues, although 
the initial form of the answer obtained might be different from that stated by 
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Ramanujan. See also Gradshteyn and Ryzhik’s tables [1, p. 414, formula 3.738, 
No. 2], where again the evaluation is given in a different formulation and a 
bracket { is misplaced. Since a similar calculation is performed in the proofs 
of Entries 33(i), (ii), we suppress the details. 


Entry 30(i). If n is a nonnegative integer, then 


i sin?^*! x P Е n?^*2 x y nT(n +4 
0 0 


X 2 


x 2n! 


A proof of Entry 30(i) may be found in Fichtenholz's text [1, p. 656]. These 
integrals actually are special cases of Entries 16(1), (ii) in Chapter 14. For 
further references to Entries 30(i), (ii), see a problem of Wang [1]. 


Entry 30(il). If p > 2and n — p + 1 > 0, then 
(p — 1)(р — 2)ф(п, р) = n(n — 1)ф(п — 2, p — 2) — n? o(n, p — 2), 


where 


іп, p) = | ake (30.1) 
0 


xP 
Pnoor. Integrating by parts twice, we find that 
CTS n NÉE E 
Ф(п, p) = : z 
(p — 1)(p — 2) Jo xP? 


which is easily seen to be equivalent to the proposed recursion formula. [J 


Corollary (i). If n is a nonnegative integer, then 


In (n + 3)Г(п + 3) 


20 + 3,3) = 
VIS te 4(n +1)! 


where ф is defined by (30.1). 


Proor. By Entries 30(11) and (i), respectively, 
Ф(2п + 3, 3) = 5(2п + 3)(2n + 2)ф(2п + 1, 1) — à2n + 3? o(2n + 3, 1) 


RED) NnT( +3) 
= (2n + 3)(n + 1) OR S 


which, upon simplification, yields the desired result. g 


Corollary (ii). If n is a nonnegative integer and q is defined by (30.1), then 


Jn(n + 2)Г(п +4) 


4,4) = 
ыла) 6(n + 1)! 
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Proor. The proof is like that of Corollary (i); simply apply Entries 30(ii) and (i) 
and then simplify. [1 


Example (i). If 0 < p < n+ 1 and @ is given by (30.1), then 


1 © 2 
Ф(п, р) = sl sin" x | e "t?^! dt dx. 
P! = Tip) Jo à 


Proor. From the definition of the gamma function, 


1 1 и —tx,p-1 
snm e t dt, x, p > 0. 


The desired result now follows from (30.1). D 


Examples (ii), (iii). [f a > 0 and n is a nonnegative integer, then 


o 2n + 1)! 
ax 2n+1 dx = саа Qat —— etel 
|| E эпо (а? + 12) (а? + 32) (a? + (дп 1) 
and 
© ! 
e? sin?” x dx on j 5 cul 5 = 
0 a(a? + 2?)(a? 4?) (a? + (2п)?) 


These formulas are classical (Gradshteyn and Ryzhik [1, p. 478]) and fol- 
low readily by induction. 


In the sequel, a prime (’) on a summation sign, Y <; < J (k), indicates that if 
а and/or b is an integer, then only + f(a) and/or 1 f(b), respectively, is counted. 


Entry 31(i). Let h, x, B > 0 with aß = 2л. Let q be a continuous function of 
bounded variation on [0, h]. Define 


h 
y(r) — | ф(х) cos(rx) dx. 
0 
Then, if n is real, 


a Y' e(uk)cos(ank) = (n) + b QU(Bk +n) + (ВЕ —n)}. (31.1) 


O<k<h/a 


PRooF. We shall employ the Poisson summation formula in the form 


b ю 
Y fik) -[ f(x) dx + 2 Y | f(x) cos(2nkx) dx, (31.2) 
ask<b a k=1 Ja 

where f is a continuous function of bounded variation on [a, b]. In (31.2), 
let a = 0, b =h/a, and f(x) = ф(жх) cos(anx). Thus, putting u = ax, we find 
that 
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^ 2980) cos(ank) 
= ч) +- » | ф(и) cos(nu) cos(fku) du 
1 12 
= , 0 + » У | ф(и) (cos(Bk + n)u + cos(Bk — n)u} du. 
k=1 JO 
Upon using the definition of y, we complete the proof of (31.1). o 


Entry 31(ii). Let @ and y be defined as in Entry 31(1). Let h > 0, and assume 
that n is an integer. Then 


| ^ эша dx=n У" (—1)te(kn) соз(Кпл) 
о sinx O<k 


—2 Ў (n + 2k 4 1). (31.3) 
к=0 


Proor. We shall induct on n. First, in (31.1), put « = л, f = 2, and п = 1 to 
obtain 


л (= (кт) = 2 X w(2k + 1). 
к=0 


О<Кк<һ/л 


But this equality is precisely (31.3) in the сазе п = 0. 
Second, let х = 2, В = 2, and n = 0 in (31.1) to find that 


л ф(Кл) = w(0) + 2 У (2k). 
0 xk h/n к=1 


This equality is easily seen to be equivalent to (31.3) in the case п = 1. 
Now assume that (31.3) holds up to a fixed integer n. Then, by induction, 


. В OY apo dx = I sinn») (x) dx +2 |, cos(n + 1)х ф(х) dx 
0 о 


sin х sin X 0 


=n Y (-l'e(kn)cos(knn) 
E 2 Y win + 2k + 1) + 260 + 1) 
(— 1) o(kn) cos(k(n + 2)n) 


2 2 VOLETE y 


which is (31.3) with n replaced by n + 2. О 


13. Integrals and Asymptotic Expansions 235 


Corollary (i). Let a, B > 0 with aß = 2л. Let ф be a continuous function of 
bounded variation on (0, со). Suppose that ф is integrable over (0, oo). Put 


vir) = | ф(х) cos(rx) dx. 


0 
Then 


a Di plak) = V0) +2 X v (Bh). 


Proor. In (21.1), let п = Oandlet h tend to co. (To justify this, see Titchmarsh’s 
book [2, pp. 61, 62].) o 


Corollary (ii). Under the assumptions of Entry 31(ii), 


lim ( | е nc сбат) = 0. 
sin x 


noo о О<к< л/т 


Proor. The desired result is an immediate consequence of (31.3), since clearly 
Y vu 
k=1 

converges. L1 


Entry 32(i). Let h, o, В > 0 with aß = 2л. Let ф be a continuous function of 
bounded variation on [0, h]. Define 


0 


h 
y(n = | ф(х) sin(rx) dx. 
Then, if n is real, 


a У" фо) sin(ank) = y(n) + Ў (W(Bk + n) — (ВК н). 


O<k<h/a 


Pnoor. In the Poisson summation formula (31.2), put a = 0, b = h/a, and 
f(x) = ф(ах) sin(anx). Then 


У’ olak) sin(ank) 


0 ck x hj 


1 ] s ft 
= -ф(п) +— У | olu) (sin(n + Bk)u + sin(n — Bk)u} du, 
a X к=1 Jo 
from which the proposed formula follows. m 


Entry 32(ii) is another version of the Euler-Maclaurin summation formula 
(10.5). 
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Corollary. Let о, В > 0 with «fl = n/2. Let ф(х) be continuous on (0, оо), 
integrable over (0, д), of bounded variation on (6, oo), and tend to 0 as x tends 
to oo, where 0 « ó « n/2. Define 


y(r) = | ф(х) sin(rx) dx. 
0 
Then 


а Y (— D'e(Qk + 1)о) = Y (— DV(QK + 1)8). 
k=0 к=0 


This corollary gives the Poisson summation formula for Fourier sine 
transforms (Titchmarsh [2, p. 66]). 
Ramanujan concludes Section 32 by remarking that integrals such as 


| ^ cos(nx) 


h cos(nx) 


ф(х) 4х, and | 
0 


dtes | ^ sin(nx) 


o COS X 


- x) dx 
o cosx sin x Фо) 
may be determined. Ramanujan is evidently indicating that analogues of 


Entry 31 (ii) exist. 


Entries 33(i), (ii). Let n and l denote nonnegative integers with n > l. Let p > 0. 
Then 


[i= F c +- 0 | estos dx 


o 11 х2" © n(x? — 1) 


"2-1 21+ 1)k k 
Ze + E У, e Pekin cos (een —p sin), if n is even, 
2n n к=\ n n 
= {TOR ossa ogg (01+ DOE D Ok Duy 
п 1 2п 2n 


if n is odd. 


Proor. First observe that 


© qy?! o х?т-2 2... 0 0x2..] 
(—1)1 = | = cos(px) dx. 
5 = 
Let R(zg) denote the residue of 
nz?! — :2?"72 —...— z2 1. 
= 1р2 
fa: п( — z”) d 


at a pole zy. In the upper half-plane, f(z) has simple poles at z = exp(xik/n), 
1< К < п – 1. Hence, by a familiar argument from the calculus of residues, 
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n-1 
(—1)I = ni У К(е"®") 
Ki 
РАА ‚олт 
a Уе exp(ipe?") 
zi 


n-i 
== M en sin (23% zu + p cos =), 
n 


2n k=1 


Observe that the terms with indices k and n — k are equal. 


First, suppose that n is even. Singling out the term with k = n/2, we then 
find that 


(— 1% = 5 (~ We P += о. ер зіп(пк/п) g (Ee DE, qud 


7 _ 1\o7P mu 11 "1 — p соз(лк/п) л(21 + Wk _ à nk 
d Ife? + ( p» Уе cos| —————— — P sin— |, 


k=1 


where we have replaced k by n/2 — k in the former sum. 
Second, suppose that n is odd. Then 


ssi л(21 + 1)k nk 
= TES -— —psin(zk/n) с —————— + p cos — 
йе ye ен. 
_ = = "nu (n b e? cos((2k—1)z/2n) 
k=1 


M ("0 +008) | UT w 
N 2n 2n 


where we have replaced k by (n + 1)/2 — k in the former sum. LI 


Entry 34. If x is ipe then 


А п cos(0x) & (— 1) +1 cos(k@) 

0 x sin(mx) 7 = + 2e Spa ИЯ 
and 

N msin(Ox) _ 2 (—1)* sin((2k + 1)0) 
(ii) 4x cos(47x) = ph (2k + 1)? = x2 > 10| s п/2. 
Corollary. If х is arbitrary, then 

zcosh(0x) 1 — D cos) 

() x sinh(zx) TUR e ра : [8] < т, 
апа 

| "Pa 

(ii) n sinh(@x) S (— 1)' sin(Qk + 1)0) 10] < 2/2. 


4x cosh(ġnx) к= (2k+1} +x? ' 
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PROOFS OF ENTRY 34 AND COROLLARY. First, Corollary (i) is proved in 
Bromwich’s text [1, p. 368, Eq. (4.1)]. 

Entry 34(i) is easily obtained from Corollary (i) by replacing x by ix. 

We next prove Entry 34(ii). Recall that the set of functions sin{(2k + 1)6}, 
0 < К < оо, is a complete orthogonal set on —2/2 < 0 < 2/2. Calculating the 
Fourier series of sin(Üx), when x is real, with respect to this orthogonal set, 
we readily deduce Entry 34(ii) for real x. By analytic continuation, Entry 34(ii) 
holds for complex x as well. 

Lastly, Corollary (ii) follows from Entry 34(ii) by replacing x by ix. О 


Entry 35. Let n denote a nonnegative integer, and let a, В > OwithaB = n. Then 
e Г(п + 5) de 
— uu 142 28 (ABK) >, 
"E 2 ттун) = Т уло t 67060 


where 


n (n+ ker 
Ф@) = 35 Qs GB 


Proor. In the Poisson summation formula (31.2), set a = 0, b = œ, and 
f(x) = 2(1 + a?x2) "t. Thus, 
© 2 dx © [® cos(2nkx) 
тау = | ra axa ш |, ico 0D 
By Entry 26(1), 
* cos(2rkx) У е (n + j)! 
о (1+ a2x?2\r*! 2an! 5 (Алко) (n — j)!j! 
fe а --— 
~ 2?" Int 66 (п jy! 


Е ft Г(п + 4) 2e72*nt л, (п + j) (ABky ? 
"NaT(n-1) Qn! & (n—jtj 


TMs 


B TG D, om 
= |— 4Bk 35.2 
| Г(п + ү он ee 
Substituting (35.2) into (35.1), we complete the proof. О 


Entry 36. Let М be any positive integer. Аз т? + п? tends to оо, 


um 1 B,, sin(2k tan ! (m/n)) 
—— —t 
ni errr со E (т) Y 58 (mi + n?) 


+ O((m? + n2) ^1), 


where Bj, 0 < j < oo, denotes the jth Bernoulli number. 
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Proor. Letting а = 0, b = oo, and f(x) = (m? + (n + x?) ! in the Euler- 
Maclaurin summation formula (10.5), we find that 


лю = | i f(x) dx + àf(0) — do TT fO) Ry. (36.1) 


© е du 1 үл п 1 т 
= а ааа сыы ыр. еа 
I Sodas f m? +u? «(s BE z) m^ on ee) 


Next, a straightforward calculation shows that 


n (2k — 1)! | pe (—iy*! ' os 


First, 


2m mranti (m — (n 4 3)? x 
Thus, for k > 1, 


x (—1)*(2k — 1)! f(m — ni)?* — (m + niy* 
Ok- — 

S (0) 2mi (m? + ni 

EX ea 1% (2k FI D! (e eg 2ik tan”? (n/m) e? tan (um) 

2mi(m? + (т? + п? 
(2k — 1)! - 
= а РУ 7 sin(2k tan ! (m/n)). (36.3) 
Hence, using (36.2) and (36.3) in (36.1), we deduce that 

Y LLL = tant (m/n) + 
omi mntk? т^ V Am? 4 n2) 


1 X B, sin(2k tan ! (m/n)) 


T = 2k (т? + п?) 


+ Ку. 


The remainder Ку; is easily estimated, and the desired result readily follows. 


Г] 
Corollary. As n tends to oo, 
с 1 "T eS (-1 B4. 


nE (Qr 4^ dk EF RE 


Proor. Let m = n in Entry 36. Г] 


СНАРТЕК 14 


Infinite Series 


Since Ramanujan’s death in 1920, there have perhaps been more published 
papers establishing results in Chapter 14 than in any of the remaining 20 
chapters. In many cases, the authors were unaware that their discoveries are 
found in Ramanujan’s notebooks. In [6] and [7], the author showed that 
several results in Chapter 14, as well as many others as well, arise from a 
general transformation formula for a large class of analytic Eisenstein series. 
It should be emphasized, however, that Chapter 14 also contains many other 
types of results. 

Chapter 14 is primarily concerned with identities involving infinite series. 
In Ramanujan’s Collected Papers [16, p. xxv], Hardy remarked: “There is 
always more in one of Ramanujan’s formulae than meets the eye, as anyone 
who sets to work to verify those which look the easiest will soon discover. In 
some the interest lies very deep, in others comparatively near the surface; but 
there is not one which is not curious and entertaining.” There could not be a 
more apt comment about Chapter 14 than this last sentence of Hardy. Some 
of the formulas are fairly easy to prove; others require considerable effort. As 
previously indicated, many of the formulas in Chapter 14 have their genesis 
in elliptic modular functions. A large number of formulas arise from partial 
fraction decompositions. Some formulas are instances of the Poisson summa- 
tion formula. Six formulas lie in the realm of hypergeometric series. There are 
also a few integral evaluations. 

In the sequel, R(f, Zo) = R(z;) denotes the residue of f at a pole zy. Also, 
x(n) always denotes the primitive character of modulus 4; that is, 


0, ifn = 0 (тоа 2), 
x(n) = 1, ifn = 1 (mod 4), (0.1) 
—1, ifn = 3 (mod 4). 
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Entry 1. For z? # —n(n + 1)/2, where n is a nonnegative integer, we have 
5s 222 Wet da 1)'(2п + 1) 
PU (i^ n(n + 5) =, i 


o Z? + n(n + 1)/2` 
PnRoor. From the partial fraction decomposition (Whittaker and Watson 
[1, p. 136]) 


(1.1) 


iba 


s» (-1YQn-4 1) 
ћх= 4 Я 1.2 
deed» E E de ss 
we obtain, after some simplification, 
o (—1)'Qr + 1) 
2 h(x: 2-25 Ge NE Е 
Б (1/22? - 1 - ў 5 24 n(n + 1)/2° 
From the product expansion (Gradshteyn and Ryzhik [1, р. 37]) 
© 4z? 
shz = A—— AT 
oiea ( * Ons yz) 
and Wallis's product (Gradshteyn and Ryzhik [1, p. 12]) 
= 4n(n + 1) 
47 Ц оні 
we find that 
л _,® 872 —1 
2л sech(n./22? — 1) = "E * 1! ( + os] 
о ((2n + 1)? 821ү: 
Ы -2 
PI DA lri 
0 222. y 
= 272 bre лү, 
=I ( + nin + 5) 
The result now follows. g 
Corollary. For Re z > 0, 
20 — 1)" "(2 1 12 
Y (— 0 Qn + ) i seen(® Б) 
п=1 ‘n(n + _1)(е2 Zaz nnti) _ 1) Z n=1 2. 
1 nz 
m cpi = C, (1.3) 
where 
1 d. (—1y*! Qn + 1) 
C= +5 ) * lI (1.4) 
2 225 n(n + 1) 


where the asterisk (*) on the summation sign above indicates that the terms must 
be added in successive pairs in order for the series to converge. 
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We first show that the series defining C converges. We have 
2п +1 2п+3 


Vn(n +1) (n4 1)(n + 2) 
1 f2n+1 2043 ЭТА 
/n n Jn ( n a6 t E 


КАА 


= О(п 3), 


and so С is well defined. 
Formula (1.3) does not agree with the corresponding entry in the notebooks 
in that P claims that C should be replaced by 
zs ( L7) 1)" 


2n +1 4 24/n(n + 1) 


L д ы (— py 
si (2n + 1) (2n + 14+ 2 /n(n + D)? 


It is not difficult to prove the foregoing equality. Indeed, let C' denote the left 
side of (1.5). Using Gregory's series for л/4, we find that 


п = 1" 1y 
Fred SON 
Py aM Qnin + 1) - Qn 0j 
8 4 — 20n« (n4 1 - 2 /nin & D] 
ж ETN a же Doe up. 


8 а 2(2n + D) (2n + 1 4 24 /n(n + D)? 


and (1.5) easily follows. 

Calculations of J. Hill first demonstrated that the constant given by Ramanu- 
jan is incorrect. In fact, С’ = 0.61144169---, while C = 0.54661949:--. The 
formula for C given in (1.4) can be transformed into another formula that 
exhibits Ramanujan's error. Letting a, = (2n + 1)/,/n(n + 1), we have 


(1.5) 


у Лы] 


xu i ur -1} 
2 Jn(n + 1) 
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la: Sq р eye) 


2 т 2. /n(n + 1) 
© (—1y 


1 
"a One ens Kao ТЕГ 


Comparing the formula above with (1.5), we find that Ramanujan neglected 
a factor of 2. /n(n + 1) in the denominators of the summands on the left side 
of (1.5). The correct formula for C was first conjectured by R. Lamphere who 
verified it numerically. 

After stating the corollary of Entry 1, Ramanujan declares: “Similarly any 
function whose denominator is in the form of a product can be expressed as 
the sum of partial fractions and many other theorems may be deduced from 
the result.” But nonetheless, we have been unable to prove that (1.3) is a 
corollary of (1.1). The following proof of (1.3) is due to R. J. Evans. 


PROOF OF COROLLARY TO ENTRY 1. We prove the result for z = x > 0; the 
more general result will then hold by analytic continuation. 
For n > 1, let a, be as defined above and put 


1 1 


ейун) р 2gx, /п(п + D 


ло) = 


Thus, 
Se = 2n+1 


1 n+1 „/, = =j] nti 
2 (= "а, fal) 25 ) Inn + Devre — 1) 
1 = (—1)"*1(2n + 1) 


(mx nnd) C 9 


By combining successive terms, we find after an elementary calculation that 


d Qn), $ (i- І ja (1.7) 


n=1 n(n + 1) am \n n+2 
nodd 


Putting (1.7) into (1.6) and comparing the resulting equality with (1.3), we find 
that we must show that 


o0 1 © 
У (1а, (х) + — Y, sech E n? — wm) c = —C, (18) 
"ESI X nzi x 6 
where 
1 1g 
С=;+; 2, (а, — 4,44). 


From Whittaker and Watson’s text [1, p. 136], 


1 1 x 1 1 1 20 2х 
=- coth "m И 19 
s-1 2° (5) 2 2* raw a 


x 
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Using (1.2) and (1.9) in (1.8) and then simplifying, we find that 


ef e (—1)*(20 +1 
g [koiras ан 
n=1 


T mai n(n + l)x* +m 


ПХ OX. we к не 


_ o o ба. ы 


Letting 


2n + 1 


В * = OAR Ge ANA oe 9p» 
ey) n(n + Dx? + m? 


we see that (1.10) may be written as 


X YY {Bom n= 1) — Вп) 
_ I xs ё DnD—B 1.11 
zi г eg (m, n — 1) — B(m, n)}. (1.11) 


A brief calculation gives 
2n?x? — 2m? 
(m? + n?x? — nx?)(m? + n?x? + nx?) 


Bim, n — 1) — B(m, n) = 


Replacing x by x/2, we see then that (1.11) is equivalent to 


2,2 2 n оў: rod T 


= + . 
“| м= (т? + п?х?)? — n?x*/A 2х 5 (т? + п?х?)? — п?х*/4 
(1.12) 


ю c та — т? п2х? — т? 
m 2. х2)? = n?x4/4 2 2 2\? 


(m^ + пх 


is seen to be an absolutely convergent double series, and so an inversion in 
order of summation is justified. Thus, (1.12) is seen to be equivalent to 


XS nx? == т? л о о n?x? f m? 
+ 
DEN eee eh 2 ar: 
л © б nx? = m2 
-2 
E ee ; 1.13 
2x 2 2, (m? + и2х72)2 (1.13) 


where on the right side we have replaced the indices т апа n by п and т, 
respectively. Let the left side of (1.13) be denoted by F(x). Thus, (1.13) may be 
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rewritten as 
F(x) + x ?F(1/x) = —n/Qx). (1.14) 


Now return to (1.9). Replace x by 2znx and differentiate the extremal sides 
with respect to x. After some simplification, we find that 
2л? 1 oo © 
(e™ — е ™)2 288 = 2 T ES x ЭЖ mixtum? 


= Ў guerra (1.15) 
Summing both sides of (1.15) on n, 1 < n < oo, we deduce that 
1 © 

5° iX csch? (лих) — c = 


Thus, (1.14) is seen to be equivalent to 
90 3 72 5 T 1 
nx У csch?(nnx) + — У, esch*(an/x) = —1+—[х+—}. 
п=1 X n=1 6 x 
If we put a = zx and 6 = z/x, we find that for o, В > 0 and aff = л, 


ay, csch? (an) + f a csch?(fin) = —1 + (a + B)/6. (1.16) 


In summary, we have shown that (1.3) is equivalent to (1.16). But the author 
[6, Proposition 2.25] has previously proved (1.16), and hence the proof is 
complete. [1 


Observe that (1.13) provides a beautiful example of a nonabsolutely con- 
vergent double series whose order of summation cannot be inverted. 


Entry 2. Let m, n, x, and y be complex numbers. Suppose that Г(1 + xz) and 
Г(1 + yz) have no coincident poles and that z = 1 is not a pole of either. Then 
if Re(m + n) > 0, 
> (= D)" T (1 — ky/x) 
i Tim —k + DTE (n + 1 — ky/x) U()(x + К) 
uy (= DTA — kx/y) 
i Г(п — k+ 1)Г(т + 1 — Кх/у)Г(®)(у + К) 
— T(x * Ur (y * 0) 
—Г(х+т+1)Г(у+п+1)' 


(2.1) 


Pnoor. Let 
Г(1 + xz)T(1 + yz) 
Г(т + xz + 1)Г(п + yz + (2— 1) 


Де) = 
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Then f has poles at 2 = 1, —j/x, and —k/y, where 1 x j, k « oo, and all poles 
are simple by hypothesis. Routine calculations yield 
Г Dr 1 
Ra- et DP + 
Г(т + х+1)Г(п+у+1) 
| (= ГКІ — jy/x) 
Г(т — j + 1)Г(п — jy/x + DG + OTC’ 


R(—j/x) 
and 

(—-1fT(1 — kx/y) 
Г(т — kx/y + T(n — k + D(k + yrk) 


К(—К/у) 


Let Cy be a positively oriented square centered at the origin and with 
vertical and horizontal sides of length 2N. We shall let N tend to со on some 
countable subset of the positive real numbers chosen so that the sides of Cy 
never get closer than some fixed positive distance from the set of poles of f. 
Using Stirling's formula, we find that 


F(z) = o(zp mm) 


as |z| tends to oo. Hence, if Re(m + n) > 0, we deduce that 


| f(z) dz = o(1), (2.2) 
Cy 


as N tends to œ. 
Now integrate f over Cy and apply the residue theorem. Let N tend to со 
and use (2.2). We then deduce (2.1) immediately. [1 


Corollary 1. Let m, n, and x be complex numbers such that x is not an integer 
and that Re(m + n) > —1. Then 


5 (= 
(х + K)T(n 4-1 — ЮГ 4 1 +k) 


л 
z sin(nx) (m + x + 1) (n — x + 1) 


(2.3) 


Corollary 2. Let х and В be complex numbers with Re(a + B) > 0. Then 
g (=! n (-1)! 
Ko (2К®+1)Г(®—К)Г(8#+К+1) 26 (2k + DI(B —К)Г(ж+К+ 1) 


yi 
сого  JT(B + 4) 


(2.4) 


Corollaries 1 and 2 are not really corollaries of Entry 2. Ramanujan 
evidently means to imply that the proofs of the present results are very much 
like the proof of the preceding theorem. 
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PROOF OF COROLLARY 1. Let 


Де) 


л 
T sin(nz)(z + x)F(m 4- 1 — z)F(n 4 1 4 zy 


Observe that f has a simple pole at z = —x and at each integer К. Routine 
calculations give 


T 
тте PE TIUS PORÜ 
and 
Rík) = (-1* 


(К + х)Г(т +1—ЮГ(п+1+&)` 


Let Cy be the positively oriented square centered at the origin with vertical 
and horizontal sides passing through +(N + 2) and +(N + 4)i, respectively, 
where N is a positive integer. By Stirling’s formula, 


Јо) = o(z| *emtm 2, 


as |z| tends to oo. Hence, for Re(m + n) > — 1, 


| f(z) dz = о(1), (2.5) 
Cy 


as N tends to oo. Apply the residue theorem to the integral of f over Cy. Let 
N tend to oo. Using (2.5), we deduce (2.3) at once. [7] 


PROOF ОЕ COROLLARY 2. Integrate 


л 
ѕіп(л2) (2 — 1)Г(а + z) (B — z + 1) 
over the same square as іп the foregoing proof. The present proof follows 
along precisely the same lines, and we omit it. 


A second proof can be given as follows. Let the left side of (2.4) be denoted 
by g(a, В). After a little manipulation, we see that g(a, ff) may be written as 


_ sin(aa) = Г(+ЮГ(1—«+К) 
dut Б. TGX ADU ++K’ 


which converges absolutely for Re(x + B) > 0 by Stirling’s formula. Now 
apply Dougall's formula (Henrici [2, p. 52]) to the right side of (2.6) to obtain 


(2.6) 


T 
2T (x + 3)T(B + 3) 


g(a, В) = 0 


Corollary 1 may also be proved with the aid of Dougall’s theorem. How- 
ever, Dougall’s theorem is not applicable to Entry 2. The next entry is also an 
instance of Dougall’s theorem, 
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Entry 3. Let o, D, y, and 6 be complex numbers such that Re(a + B + y + 6) > 
— 1. Then 


© 1 

outa k+ DFG LEA DFO FEE DFO ЕЕ 1) 
mo 1 

ii IL (x 4- k - DT (f -- k - Dry — k + DE(ó — k 4+ 1) 


Е Ге +6+7+0+1) 
rea +y + D(B t y + Dr(a +5 + DI(B 4o 1y 


Proor. The left side of (3.1) may be written as 


ѕіп(ло) sin(zB) 2 I'(k — à) (k — fi) 
n? keto Tp +k + ГО +k 4 10) 


which converges absolutely for Re(a + B + y + ô) > —1 by Stirling's formula. 
A straightforward application of Dougall’s theorem (Henrici (2, p. 52]) yields 
(3.1) immediately. Г] 


Entry 4. If z 4 me*"?, where m is а nonzero integer, then 


y 1 л ѕіпһ(л2 4/3 )- NE sin(zz) (4.1) 
nai n? + 22 + z4/n? E v cosh (л2 4/3) — cos(nz) | 


Proor. Let f(z) denote the right side of (4.1). We expand f into partial 
fractions. Since 
соѕћ(лг 4/3) — cos(nz) = 2 sin(aze™?) вїп(лле "'), 


f has simple poles at z = пе?" for each nonzero integer n. Now 


sinh(zne- "^, /3) — 4/3 sin(nne ^") 
4n(— ty /3 sin(zne ?"/?) 
Note that R(—ne~™?) = — R(ne~™'). The residues of the poles at + ne"? are 


obtained by replacing e^"? by e"? above. For each positive integer n, the 
sum of the principal parts for the four poles + пе" is then 


(—1)" е3 (sinh(nne" "3 /3) = З зїп(лпе-"#З)} 
2/3 sin(zne ?"'З)(2? = nde 2/3) 
" е"! (sinh (zne"'P, /3) _ WE M ad 


sin(zne?™’?)(z? — п?е2"") 


R(ne“™) 


Elementary calculations give 


+i(—1)" sinh(nm,/3), ifn = 2m, 


+ 2ni/3 
sin(zne )= Е yr cosh(nn,/'3/2), ifn = 2m + 1, 
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and 


et"? {sinh(anet™®, /3) — 4/3 sin(nne*™*)} 


_ (2(— 0)" sinh(nm,/3), if n = 2m, 
— | £2i(—1)"*! cosh(nn,/3/2, ifn = 2m + 1. 


Using the calculations above, we find that (4.2) simplifies to n?/(z* + n?z? + п“) 
for both n even and n odd. Hence, 


= Ў lug 


where g is entire. However, as |z| tends to оо, we clearly see that g(z) tends to 
0. Thus, g is a bounded entire function. By Liouville’s theorem, 9(2) 15 constant, 
and this constant is obviously 0. Hence, the proof is complete. C 


Corollary. For each nonzero integer n, 
1 1 12 1 
> E30 бна e + 22, д IH 


Proor. In the derivation below, we shall employ (1.9) and the decomposition 
(Whittaker and Watson [1, p. 136]) 


esch(zz) = I 


In Entry 4 let z = 2n to get 


со 1 л 
= oth(2 3) + csch(2 3 
à К? + (2n)? + (2n)*/k? 4n 3 (om mS) Gana) 
1 0 1 2v (1) 
fon? + а + жж 
and the result follows. Г] 


Entry 5(i. Let 0 < x < n/(n + 4), where n is a positive integer. Then 


: © _ ук Fn 4 3) 
2 ~ 2 Г@ +1) 


Pnoor. Since (Gradshteyn and Ryzhik [1, p. 25]) 
n A2 1 
sin^"*! x = 27?" Y (— ws ü ) inten +1—2))х}, 
ј=0 Ј 


ме һауе 


27 in Е s 3 (-1y I : ') $ sin {(2n + — 2j)kx} (5.1) 


k=1 
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Using the familiar result (Gradshteyn and Ryzhik [1, p. 38]) 


De ш ш. 5 Хх  O<x<2n, (5.2) 


we find that, for 0 < x < x/(n + 4), 


2s са Е = a » 2 v" y — Qn + 1 — 2j)x 


2 1 ‚ 
= + | Gat È (-1) 


n 


з 
aw 
t2 
= 
+ 
i 


Non + 1 — 2px, 
(5.3) 
where we used the evaluation (Gradshteyn and Ryzhik [1, p. 3]) 


ш (К k—1 
250 (-c» ( „ | (54) 


with m = n and k = 2n + 1. 
We next show that the sum on the far right side of (5.3) vanishes. We have 


2Y (-1) v(t Nenti -aÀ $ ("+ ђе» +1—2) 
Fo 
zs y. c? : ') 
j=0 J 


>> 2 1 
2C vC ii ); 


== 0, 
where we have used (5.4) and (Gradshteyn and Ryzhik [1, p. 4]) 


n Q [п _ 


© ы т [2n 
Se = 23muü ( | 


п 


Hence, from (5.3), 


which is easily seen to be equivalent to the desired result by the Legendre 
duplication formula. g 


Entry 5(i). Let0 <x < ii + 1), where n is a positive integer. Then 


о sin?"*? 109 J/n T(n + 2 
Do COS D 95 


Pnoor. Let f(x) denote the left side of (5.5). Since (Gradshteyn and Ryzhik 
[1, p. 25]) 
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2п+2 х 


" fare 2n + 2 
= уне у (— yea "s ) 2и + [= xj 2 ee |, 


j= 


sin 


we find that 


Pen ( Ed ў (y p”; + ? А соѕ{2(п a — j)kx} 


1 /2n+2\n 
taala 1 s (5.6) 


Now (Gradshteyn and Ryzhik [1, p. 39]) 
os(kx) m? mx x 


y = , O<x<2n 
Lp ы a a SN 


Employing the formula above and (5.4) with m — n and k — 2n 4 2, we find 
that (5.6) becomes 


JU ADEL (2n + 
fs GE $ cw D) et = ae = n(n * 1 — j)xj 
2 i j 
1 (п + 1\л? 1 (2n+2\n? 
= gl n 5 + zal ngi 5 (5.7) 


where 0 < x < z/(n + 1). First, 


j-0 j= J 
2n*2 (д 4-2 
= У с с y 
Ј=0 Ј 


= 0. (5.8) 
Next, from two applications of (5.4), we find that 


> iy (7t Nine ta 


= Оп +2) Y (— v(t) m+n $ cot?) 


1=0 


= (2° + ac w(7) — (n+ vov” ) 


2 
= (— v( і (5.9) 


Substituting (5.8) and (5.9) into (5.7), we find that 


fem 
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which is again equivalent to the desired result by the Legendre duplication 
formula. Г] 


пй) 


Let «, В > 0 with «B = п. Then 


vast + 0 LE "E res + X 1 


Entry 6. For n > 0, let 


Proor. Recall the Poisson summation formula. If f is a continuous function 
of bounded variation on [a, b], then 


У” /®= [ fo) dx + 2 2 ү f(x) cos(2nkx) dx, (6.1) 
a<k<b 
where the prime on the summation sign at the left indicates that if a or b is 
an integer, then only + f(a) or 4 f(b), respectively, is counted. 

Now ф(х) was studied by Ramanujan in [8], [16, pp. 53-58]. On page 54 
of [16] Ramanujan remarks that 


Г(п + їх)Г(п — ix) 


ф(х) = rg) 


This is not too difficult to prove; use the Weierstrass product formula for 
the quotient of I'-functions above, and after considerable simplification, the 
desired equality follows. We shall apply (6.1) with f(x) = o(fix), a = 0, and 
b = oo. By using Stirling's formula for |Г(п + ix)F(n — ix)|, as x tends to oo, 
we easily justify letting b tend to oo. Furthermore, for m real and n > 0, by 
Entry 15 in Chapter 13, 


|. У" Dorn sech?" m 


к ф(х) cos(2mx) dx = 2 Tw 


Hence, since ф(0) = 1, (6.1) yields 


> Я Ф(Вю) = = K ф(х) dx + 5 y А ф(х) cos(2nkx/B) dx 
2" k=1 B Be о 


x Г(п + 4) 2n 
- Ё Г) T È sech cp 


which is easily seen to be equivalent to the desired result. o 


Entry 7. Let a, B > 0 with «f = n and let z be an arbitrary complex number. 
Then 
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e? ^ Ja E + y p xw costa - VIE + Y ere cosh( fot). 
resi 


k-1 


Proor. Apply the Poisson formula (6.1) with f(x) = exp(—a?x?) cos(azx), 
а = 0, and b = œ. Now (Gradshteyn and Ryzhik [1, p. 480]), 


Е 2 1 2 
[| e ** cos(rx) dx = 5 F e "0 (7.1) 
" c 


where Re c > 0 and r is arbitrary. With the use of the above evaluation, all 
the calculations are quite routine, and the desired formula follows with no 
difficulty. L1 


Corollary. Let o, В > 0 with aB = n. Then 


fhe Seb nb fn] 


k-i 
Proor. Let z = 0 in Entry 7. П 


Note that the formula above is simply the functional equation for the 
classical theta-function. 
Entry 8(i). Let o, B, n > 0 with aß = n and 0 < Bn < л. Then 


о sinh(2xnk) c sin(2fink) 
«RC + BY ease = da соол) — {8 соц) — jn. 


Entry 8(1) arises from the transformation formulas of a function akin to the 
logarithm of the Dedekind eta-function. The first proof of Entry 8(i) preceded 
that by Ramanujan and was found by Schlómilch [1], [2, p. 156]. Later proofs 
have been given by Rao and Ayyar [1], J. Lagrange [1], and the author [6, 
Eq. (3.31)], [2, Eq. (11.21)]. 


Entry 8(1). Let x, B, n > 0 with aß = n and O < an < т. Then 


ES cos(2ank) c cosh(2Bnk) sin(an) 
à er 1) 2,0, ееп) t P Е 


Entry 8(ii) arises from the transformation formulas of a function that 
generalizes the logarithm of the Dedekind eta-function. Proofs have been 
given by J. Lagrange [1] and the author [6, Proposition 3.4]. 


Entry 8(iii). Let x, f, n, r, t > 0 with aß = n, r = nfl, and t = п/В?. Let C be 
the positively oriented parallelogram with vertices +iand +t. Let ф(2) be entire. 
Let m be a positive integer and put M = m + 1. Define 
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o(rMz) 
Sn(Z) = ger eee = 1)(е2" м2" T 1)’ 


and assume that f,(z) tends to 0 boundedly on C' = C — { +i, +t} as m tends 
to oo. Then 


zx nn Ta 00 La о (Bnki)+ o(—Bnki) 2 orn 
pe e?” k _ P> 2 k(e287# = 1) pu 
лїф(0) а2ф(0) M ano'(0)  Bnig'(0) — n?o"(0) 
E E Da S E oe 81) 


provided that all series above converge. 


The obviously very restrictive hypotheses on ф are of a technical nature. 
We could state these hypotheses more specifically, but an even lengthier 
statement of the theorem would be necessary. 


Proor. We integrate f,,(z) over С. On the interior of C, f, has simple poles 
at z= +ik/M and at z = tkt/M, 1 x k < m. Also, there is a triple pole at 
2 = 0. Straightforward calculations give 


. q(rki) 1 

R(ik/M) = Snik f = +1}, 
qo( —rki) 

2nik(e?"** — 1)" 


R(kt/M) = ж. ims йй i 


R(—ik/M) = 


2пік 


ара 


o(—rkt) 


К( КМ) = — gaat — ly 


where 1 < k < m. Now, 


In) = Gaps PO v OrMz + Lo"O)lrMz? +) 


iM 1 /nMzV 
x (1 + amz + dM)? e) 0 3 eb 


and so 


ФО) HeQ) 100) te ToO , te") 


R(0) = 
(0) 4 12 121 4л 4n 8л? 


Applying the residue theorem and letting М tend to со, we find that 
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o (rki) + (Srki) 2 e(rki & ọlrkt) + e(—rkt) 
lim falz) d. = p ai eae 7 PL ? г 2 m eem BE 1) 


тосо JC 


© p nip(0)  ntQ(0) лф(0) 
Qo Тоо SET 


E cn) rte" (0) 
2 2 4n C 


(8.2) 


By our hypotheses and the bounded convergence theorem, the limit on the 
left side of (8.2) is 0. Substituting r = nf and t = x/f? in (8.2) and rearranging, 
we deduce (8.1). o 


We next show that Entry 8(ii) is a special instance of Entry 8(iii). 

Let ф(2) = exp(2iz). Thus, o(ank) + p(— ank) = 2 cos(2ank) and o(finki) + 
ф(— Впкі) = 2 cosh(2fink). Since 0 < an < п, by a standard result found in 
Gradshteyn and Ryzhik's book [1, p. 38] and (5.2), we have 


k oo 2anki —2 
on) = У 5 = —Log{2 sin(an)} + i” — 


> 
I 
= 


Second, an elementary calculation gives 


e nk 


»E са шш) = 57 = Bn — Log{2 sinh(fin)]. 
Thus, | 
= a э lank) niọ(0) «?°?ф(0) 4 FeO 
Ds & k 3 6 6 
ы " Впіф'(0) п?ф"(0) 
2 2 4 


sin(an) 
= Log 4— 2102 rip. 
og il +n’ — ga? + ЕВ 


Hence, formally, Entry 8(ii) follows readily from Entry 8(iii). 

It remains to check the hypotheses concerning the parallelogram C. This 
is easily done by parameterizing each side of C. In the first quadrant, /,„(2) 
trivially tends to 0 boundedly on C’. The same is true on C’ in the second 
quadrant, but the hypothesis r > 0 is needed. Since 0 < an < л, f(z) tends to 
0 boundedly on that part of C’ in the lower half-plane. 


Corollary (i). Let х, B > 0 with aß = n?. Then 


1 
ртр (83) 


This entry is really not a corollary of Entry 8(ii); however, a proof can be 
given along somewhat the same lines. 
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Formula (8.3) was first established by Schlómilch [1], [2, p. 157]. Other 
proofs have been given by Malurkar [1], Rao and Ayyar [1], J. Lagrange [1], 
Grosswald [2], Sitaramachandrarao [2], and the author [6, Proposition 
2.11], [2, Eq. (11.7)]. In essence, (8.3) was also established by Hurwitz [1], [2] 
and Guinand [1], although neither author explicitly states the formula. 


Corollary (ii). Let о, B > 0 with aß = n?. Then 


Ша o) 1] _ 5-2ak 
ее-вп2 | 2 П 1-е | 
BJ uu eg 


PROOF. Let u, v > О with ир = л?. Write Corollary (i) in the form 


р 
dm газа A A a 


Integrate both sides of the equality above with respect to и over the interval 
[x, х] to obtain 


1 HN e ?** 2 00 k il e ?" (v/u) 
1 


1— e 2° 


n 


а-л 1 {* Я 
7M + 24 f (v/u) du +  Log(n/a). 


In the integrals that remain, make the change of variable и = z?/v. By the 
hypothesis, the limits л and а are transformed into л and fi, respectively. Thus, 
the last equality becomes 

а 1—-e?* а р 


1 
SSE = 
2à 51-67 


+ Log(f/a). 


Multiplying both sides by 2 and then exponentiating both sides yields the 
desired result. О 


Example. We have 


o k 1 1 
à кү “54 8л 


(8.4) 


This example is obtained from Corollary (i) by setting = ff = л. Ramanujan 
stated (8.4) as a problem in [3], [16, p. 326]. He later gave a proof of (8.4) in 
[7, p. 361], [16, p. 34] by using some formulas from the theory of elliptic 
functions. But, as already indicated, (8.4) was first established by Schlómilch 
[1], [2, p. 157]. Proofs of (8.4) have also been given by Krishnamachari [1], 
Watson [1], Sandham [1], Lewittes [1], [2], and Ling [3], in addition to the 
authors listed after Corollary (i). 


14. Infinite Series 257 


Entry 9(1). Let a, B > 0 with aß = n/2. Let h > 0 be chosen so that h/x > 1 and 
h/a is not an odd integer. Let m be the greatest odd integer that is less than h/a. 
Let n be an arbitrary real number. Let ф(х) be continuous and of bounded 
variation on [O, h] and define 


wit) = | ф(х) cos(tx) dx. (9.1) 


If x is defined by (0.1), then 


a Y. a sin(ank) p(ak) = 5 5 ЮК — m — W(Bk + n)}. 


PROOF. Let f be a continuous function of bounded variation on [a, b]. Then 
the Poisson formula for sine transforms (Titchmarsh [2, p. 66]) 


" b 
Y x(k) f(k) = 2 x(k) | f(x) sin(nkx/2) dx (9.2) 


is valid, where the prime on the summation sign on the left side has the same 
meaning as in (6.1). Let f(x) = ѕіп(хпх)ф(ах), a = 0, and b = h/a. Then 


Ў (0) sin(ank)o(ak) = > yb) | "aito d Ce pu OS) 


The integrals on the right side of (9.3) are easily calculated by (9.1) to complete 
the proof. O 


Entry 9 (ii). Let х, B, h, m, n, and ф satisfy the same hypotheses as in Entry 9(i). 
Define 


w(t) = | ф(х) sin(tx) dx. 


0 


Then 


a 


1 © 
x(k) со8(жпК)ф(хЁ) = =5 2. х k){W(Bk — n) + (Bk + n)). 


Ms 


k 


tt 
_ 


Pnoor. The proof is completely analogous to that for Entry 9(1). Г] 


Ramanujan stated Entries 9(i) and 9(ii) with the extra condition |n| < fi, 
but this hypothesis does not seem necessary. Entries 9(i) and 9(ii) are ana- 
logues of Entries 31(i) and 32(ii) in Chapter 13, respectively. 


Entry 10. Let x, B > 0 with aß = 7/4, and let z be an arbitrary complex number. 
Then 


е? fa } y(k)e  ** sin(azk) = B » y(k)e ^" sinh(fizk). 
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Entry 10 should be compared with Entry 7. 
Proor. Apply (9.2) with f(x) = e^*** sin(azx), а = 0, and b = oo. By (7.1), 


© 
| e ** sin(azx) ѕіп(лкх/2) dx = eve (27202) NAA?) __ „ага+л2)54ауу 
" a 


В/® eB? -27/4 sinh( zk). 
The entry now readily follows. g 


Entry 11. Let a, p > 0 with af = п, and let n be real with |n| < 8/2. Then 


k "n. w h(2 cosh(2fink) 


Proor. We shall use a transformation formula, Theorem 3(i), from the author's 
paper [4]. Because the statements of the relevant theorem and notation from 
our paper [4] would require considerable space, we kindly ask the reader to 
refer to [4]. 

Let V(z) = —1/z, r, = 0, and —1 <r, =r < 0. Then R, =r, R, = 0, and 
р = 0. Also, let s = —N = 1. By [4, Eq. (4.5)], we find that 


1 _ 
f*(z,1;0,r; 1, р) = 2лї +В, En ; 
8z 4 


where B, (x) denotes the first Bernoulli polynomial. It follows that 


3 
M Х()/*(, 1; 0, r; 1, i) = —mi. (11.2) 


We next calculate, for Im z > 0, 


Н,(2, 1; x; 0, n) r ay » х(Ю)е nik(mz+r)/2 + у Y (Кет r)2 


m-1k- m=1 k= 
к 
Непсе, 
Е cos(zkr/2) 
z !(—2ni/4)G() H,(— 1/2, 1; x; 0, r) = — 2 x(k) n / T (11.3) 
Next, we calculate, for Im z > 0, 
— 2niH,(z, 1; x; r, 0) 
= —2mi у у, y(m)e?rimtnz _ 2ni у у, y(m)e?r*m n: 
m-1 k-1 m-ik-i 
© 3 
= —4ni У cos(2nkrz) У x(j) У e2riktamt jy 
k=1 j=0 m=0 
мі ў cos(2nkrz) T 
i £i cosh(2nikz) (11.4) 
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Lastly, we need to calculate 2°, (1, у, т), where 
7, (5, y, r) = L(s, x, r) — e"^L(s, y, —r) 
and where, for Re s > 0 and a real, 


L(s, y, a) = m x(k)(k + ay“. 
Also define, for a, x real and Re s > 1, 
145, x, а, х) = >i e"? у) (к + а) °, 


where the prime on the summation sign indicates that the possible term 
k = —a 15 omitted from the summation. The functions L(s, y, a), (s, x, а), 
and L(s, x, a, y) possess analytic continuations into the entire complex s-plane. 
Now apply the functional equation for Lí(s, x, a, y) (Berndt [3, Theorem 5.1]) 
to get, for all s, 


LO — s, ~r, 0, у) = Г(5) (2/1)*(1/2)е "802.2, (s, у, r). 
Hence, 
LAL, y, r) = nL(0, —r, 0, у). (11.5) 


Now, for Re s > 0, 


L(s, —r, 0, ) = У e ""?y(k)k^s 


к= 


[еҷ 


— e ("r2 Y е? (АК + ys ce e 3тіт/2 Y e 7n (Ak + 3y* 
к=0 к=0 


z3 e "i247 pr, K s) = e nir 475 ( p, 3, 5), (1 1.6) 


where, for x, a real and Re s > 1, 


© 


ф(х, a, 5) = Y! е?" (К+ ay? 


denotes Lerch’s zeta-function. By analytic continuation, the extreme left and 
right sides of (11.6) are equal for all s. Now from Apostol’s paper [2, p. 164], 


ф(х, а, 0) = ; coti) +2, (11.7) 


Hence, from (11.5)-(11.7), 


wy jl d „|1 i 
27% (A,x, r= (т t = ; coti) — eg rir E = 5 cori 


= 2 sin(zr/2) {cot(zr) + i) 


is sec(nr/2). (11.8) 
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Substitute (11.2), (11.3), (11.4), and (11.8) into Eq. (4.6) of our paper [4] to get 


cos(zkr/2) 


an e л © соз(2лКг2) 
X д Xu —1 + oz sec(zr/2) = 2лї p 


1 cosh(2zikz) 


ni, 
where Im z > 0 and 0 < —r < 1. Now let z = їл/(2«?) and r = 2n/B, where 
«В = n. Thus, 0 < —n < B/2. Hence, 


. cos(ank) | . & cosh(2fink) 
— 4a? i 2 x( "m а a?i sec(an) = „ы? cosh(B2k) 


Multiplying the last formula by i/(4o) yields (11.1). Now note that both sides 
of (11.1) are even functions of n. Thus, (11.1) is valid for 0 < |n| < В/2 and, 
hence, by continuity, for |n| < 8/2. LI 


We remark that the differentiation of (11.1) with respect to n yields the last 
formula in our paper [2] after suitable redefinitions of the parameters. How- 
ever, it appears to be difficult to deduce (11.1) from the latter formula. 


Entry 12. Let a, В > 0 with aß = n/2, and let 0 < n < n/(2a). Then 


p SOME: eo pt Bnk) 
зво DX у pk 


g 
IMs 
= 


(12.1) 


ProoF. In our paper [6, Eq. (4.23)] we showed that if0 <r < 1 anda, f > 0 
with aß = 17/16, then 


jj ar) sinh(2frk) 
va È Bosh Qak) = 8 p x(k оною) ` ta) 


Replace « Бу «?/2 and fj by 32/2; hence, in the new notation af = z/2. Let 


r = 2an/n. Thus, we need 0 < n < л/(2о). With these substitutions, we easily 
find that (12.2) is transformed into (12.1). L] 


Corollary. Let о, B, t > 0 with aff = n/2 and t = a/B. Let C be the positively 
oriented parallelogram with vertices ti and +t. Let ф(2) be entire. For each 
positive integer N, define 


ЛО = и 


cosh(2xNz) cosh(2ziNz/t) ' 


and assume that Nfy(z) tends to 0 boundedly on C as М tends to oo. Then 


ik) — e(— ipk)j 
cosh(f?k) 


: Э zu {olak) — o(—ak)) 


jio uet =0. (123) 
cosh(a?k) к=1 

The above entry is not a corollary of Entry 12. In fact, as we shall see later, 

the converse is true. As with Entry 8(ї11), at the expense of brevity, the 


hypotheses on fy(z) can be made more explicit. 
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Proor. We integrate fy(z) over С. On the interior of C, fy(z) has simple poles 
at z = iQk + 1)/(4N) and at z = (2k + Dt/(AN), —2N x k < 2N. Straight- 
forward calculations give 

(—1)fe(iB(2k + 1)) 
2niN cosh ((2k + 1)n/(21)) 


R((2k + 1)/(4N)) = 
and 
(—1)*te(2k + 1) 
2nN cosh{(2k + 1)nt/2] 


R(Qk + 1)t/(4N)) = 


Applying the residue theorem and letting N tend to oo, we find that 


; & (—1)0{ф(@В(2К + 1)) — e(-iBQk + 1))} 
ee ES Ads P cosh ((2k + 1)at/2} 


оў CI toO + 0) = (Prk + D) 


Мэс 


Pen cosh{(2k + 1)nt/2) 
(12.4) 
Putting t = o/f in (12.4) and using the fact that Nf,(z) tends to 0 boundedly 
on C, we readily deduce (12.3). О 


Next, we show that Entry 12 is a corollary of the preceding entry. Let 
ф(2) = e, where n > 0. We see at once that (12.3) then reduces to (12.1). It is 
easily seen that the hypotheses on fy(z) are satisfied on the two sides of C in 
the upper half-plane. In the lower half-plane on С, Nfy(z) tends to 0 boundedly 
if and only if n < 2/(2a), which is precisely a hypothesis of Entry 12. 


Entry 13. Let o, В > O with af! = n?, and let n be an integer greater than 1. Then 


oo 2А 1 
Ота BY È oe 


5 
= {о — (—py}—. 


Entry 13 is stated without proof by Ramanujan in [13, р. 269], [16, р. 190]. 
The first published proof known to the author is by Rao and Ayyar [1]. 
Malurkar [1] and Hardy [3], [7, pp. 537—539] gave proofs shortly afterward. 
Later proofs were found by Nanjundiah [1], J. Lagrange [1], Grosswald [2], 
Sitaramachandrarao [2], and the author [2, Eq. (11.10)], [6, Proposition 2.6]. 


быиу Y 5 | 
rolar А Say атса 
ОМагу ЧА du oink р 504 


© k? 1 
Corollary (ii). ) = = —. 
orollary (ii) p omk} 264 
wo [1З 1 
Corollary (+). Sum xc 
orollary (iii) 2 otk] 24 
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Corollary (iv). If n is a positive integer, then 
iE 


со В a 
LE ann 


If « = f = л and n is odd, then Entry 13 reduces to (13.1) if n is replaced 
by 2n + 1. Corollaries (i)- (iii) are special instances of Corollary (iv). Corollary 
(Ш) was communicated by Ramanujan іп a letter to Hardy [16, p. xxvi]. 
Sandham [1] also proved this special case. M. V. Aiyar [1] and Ling [3] 
established Corollaries (1)—(111). The more general Corollary (iv) was actu- 
ally first proved earlier by Glaisher [3] in 1889. In addition to the authors 
who have proved Entry 13, Corollary (iv) has also been established by 
Krishnamachari [1], Watson [1], Sandham [2], and Zucker [1]. 

As usual, let o,(n) = Y 4, d". It is easy to show that 


d" 


(13.2) 


where y > 0. Thus, Entry 13 may be rewritten in terms of the left side of (13.2). 
In this form, Entry 13 was established in Hurwitz's thesis [1], [2] in 1881 and 
may be even older than 1881. Later proofs were found by Koshliakov [1], 
Guinand [1], and Chandrasekharan and Narasimhan [1]. 


Entry 14. Let o, В > 0 with aß = x’, and let n be a positive integer. Then 
2n-1 2n-1 


У k 
i à x(k) cosh(a ohea ^ В) > x(k) cosh(Bk/2) ^ = 0. (14.1) 


Entry 14 has been established by Malurkar [1], Nanjundiah [2], and the 
author [6, Proposition 4.7]. 


Corollary of Entry 14. If n is a positive integer, then 
o (—1)*(2k + 1"! = 
io cosh{(2k + 1)л/2} _ 


(14.2) 


If « = f = л and n is even in (14.1), then (14.1) reduces to (14.2) upon the 
replacement of n by 2n. 

This corollary was, in fact, first established by Cauchy [1, pp. 313, 362]. 
Ramanujan stated (14.2) as a problem in [2]. In addition to the authors who 
have proved Entry 14, (14.2) has been established by Rao and Ayyar [2], 
Chowla [1], Sandham [2], Riesel [1], and Ling [3]. 


Entry 15. Let о, В > 0 with aß = n?/4. Then 
2 У x(n)tan (e^) + 2 У x(n) tan"! (e ^") 
n-i n=1 


sech m sech( ah л 


+} x0) = (15.1) 


= Yao 


n=1 
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Proor. A proof of the rightmost equality in (15.1) has been given by Malurkar 
[1], Nanjundiah [1], and the author [6, Proposition 4.5]. 
The leftmost equality in (15.1) follows from 


y yii Bpod =2 y хіп) о-у Y (— 1e 2% 
n=1 n n=1 M k=0 


oo 


=2 Y x(k) tan" (e^), 


k=1 


where y > 0. Г] 
Corollary. We have 


Y, x(n) tan * (e?) = п/16. 
п=1 


The corollary follows trivially from (15.1) upon setting a = fj = л/2. Rao 
and Ayyar [2] have also established this result. Chowla [1] has proved some 
formulas similar in appearance to (15.1). 


Entry 16(i). Let m and n be nonnegative integers. Then 
пе: ы ie Г(т + 3T (n + 2) 
0 x 20 (m+n-+ 1) 


9 of, 2n+2 
sin x 
= z~ cos?" x dx. 
0 X 


Readers should compare the formulas for m = 0 with Entries 5(1), (ii). 


Proor. The first equality can be found in Gradshteyn and Ryzhik's tables [ 1, 
p. 457], but since the second is not in [1], we give a brief proof. (A proof of 
the first equality can, in fact, be given along the same lines.) Let the integral 
on the right side above be denoted by I(m, n). We induct on m. For m — 0, 


Г(5)Г(п + 3) 
Wn +1) ' 


by the tables of Gradshteyn апа Ryzhik [1, р. 446]. Proceeding by induction, 
we have 


ЦО, п) = 


I(m, n) = Қт — 1, n) — Қт — 1, n + 1) 
Г(т – 3)Г(п +3) FPF(m-3ram-3) 
2Г(т + п) 2T (m + n + 1) 
| T(m + 3T(n 4 3) 
2T(m - n 1) ' 


and the proof is complete. Ll 
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The equalities below with p = 0 should be compared with Entries 5(1), (ii). 


Entry 16(ii). Let n and p be nonnegative integers. Then 


© sin2"*! x Jn I'(n + 1)Г(т + 2) 
—————— cos(2px) dx = (— 1)? 
f : cos(2px) dx = (— 1) 2 T(n— p-- (nt p +1) 


© sin?"*? x 
= | — z cos(2px) dx. 
0 


Proof. We prove the first equality; the proof of the second is virtually the 
same. Let I (n, p) denote the integral on the left side above. For р = 0, the pro- 
posed formula is true by Entry 16(i). Thus, we assume that p > 0 for the 
remainder of the proof. We induct on n. For n = 0, it is easy to show that 
I(0, p) = 0(Gradshteyn and Ryzhik [1, p. 414]), which agrees with the proposed 
result. Using the identities 2 sin? x = 1 — cos(2x) and 2 cos(2x) cos(2px) = 
cos (2(p + 1)x} + cos(2(p — 1)x}, we find that, by the induction hypothesis, 


Kn, p) = 3I(n — 1, p) — il(n — Ll, p + 1) – 1(n — 1, p — 1) 


NN 
= — z TNT blz — pr (n + p) 


1 1 
tpt a a 


(ут Гн + Гн +4) 
7 2l'(n — p 4 1) (п +р+ 1)' 


after several applications of the functional equation of T(z). g 


Entry 17(i). Let a, B, n > 0 with aß = 2n. Suppose that п/(20) is not an integer, 
and let m = [7/(2ә)]. Let p be real. Then 


el + Э cos" (xk) сохан] 


_ “| 1 
O 2H Ги + p+ Ги p + 1) 


20 1 
+ à (sas — p + Bk) + 1T {a(n + p — Bk) 1j 


1 


Proor. By Stirling’s formula, the right side of (17.1) converges absolutely for 
п> 0. 

Apply the Poisson formula (6.1) with f(x) = cos"(«x) cos(apx), а = 0, and 
b = n/(2a). After a simple change of variable, we find that 
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1 т 1 n/2 
= + Y, cos" (ak) cos(apk) = — f cos" t cos(pt) dt 
2 т € Jo 
2 oo n/2 
t-Y | cos" t cos(pt) cos(Bkt) dt. (17.2) 
®к=1 Jo 
Now for v > 0 and arbitrary a (Gradshteyn and Ryzhik [1, p. 372]), 
«i2 nT(v + 1) 
v-1 dx = . (17.3 
[| оз жеоо) =з Т eT a Une 
If we calculate all the integrals in (17.2) with the aid of (17.3), we arrive at (17.1) 
forthwith. Г] 


Entry 17(ii). Let a, B, n > 0 with aß = т/2. Suppose that n/(2a) is not an odd 
integer, and let m = [n/(2a)]. Let p be real. Then 


х » x(k) cos" (ak) sin(apk) 


= 
І 
- 


лпі 2 1 
= 333 2. X) ira —p4 Bk) гир Bk) + 1) 


1 
Tin + p+ pk) + DT f$(n — p — Bk) + ma (17.4) 


Proor. As before, the series on the right side of (17.4) converges absolutely 
for n > 0. 

Apply the Poisson formula for sine transforms (9.2) with f(x) = 
cos"(ax) sin(xpx), a = 0, and b = n/(2a). After a simple change of variable, we 
find that 


Y. (к) cos" (xk) sin(apk) -: Y ie [^ cos" t sin(pt) sin(Bkt) dt. (17.5) 
k=1 0 


әт 
1 
ra 


If we calculate the integrals in (17.5) with the use of (17.3), we deduce (17.4) 
immediately. Г] 


Corollary 1. Let х = л/(п + j), where n and j are positive integers of opposite 
parity. Let m = [n/(2a)]. Then 


ME oamp CER 
> + à cos?" (xk) = Sage (17.6) 


Proor. In Entry 17(i) replace n by 2n and let p = 0. Let 2f,(a) denote the 
infinite series on the right side of (17.1); that is, 


co 1 
f) = à Г(п + 1+ kn/o)T'(n + 1 — krja) 
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Since f,(a/(n + j)) = 0, we see that (17.1) reduces to 


I. т , т [п 
Zr + 2 cos? ею} = za). 


which can be transformed into the desired result by the use of Legendre's 
duplication formula. o 


In fact, Ramanujan claimed that (17.6) is valid for 0 < х < n/(n + 1), that 
is, (0) 80, 0 € a x л/(п + 1), provided that x/(2«) is not an integer. (Of 
course, for х = 0 the result is false.) In general, f,(x) does not vanish for all х 
in (0, л/(п + 1)), as the following counterexample shows. 

Let n = 1 and put f(a) = fi(x). Let x = 22/5 < n/2. Then 
1 

к=1 Г(2 + 5k/2)T (2 — 5k/2) 

" Y 1 

"4A (1 — (Sk/2)) (5k/2)F (Sk/2)T (1 — 5k/2) 
Е Э sin(51k/2) 

© 5n i£ (1 — (Sk/2?)k 

d 3 (— 1)* 

T Sa X. (1 — {5(2К + 1)/2}2)(2К + 1) 


A 


f(2n/5) = 


The latter series can be evaluated by the residue theorem. Let 
ѕес(л2) 
{1 — (52)2}2' 


which has simple poles at z = 0, +4, and (2k + 1)/2, where k is an integer. 
Routine calculations give 


RO=1,  R(j)- —7sec(x/5) = К(— 


h(z) = 


) 


Mn 


and 
2(— pre 
(1 — (5Qk + 1)/2}?)(2k + 1) 
Integrate h(z) over a positively oriented square C, with center at the origin 


and horizontal and vertical sides of length 2n, where n is a positive integer. 
As n tends to oo, 


R(Qk + 12) = 


| h(z) dz = о(1). 
с 


n 


Hence, applying the residue theorem and then letting n tend to oo, we find that 
f(2n/5) = 45(1 — sec(n/5)) # 0, 


which disproves Ramanujan's claim. 
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Corollary 2. Let х = x/(n — j), where п and j are integers of opposite parity 
such that n > 0 and 0 < j < (n — 1/2. Let m = [n/(2a)]. Then 


Pom o gU vna (G +4) 2(n!) 
Zr Tone eos ею} = Dal fı tairo nsis =} 
(17.7) 


Proor. In Entry 17(i) replace n by 2n and let p = 0. After some manipulation, 
we find that 


Zr + Y costa 
_ JT (n +4) 20и!) А | 
Qn! fi урра ee 
where 
e 1 
Gn(%) = LF 


къ Г(п + 1+ kra) (n + 1 — krja) 


For х = z/(n — j, 0 x j x (n — 1)/2, д„(®) = 0, and so the proof is complete. 
О 


Ramanujan, in fact, claimed that (17.7) is true for n/n < a < 2n/(n + 1), that 
is, g,(a) = 0, n/n x a x 2n/(n + 1), provided that л/(20) is not an integer. 
Again, this claim is false, in general, and we give a counterexample. 

Let n = 3 and put ж = 22/5; so n/3 < a < n/2. Then 


© 1 
gsCn/5) = 2 Г(4 4 Sk/2)T (4 — 5k/2) 
2. (-1* 
© 5n £ P(Qk + 1)/2)(2k + 1)’ 


where P(z) = (9 — 25z?)(4 — 25z?)(1 — 25z?). This series can be evaluated by 
the same method as used in the previous counterexample. Accordingly, we 


find that 
1 (4-4/5 4*7 
27/5) = = 0 
gs(2n/5) 51 45 ^ i 


which disproves Ramanujan’s claim. 


Entry 18. Let a,, bns рь, q,, Р, and О, be complex numbers with a,b, # 0. Let 
x and у be complex variables with xy % 0. Let 


E P, E Qn 
аттатат 
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Then 


P 
oyy) = Y — «(Ez о, -o(#), (18.1) 


n Py — A,X а,х п Qn — п 
where it is assumed that at least one of the two double series on the right side 


of (18.1) converges absolutely. 


Pnoor. Without loss of generality, assume that the latter double series on the 
right side of (18.1) converges absolutely. Inverting the order of summation 
below by absolute convergence, we have 


Р, zr) Q; (2) 
+ 
E acu by 


= -y Qran x + 0, P by _ 
"n Pn — „Хх a.qyX — bypuy T 4, ~ Diy Бр„у— ах 
= P, | О,а,х 0,5, у(р, a а,х) | 
т Dn — dX (аф х—һр„у (4 — Dyk Pny — ani X) 
= Р, о, 
п Pn — 9х E dy — У 
= ф(х)(у). m 


Despite the simplicity of the result above, Ramanujan found many inter- 
esting applications of it, as we shall see in the sequel. However, each of the 
following corollaries may be alternatively established by using partial fraction 
decompositions directly and not employing Entry 18. The following entries 
are valid except for obvious singularities which we shall not state. 


Corollary 1. Let 0 and ф be real with |9|, || < п. Then for n, x, and y complex, 
with x/y not purely imaginary, 


2,2... c08(8nx) cosh(ony) ТРЕТ у (— 1}'k соѕ(кф) cosh(k0x/y) 
ѕіп(лих) sinh (zny) y Ky (k? + n*y?) sinh(xkx/y) 
— cost) cosh(key/x) 
—2 ; 
my Do ?x?) sinh(aky/x) 
Pnoor. For |0| x n (Knopp [1, p. 377]), 
пих соѕ(Өпх) _ 12у? y ( Y cos(k0) 
sin(znx) кеге k(nx — k) 
Similarly, for || < л, 
ппу соѕћ(фпу)  inny cos(ipny) | — 1} соѕ(кф) 


РЕ 2,2 
sinh(xny) sin(ixny) m p- k(iny — К) 
#0 
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Define the functions q, f, y, and g by 


mnx cos(Onx) 


pur ѕіп(лих) uu x 
and 
_ ппу соѕћ(фпу) _ m 
(у) = БЕЛТ Г T 1 = g(y) 


Thus, in the notation of Entry 18, P, = n?x?(—1)* cos(k0), p, = —k?, a, = 
—kn, Q, = —n?y?(— 1} cos(kg), а, = —k?, and b, = — ikn. Applying Entry 
18, we find that, for |0|, || < x and y/x not purely imaginary, 


л?п?ху cos(@nx) cosh(gny) 


ф(х) (у) = Ө (ХНТ Јо) — gly) * 1 
© (—1)*К cos(k@) cosh(koy/x) 
-— 1— 1 2 
Oro рер. © е жк a] 
kzo 
ЖА $ (—1)*k cos(k@) cosh(k0x/y) 
y ko (kiny — К) sinh(nkx/y) 
k#0 

which yields the desired result after some simplification. o 


Corollary 2. Let 0 and ф be real with |0|, |p| < n/2. Let n, x, and y be complex 
with y/x not purely imaginary. Then 
x sin(@nx) sinh(gny) 
4n? cos(nnx/2) cosh(nny/2) 


x(k) sin(ko) sinh(k0x/y) 

1 k(k? + n2y?) cosh(nkx/(2y)) 

о (К) sin(k0) sinh(kgoy/x) 
mL k(k? — n?x?) cosh(aky/(2x))’ 


2 


= у 


"ids 


(18.2) 


Proor. The set of functions sin{(2k + 1)0}, 0 < k < oo, is orthogonal and 
complete on [ — 2/2, 1/2]. An elementary calculation gives the Fourier series 
of sin(0nx) with respect to this orthogonal set. Accordingly, we find that, for 
10| < x/2, 

sin(@nx) 2 (—1)**! sin {(2k + 00) 
х соѕ(лпх/2) пх, nx + 2k + 1 


ф(х) = 


Similarly, for |ф| < 7/2, 


sinh(pny) ___sin(igny) ^ 2i = (—lfsin(Qk + 1)ф) 
ycosh(mny/2) іу cos(inny/2) пу ho iny+2k+1 ` 
Apply Entry 18 to ф(х) and y(y) as defined above. Then P, = (2/(nx)) x 
(= 1) sin{(2k + 1)0}, p=2k+1, a =—n, Qy,-Qi/ny)(—-U* x 
sin{(2k + 1)ф), q, = 2k + 1, and b, = — in. A straightforward application of 
Entry 18 yields (18.2) for |8|, [Ф| < x/2. By continuity, (18.2) holds for |0], 


le| < 7/2. О 


Ф(у):= 
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Corollary 3. Let 0 and ф be real with |0|, |ф| < 2/2. Let n, x, and y be complex 
with y/x not purely imaginary. Then 


л соѕ(дпх) sinh(gny) 
4 sin(anx/2) cosh(zny/2) 

Qy 54 & (-IF' sin(Qk + 1)ф) cosh((2k + 1)0x/y} 
2x "У ee (Ok + D(Qk + 1)? + ny?) sinh(Qk + 1)лху(2у)} 
© (—1)**! cos(2k8) sinh(2k@y/x) 
к=! 2k {(2k)? — n?x?} cosh(aky/x) ` 


ta (18.3) 


PROOF. We first calculate the Fourier series of cos(@nx) with respect to the 
complete orthogonal set cos(2k@), 0 < k < oo, on [—2/2, n/2]. Accordingly, 
we find that 


соѕ(дпх) 2 2 (1) соѕ(20) 


х ѕіп(лих/2) пху. их + 2k 


Define ф(х) = соѕ(дих)/(х ѕіп(лих/2)) — g(x), where g(x) = 2/(лпх?). Thus, in 
the notation of Entry 18, P, = (2/(nx))( — 1} cos(2k0), p, = 2k, and a, = —n, 
where k 0. Let (у) be as in the previous corollary. Thus, by Entry 18, for 
|0], |p| < 7/2 and y/x not purely imaginary, 


cos(@nx) sinh(gny) 


xy sin(nnx/2) cosh(nny/2) _ V)go9 


о (—1YX соѕ(20) sinh(2koy/x) 


n 
= f(x, у) + лу D k(nx + 2k) cosh(zky/x) 
£ 


2in & (—1)"! sin{(2k + 1)ф} cosh{(2k + 1)Өх/у} 
пх k= o (2k + 1)(iny + 2k + 1) sinh{(2k + 1)лх/(2у)}” 


(18.4) 


where 


4iny ў (—1) sin{(2k + De} 
л?х? kto (iny + 2k + 1)(2k + 1)? 


f(x, y) = 


3 e 4iny & (—1)'sin{(2k + lo} 1 1 

= 909000) + nix? 2 iny - 2k +1 la: + 1)? t а 
о. 8 = (—D* sin{(Q2k + 1g} 

= g(x)y (y) + л?х? 2 Qk + 1)? 

"M 2Ф 

= goy) + —. (18.5) 


In this last step, we have used the Fourier series of ф with respect to the 
complete orthogonal set sin{(2k + 1)ф}, 0 € k < œ, on [—7/2, л/2]. If we 
substitute (18.5) into (18.4), we obtain (18.3) for |@|, |p| < 2/2, after some 
simplification. By continuity, (18.3) is valid for |0|, [Ф| < 2/2. o 
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Entry 19(i). We have 
x?xy cot(zx) coth(xy) 
о ncoth(znx/y) e ncoth(zny/x) 


=1+2 2 5, 19.1 
+ 2лху 9 iia? TXY 2 у (19.1) 


We have stated Entry 19(i) with no hypotheses because, in general, the two 
series on the right side of (19.1) do not converge. Ramanujan evidently used 
Entry 18 to derive Entry 19(1), and so we formally derive Entry 19(i) in this 
way. From (1.9), we have 


nx солх) = 1 + x? -————у (19.2) 
апа 


Е 1 
th =1 2 =. 
пу coth(xy) +y кз cq 
n#0 
Apply Entry 18 to ф(х) = nx cot(zx) — 1 and y(y) = пу со (лу) — 1. Ig- 
noring the fact that the resulting two series on the right side of (18.1) diverge, 
we arrive at (19.1) quite easily. 
R. Sitaramachandrarao [1], [2] has found a corrected version of Entry 
19(i), namely, 
2 € coth(znx/y) 
?xy cot (лу) = 1+ (y? — x2) — 2nxy? У CO 
л?ху cot(nx) coth(zy) 3 (y? — x?) — 2nxy 2, "UNT 
© coth(zny/x) 
— 2nx? ——————=-, 19.3 
са n n(n? — x?) Hun) 


We give Sitaramachandrarao's proof. From (1.9), 


n?xy cot(nx) coth(zy) 
eo i ТЕ. 
=(14+ 
= =— 


© 2 2 
=1423 (37 5 4 ) 


-n yt.m 


© 1 х? y? 
+ 42у? У ( 2 2 2 


ты MX? + my f'AxX?— п? yt 


© xi у? 
-1+2 (3 +a) 


20 2 th(zny/x) 1 
ду? х лсо | 
TO " x^ zi 2ny/x 2n?y?/x? 
Ax? юс y лт coth(rmx/y) 1 
5 х — 
mai у? + т? 2тх/у 2т?х?/у? 
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oo x у? y* 
2 CNN 
x jos = п? R(x — п?) % у? + п? n*(y? + п?) 
coth(nny/x) _ 2 coth(znx/y) 
ху у 5 n(x? — п?) idi) re п(у? + п?) 
© со (лпу/х) 


2nx? A at Sd 
PES p n(n? — x?) 


=1+ у? — x?) — 2nxy? > мо 


which completes the proof of (19.3). 


Entry 19(ii). Let x and y be complex numbers such that x/y is not purely 
imaginary. Then 
1? xy сво(лх) esch(zy) 


æ (—1)"п сѕсһ(лих/у) — 1n кыш 


= Í + 2лх 
yd y 


— 2nxy 5: 


п? — x? 
Proor. From Whittaker and Watson’s text [1, p. 136], 
а (-1) 


ф(х) := mx сзс(лх) - 1 =x? У MET 


n#0 
and 
x: = = 1)" 
ф(у):= ny сзс(луу—1=у* Y 
„п? — inx` 
"RFO 
Apply Entry 18 with ф(х) апа w(y) as defined above. Thus, P, = (—1y'x? 
Pa = —n’, a, = —n, 0, = (— s q, = n?, and b, = in. Hence, 
—1 
ey y= Y СЇ” fe csch (= ) - ] 
no пх – и? ix х 
n#0 
© (—1Y [ninx ninx 
2 
1». 
ш o зс y Vy 
n#0 
The completion of the proof is straightforward, and we omit it. П 


Entry 19(iii). Let x and y be complex numbers such that y/x is not purely 
imaginary. Then 


1 tan(zx/2) tanh(zy/2) 


tanh (n + 1)nx/(2y)] e tanh{(2n + 1)лу/(2х)} 


Е т Спурт, o (2n + 1){(2n + 1? — х?) 


iM 
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Proor. From Gradshteyn and Ryzhik’s tables [1, p. 36], 


1 2 i 1 
=t 2) = – ; 
09 x anpra) TX P 2п+1+х 


апа 


5 


j æ 1 
t h(xy/2 ; 

(у) := - tanh(zy/2) = ту = y lay 
where the prime on the summation sign on each right side above indicates 
that the sum is to be interpreted as іту... У ^к. Apply Entry 18 to ф(х) 
and wW(y) as defined above. Thus, P, = —2/(xx), p, = 2n + 1, a, = —1, 0, = 
2i/(ny), 9, = 2n + 1, and b, = — i. Hence, 


2 = tanh{(2n + 1)лу/(2х)} 


eeu S E onc лл x) 


2i & tanh(Qn + 1)лх/(2у)} 
ПХ 4S2, (2n + 1)(Qn+ 1-4 iy)’ 


and, after a little simplification, the desired result follows. o 


Entry 19(iv). Let x and y be complex numbers such that y/x is not purely 
imaginary. Then 


ч ѕес(лх/2) sech(ny/2) 


n)n ыш y(n)n sech шло). 
n? + у? t n? — x? 


eo 
п=1 
Pnoor. From (1.2), 


22 (I 
p(x) := sec(nx/2) = » p 2n : T x 


and 


2 8 = р” 
dou А P 


(19.4) 


Apply Entry 18 with ф and y defined as above, and we readily obtain the 
desired result. О 


Entry 19(v). Let x and у be complex numbers such that y/x is not purely 
imaginary. Then 


i cot (1x/2) sech(xy/2) 


x о x(n) кй sech( (тй) 


nal п? + у? с (2п)? — х? 
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Proor. From (19.2), 
x & 1 


ф(х) := cot(nx/2) Sige a rey, gee 
nzo 

Apply Entry 18 to ф(х) given above and (о w(y) given by (19.4). Hence, 
(xy (у) = 


x = sech(zny/x) 


2л „2. nx/2— п? 
n#0 


25 0 (—1)" лЇ(2п + 1)x 2iy 
nae Q2n+1+iy {eor( 2y )u sd 
4x г 
ER 2 (2и)? — 
y (— 1)" coth{(2n + 1)nx/(2y)] 


4у 
п 56 (Qn + 1)? + y? 
4 


= _ (—1)" iy 
1+ Р 
vu eR m 2n +1 
The last series above reduces to twice Gregory's series for 1/4. Hence, after a 
little simplification, the formula above reduces to the desired result. o 


sech(zny/x) 
x2 


2 
ѕесһ(лу/2) 
х 


After Entry 19(v), Ramanujan remarks that similar formulas can be derived 
for tan(zx/2) coth(zy/2) and sec(xx/2) coth(zy/2). 


Entry 20(i). We have 


Е th 
л?т? cot(nz) coth(nz) = 1 — 4nz ‘È "ео 


Note that if we set x = y =z in (19.1), we obtain the equality above. 
However, as previously observed, the two series on the right side of (19.1) do 
not converge for x = y. A correct proof of Entry 20(1) is obtained from setting 
x= y = z in (19.3). 


Corollary. We have 
E , cosh (nz4/2) ) + cos( (nz4/2) ШОКК ж ле ш 


cosh (nz4/2) — cos( (nz4/2) i nt + z4 
Proor. In Entry 20(i) replace z by е". We see that we must calculate 
cosh(nz(1 — i)/,/2) cosh(nz(1 + i)/,/2) 
sinh(nz(1 — i)/,/2) sinh(nz(1 + i)/,/2) 
Е соѕћ(л2,,/2) + cos(nz4/2) 
= cosh(nz,/2) — cos(mz,/2) 


The desired equality now follows. О 


i cot(ze™*z) со (лет) = 
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Entry 20(ii). We have 


= (— In csch 
л?2? csc(nz) csch(nz) = 1 — 4nz* У с 
n=1 or 


Proor. Let x = y = z in Entry 19(ii), and the result follows. О 


Corollary. We have 


2n^z* band y гы een m 
cosh(nz 4/2) — сов(лг,/2) n=l n +2 


Pnoor. In Entry 20(ii) replace z be e""^z, Use part of the calculation in the 
proof of the corollary of Entry 20(i), and the desired result easily follows. 0 


Entry 20(iii). We have 


= (2n + 1) tanh{(2n + 1)л/2 
єз tan(nz/2) tanh(nz/2) = X d c ts Ber 


Proor. Put x = y = z in Entry 19(in), and the result readily follows. О 


Corollary. We have 


л cosh(nz/J/2) — cos(mz/,/2) = (2n + 1) tanh {(2n + 1)л/2} 
82? cosh(nz/,/2) t cos(nz/, /2) п=0 (2n + 1)* + z* | 


Pnoor. Replace z by е"! in Entry 20(iii). The calculation that is needed is 
precisely of the same type as that given in the proof of the corollary of Entry 
20(i). o 


Entry 20(iv). We have 


Z sec(nz/2) sech(nz/2) = Ў мы а 
8 п=1 П —z 


Proor. Let x = y = z in Entry 19(iv), and the result follows forthwith. O 


Corollary. We have 


XH Ste) 
cosh(nz/,/2) + cos(nz/, /2) п=1 А п +24 7 


Ркооғ. The corollary follows from Entry 20(iv) upon the replacement of z by 
е" and from the calculation in the proof of Entry 20(i). o 


Entry 21 (i). Let x, 8 > 0 with «f = x^, and let n be any nonzero integer. Then 
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ко?" 1 
XC EDD 2x == 


—2n-1 
-(- кок У | 


m S ( ‚Вк Bont 2-2 "E 
(2k)! (2n + 2 — 2k)! : 


where В, denotes the jth Bernoulli number. 


Entry 21(i) is perhaps the most well-known result in Chapter 14. For 
х = В = л and n odd and positive, the theorem is first due to Lerch [1]. A 
proof of the more general Entry 21(i) was first given by Malurkar [1]. Other 
proofs of the aforementioned special case or of the full result have been given 
by Grosswald [1], [2], Smart [1], Katayama [1], [4], Riesel [1], S. М. Rao 
[1], М. Zhang [1] (see also the paper of М. Zhang and S. Zhang [1]), 
Sitaramachandrarao [2], and the author [5], [6]. Several other authors have 
established transformation formulas from which Entry 21(i) readily follows. 
Thus, although Entry 21(i) was not explicitly stated by them, Guinand [1], 
[2], Apostol [1], Mikolas [1], Iseki [1], Chandrasekharan and Narasimhan 
[1], Glaeske [1], [2], Bodendiek [1], and Bodendiek and Halbritter [1] have 
essentially proved Entry 21(i). For a more detailed discussion of this formula, 
see the author's expository paper [1]. Lastly, note that for n « — 1, Entry 21(i) 
yields Entry 13 (with n replaced by — n). 

Many generalizations of Ramanujan's formula for ((2n + 1) have been 
given. First, analogues have been established for L-functions by Berndt [4], 
Katayama [2], [3], and Toyoizumi [2], [3]. A special case is Entry 21(iii) 
below. Other generalizations have been found by Katayama [3], [4], Goldstein 
and Razar [1], and Nagasaka [1]. Some related formulas have been derived 
by Terras [1]. 

Matsuoka instigated a series of papers by himself and Toyoizumi in a 
different direction. Each [1], [1] first established formulas for ¢(s) at half- 
integral arguments. Matsuoka [2] generalized his result for rational argu- 
ments. Toyoizumi [2], [3], [4] found some analogous results for L-functions 
and Dedekind zeta functions attached to imaginary quadratic fields. 

Interesting applications of Entry 21(i) and some of its corollaries have been 
made by P. Kirschenhofer and H. Prodinger [1] to the analysis of special data 
structures and algorithms. 


Entry 21(ii). Let a, B > 0 with aff = n?/4. Let n be any integer. Then 
sech(ak) jet pk) 

v Y M D eC BYt Y e 

_ T : EE Ex, Е.ә, п-к рк 

SUD 01 Оп 201 P^ 

jth 


ty © 


where E; denotes the uler number. 
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Note that the latter equality in Entry 15 is the case n = 0 of Entry 21 (ii). 
Also observe that Entry 21 (ii) reduces to Entry 14 when n < 0. (The parame- 
ters n, х, and f must be replaced by — n, «/2, and 8/2, respectively, to obtain 
Entry 14.) 

Proofs of Entry 21(ii) have been given first by Malurkar [1] and then by 
Nanjundiah [1] and the author [6, Proposition 4.5]. 

For Re s > 0, let 


L(s) — у Хх(т)п^*. (21.1) 


Note that L(s) is the Dirichlet L-function associated with the primitive charac- 
ter y and so can be analytically continued to an entire function. 


Entry 21 (iii). Let x, B > 0 with aß = n?, and let n be any integer. Then 


x(k 
min da (2n) + > p 


dpt oo 1 
(0271 — £ k”  cosh(fik) 


1 & (—1# Eas В„ж „окыр 
42%) 2 Oo Gn E Л 


The first published proof of Entry 21 (iii) was given by Chowla [1, Eq. (1.2)]. 
The author [6, Eq. (3.20)] has also given a proof. (Unfortunately, formula 
(3.20) contains an error; replace (8/8) by B**1/22~** at the end of (3.20).) Entry 
21 (iii) also follows from results of Katayama [2], [3]. 


Entry 22(i). Let x and y be complex numbers with y/x not purely imaginary. 
Then 


, cosh {n(x + y) /2) +.cos {x(x — Y/R- — cosh {x(x — y- —cos {x( (x+y)/2} 
пху 
{cosh(nx,/2)— —cos( (nx./2)} {cosh(ny,/2)— cos(ny./2)} 


о n coth( (nnx/y) | 0 п coth(any/x) 
= 2 4nx Bien детс See ne 3 
Ое РЕТ: 


(22.1) 


Proor. Let 
zf(z) = п? cot(nzx) coth(zzy) and zg(z) = л? cot(zzy) coth(nzx). 
If we expand f(z) and g(z) into partial fractions, we obtain 


n coth(any/x) 


2 со 
sy fle) +00) = 5 aay Ў ME 


ae l— TA 


— н“ 
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If z — 1, the equality above becomes 
n’xy{cot(zx) coth(zy) + cot(zy) coth(zx)} 
"cdi кош yy ee (22.2) 
n=1 п —х п=1 


Replace x by ex and y by e™*y in the formula above. The right side of 
(22.2) then becomes the right side of (22.1). On the left side of (22.2) we have 


7 fone — ia) cosh(b + ib) | cosh(b — ib) cosh(a + al 


sinh(a — ia) sinh(b + ib) sinh(b — ib) sinh(a + ia) 
1?xy(F(a, b) + F(b, a)) 


G(a, b) ; (22.3) 
where a — nx/./2, b= ny/A/2, 
F(a, b) = cosh(a — ia) sinh(a + ia) cosh(b + ib) sinh(b — ib), 
and 
G(a, b) = sinh(a — ia) sinh(a + ia) sinh(b — ib) sinh(b + ib). 
Now, 
F(a, b) = 4{sinh(2a) + i sin(2a)] {sinh(2b) — i sin(2b)}, 
and so 
F(a, b) + F(b, а) = i(sinh(2a) sinh(2b) + sin(2a) sin(2b)} 
= 4(cosh{2(a + b)} — cosh{2(a — b)} 
+ cos{2(a — b)} — cos{2(a + b)}). (22.4) 
Also, 
G(a, Б) = 1{соѕћ(2а) — cos(2a)} {cosh(2b) — cos(2b)}. (22.5) 
If we substitute (22.4) and (22.5) into (22.3), we find that (22.3) is transformed 
into the left side of (22.1). This completes the proof. o 


Entry 22(i) in the second notebook is slightly in error. Ramanujan has 
replaced the numerator on the left side of (22.1) by 


cosh {x(x + Y/B соѕ{л(х — Y/B 
— cosh {a(x — D/Z cos(n(x + »/2). 
It also may be remarked that formally (22.2) can be derived from Entry 19(i). 
Entry 22(ii). Let n > 0. Then 


In cos(2nx) dx 25 ЮК go 
o cosh(n./x) + cos(a /x) «=i cosh(mk/2) — — 


(22.6) 
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Proor. Let 
1 
cosh(zz) + cos(nz) 


f(z) = 
We expand f into its partial fraction decomposition. There are simple poles 
at z = (2k + 1)(+1 + i)/2, — oo < k < oo. Since 
(—1)*(1 + i) 
2л cosh{(2k + 1)n/2) 


R((2k + 1)(1 + 0/2) = — 


and 
(—1)*(1 — i) 


R(Qk + 1)(—1 + i)/2) = 2n cosh {(2k + 1)n/2}’ 


we readily find that 


-1ў (—1)*(2k + 1)? 
к=о cosh (Qk + 1)л/2}(22 + (2k + 1/4) + 


g(z) (227) 


where g(z) is entire. By the same argument as that used in the proof of Entry 
4, g(z = 0 
Letting z — X we multiply both sides of (22.7) by cos(2nx) and integrate 
with respect to x over [0, oo). Inverting the order of integration and summa- 
tion by absolute convergence and using a result from Ramanujan's quarterly 
reports (Part I [9, p. 322]), 
? cos(ax)dx т 
I m qt а> 0, b>0, 


we find that 


© о y(k)k? © cos(2nx) dx 
[ AA) COS аа -15 cosh(zk/2) [ x! + K*/4 


e xk | gore 
= à совт) cosh(zk/2) ^ ^ 


which completes the proof of (22.6). П 


Ramanujan claimed that the next entry is a corollary of Entry 22(ii). We 
cannot show this and so proceed from scratch. 


Corollary. Let x, В > 0 with af = 12/4. Then 


У хіп) а x(n) à 
А п{созһ/ап + cos, /ап) *às cosh(zn/2)cosh?(fm) 8 (22.8) 


Proor. Let N be an even positive integer. We shall let N tend to oo, but we 
shall further restrict N by requiring that N? remain at a bounded distance 
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from the numbers (2n + 1)a/n?, where n is a positive integer. Let 


1 
z (cosh(xNz) + cos(xNz)} cos(QBN?z?) 


fu) = 


Elementary considerations show that f(z) has simple poles at z = 0, at z = 
(2n + 1)(41 + i)/(2N), where n is an integer, and at z = +./(2k + D)a/(Nm), 
where k is an integer. Straightforward calculations yield R(0) = 4, 

(— ]y" 


RUCAK GS EDEN) OE DR TOR CET cosh Once DAR)! 


and 
(— pre 
n(2k + 1) (cosh J/Qk + la + cos (2k + Na} 


Let C denote the positively oriented rhombus with vertices + 1 and +i. Hence, 
employing the residue theorem and letting N tend to oo, we find that 


1 
lim xl F(z) dz 
Now 21i Jc 


R(x /Qk + D)a/(Nm)) : 


n y (— 1 
2 n 44. (2n + 1) cosh{(2n + 1)л/2} cosh{(2n + 1)?f) 
2 E (— yet 


T— ——— M»—————— 
D ni (2k + 1) (cosh J/Qk + 1)a + cos J/Qk + 1) Ja} 


By the definition of fy and the choice of N, it is easily seen that the limit on 
the left side of (22.9) is zero. A slight rearrangement of (22.9) yields (22.8), and 
we are done. 0 


(22.9) 


Entry 22(iii). Let o, В > 0 with aß = 4r?, and let у denote Euler's constant. 


Then 
+55 COS J/& 
m п=1 n(cosh Jan — cos ./a 
y+ Log(27/B) B г coth(zn) 
E 3 22.10 
E 2 tad шл До. 
Furthermore, 
© 1 л 
2: п" 1) = à Log(4/n) — ү; + Log ГО). (22.11) 
n=1 — 


In the notebooks, formula (22.11) contains a misprint; Log I'(3) is replaced 


by 4 Log (2). 
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Proor. We first prove (22.11). A direct calculation gives 
o0 1 oo 


ao ев mo Ls _ „28 
а ео (22.12) 


where q = е". Now from Whittaker and Watson’s text [1, p. 488, problem 
10], 


І 
= 


0 2kk'K? 

2n\6 .. 

П (1 — 4 ) = л3а!? E (22.13) 
where k, k', and K have their standard meanings in the theory of elliptic 
functions. Here, k = k' = 172 and К = п?2/(2Г2()). (See Zucker's paper 
[1], for example.) Thus, (22.12) and (22.13) yield 


20 1 _ Б д?? 1 л 
nen 6 *i»rq5j 12 


= 1 Log(4/n) + Log I'(3) — 2/12, 


as desired. 

We now prove (22.10). Let N = n + 3, where n is a positive integer. We 
shall let N tend to œ through a sequence such that N?z?/a remains at a 
bounded distance away from the positive integers. Let 


coth(xNz) cot(zNz) 
fsz) = 2(e8N72? = 1) 


The function f,(z) has simple poles at z = +. /ak(1 + i)/(2nN), at z = ik/N, 
and at z = ik/N, where k is a nonzero integer. In addition, f,(z) has a quintuple 
pole at z = 0. Using elementary trigonometric identities, we find, after some 
calculation, that 


R(+./ak(1 + )/QnN)) = R(+./ —ak(1 + i/(2xN)) 


d | 2 cos „/ak +1} (22.14) 
4nk (cosh ./ak — cos \/ak | | 


Easier calculations yield 


h(zk 
КМ) = т т 
апа 
|, coth(nk) 
R(£K/N) p nk(eP* " 1) Ў 


Observe that 


2 coth(zk) | coth(zk) 


R(LIK/N) + RCE RIN) = о 1) zik 


(22.15) 
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To calculate the residue at z = 0, write 


1( 1 nNz  (nNzy 1 nNz  (nNzy 
м9 = : lens E: = а, T ft a o 2) 
1 N?z? №222 2 

B nt! -f 2 s D e] 

After some simplification, we find that 
p 7a 
1213?  180x. 
Let C denote the positively oriented rhombus with vertices +1 and +i. By 
our choice of N, there are no poles of fy on C. Applying the residue theorem 
and employing (22.14)--(22.16), we find that 
cos Jak 


2 
— z)dz = —— 
| hne) T s k(cosh ./ak — cos ./ak) 


1 1 4 coth(zk) 
^m yc (ей? — 1) 


П уском K Ж1<К<М 


2 coth(zk) B Ta 
N о1<К<М k 127? 1807 
Next, we calculate directly the integral on the left side of (22.17). Let С, 
denote that part of C in the jth quadrant, 1 < j < 4. On С, set z = 1 — x + ix, 
0 <x < 1, and on G, set z = x — 1 — ix,0 < x < 1. Then in either case, 
0, O<x<}, 
iz, | l«x«l 


R(0) = (22.16) 


t (22.17) 


lim fy(z) = 


No 


On C, set z = —x + (1 — x), Ox x <1, and on C, set z = x + (x — 1)i, 
0 < x < 1. Then in either case, 
—ifz O<x<4, 


li = 

fim fue) | 0 1<х<1. 
By the choice of М, the convergence in (22.18) and (22.19) is bounded оп С as 
М tends to œ. Hence, by the bounded convergence theorem, 


1 1 { (-1*i)2 -i 4-52) dz 
а Дене ee EE 
N>% 21i Jc 21. (Jas i (-1-9/2 -i 2 


(22.18) 


(22.19) 


1 
xm Log 2. (22.20) 
Returning to (22.17), we examine 
2 y со @(лК) S 1 
1<К<М k 1 <к.92№2а К 


(22.21) 


1 
1<к<м k(e?™ — 1) deen К 1м k 
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Now from Ayoub’s text [1, p. 43], 
1 1 
1<k<N k = 1<к&<п2№/а k 
= 2(Log N + y + O(1/N)} — {Log(x?N?/a) + у + O(1/N7)} 
= y — 2 Log z + Log a + O(1/N). (22.22) 


Thus, letting N tend to со in (22.17), using (22.20)-(22.22), and multiplying 
both sides by л, we deduce that 


Э cos ү/@К +4 e coth(zk) 


2 


Log 2 = aa 
j рут Jak — cos ./ak) à (её — 1) 
со В Ta 
p —2L E e 
е ае ogn + Loga + rz 180" 
which is equivalent to (22.10) after some elementary manipulation. L1 
Entry 23(i). We have 
Ф0 е гё -— 
Ie + У i coth(xk)(—1)"(kx)*"@(4n) = IU o(—2) + А), (23.1) 
k=1 n=0 
where the error h is nearly equal to 
o (2n)"*! cos{3(2n + 1)л/4}ф(—2п — ar Q32) 


—2 
Ф( ) + 2. x?"*!Qn + 1)! 
if x is small. (It is not clear whether the entry reads ф(2) or ф(— 2) on the right 
side of (23.1).) 


It is not clear what interpretation should be given to Entry 23(i). It is 
surprising that a power series in x is to be approximated near x = 0 by a power 
series in 1/x. Perhaps (23.2) is an asymptotic series for h. It seems quite certain 
that Ramanujan derived Entry 23(i) in a purely formal manner. We shall show 
that perhaps Ramanujan made a mistake, because a formal argument seems 
to produce a slightly different formula. For most of the discussion which 
follows, we are very grateful to D. Zagier. 

For each integer n, set (и) = Y(n + 2). Define 


F(x) = H (— 1Yy(4n + 2)x*. (23.3) 


(Ramanujan seems to tacitly assume that F is entire.) Thus, Entry 23(1) may 
be rewritten in the form 


у) 


„е > k coth(nk)F(kx) = >- LL {4W(0) + hj, (23.4) 


where 
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& cos(32n/4)y(—n) Ey. (23.5) 


hz y0 
e 2 п! x 
nodd 


In his theory of integral transforms, discussed by Hardy [9, pp. 188—193], 
[4], [8, pp. 280—289] and the author [9], Ramanujan often writes 


Е ME Е xed з p 
[ x" 16G(x)dx:— | у л 


It is quite clear that Ramanujan is not assuming that С is an entire function; 
he is simply indicating the form of the Taylor series of G about x = 0. Likewise, 
in the setting at hand, Ramanujan is undoubtedly assuming that F has the 
expansion given by (23.3), only for x sufficiently small. 

As an example, let (s) = 47°, where 2 > 0. Then F(x) = 472(1 + x*/4*) !. 
Letting f(x) denote the left side of (23.4), we deduce that 


A3 о kcoth(zk) 
fae e (rein ies) 


The sum on the right side may be evaluated by letting z = e**A/x in Entry 
20(). punc putting u = xA/x, we then find that 


fx) = sm bg: D) coth (=a + D) 
J 2 
_ n cos?(u/,/2) cosh?(u/,/2) + sin?(u/,/2) sinh?(u/,/2) 
E sin?(u/,/2) cosh?(u/,/2) + cos?(u/,/2) sinh?(u/,/2) 
т cosh(,/2u) + cos(,/2u) 
ENT cosh(,/2u) — cos(./2u) 


Thus, in the notation (23.4), as x tends to 0, 
= cosh(,/2u) + cos(,/2u) 
i cosh(,/2u) — cos(,/2u) T 
Е 2 cos(,/2u) " O(e 22») 
cosh(,/2u) 
= 4e-v2 cos(,/2u) + O(e72V2#) 


ae Саа + g Tu + О(е 22%) 
уш = 


00 (— 1) € (—1y Quy! 
<4 (4n)! -2/2 De ae (4n + 1)! 


со (—1 п 2. 4n+3 
PAR eem 


e "n^ + е") + Q(e? 2») 
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Thus, 
© (—1)"(2u)*"*} (—1) "Quy? © (— 1)"(2u)*" 
2-23 (4n + 1)! P (4n + 3)! UC (n c 
(23.6) 
According to (23.5), Ramanujan claims that 
СОЕ E 
n=1 n: 
nodd 
— 1y! 4n+1 o {_1\" 4п+3 
| & (7 D'Qu) 1 е (-1"'2u) @ 


i Bes (4n + 1)! "AA (4n + 3)! 


А comparison of (23.6) and (23.7) indicates that apparently the error h is twice 
what Ramanujan claims. Furthermore, (23.6) contains an extra power series 


e (—1)"(2u)** 
EC (4n)! ! 


Observe that G(t) :— e ^ is the inverse Mellin transform of I'(s)4 *. Our 
calculations above have shown that 


he een) + oer, 
x x 


Because of the close proximity of Entry 23(i) to Entry 20(i), we conjecture 
that Ramanujan probably proceeded as we have above and then more gener- 
ally considered those o having the shape 

Ф(ѕ) = У, cA. 
ј=0 

In regard to Entry 23(i), some series transformations of S. N. Aiyar [1], 
published in 1913, might be mentioned. Recall that S. N. Aiyar was the 


manager of the Madras Port Trust office when Ramanujan worked there as 
a clerk for about 15 months during 1912—1913. 


Entry 23(ii). We have 


У У klk) sech(xk/2)(— (кх) o(4n) = 290 -2h (038) 
k=1 n=0 


where h is very nearly equal to 


D (= lY (n/A/2)'9( — n 


x"n! 


if x is small. 


Comments similar to those made after Entry 23(i) can be made about this 
mysterious formula as well. However, as we shall shortly see, if we assume 
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that the double series in (23.8) converges absolutely, then, in fact, (23.8) is 
indeed true with h = 0. Of course, we are unable to make this hypothesis about 
the double series in (23.1). 


Proor. Assume that the double series in (23.8) converges absolutely. Then 
inverting the order of summation and employing the corollary of Entry 14 
and Entry 15, we find that 


Y 3 k^! y(k) зесһ(лК/2)(— 1)"(kx)*"@(4n) 


k=1 n= 


= Y (—1ух°"ф(4п) Y. К”-1у(Е) sech(zk/2) 
n=0 k=1 


ri 
= — 0 А 
8 9(0) 
which establishes (23.8) with Л = 0. П 


We are indebted їо О. Zagier for the following very perceptive remarks оп 
Entry 23 (ii). 

Let G(t) be analytic at t = 0, and suppose that G(t) = O(t~*) as t tends to 
оо for every с > 0. Define, for Re s > 0, 


1 oo 
(s) = nl GWt dt. 
9 TG |, (t) 
Then ф is entire. Also, formally, 


yor” DeC n) is 


G(t) = 


In view of Ramanujan's work on Mellin transforms in his quarterly reports 
(see Part I [9, p. 298]), we have determined the coefficients of G(t) from the 
converse of Ramanujan's Master Theorem. 

For x sufficiently small, suppose that 


F(x) = » ( — I o(4n)x*". 


As in Entry 23(i), on the surface, it appears from (23.8) that Ramanujan is 
assuming that F is entire, but this is not the case. With F and G defined above, 
(23.8) can be rewritten in the form 


о ¥(k) F(kx) л n 
àk Eesha 8% 27 e) 
where 
«e 2 | (23.10) 
N 


as x tends to 0. 
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We now discuss certain cases. 


Case 1. Suppose that G(r) is continuous for t > 0 and that G(t) = 0 for t > to; 
that is, G(t) has compact support on [0, to]. It follows immediately from the 
definition of ọ that, for all s > 1, 

T'(s)p(s) « t$. 
Then 


xtg)^" 


(4n — 1)! 


Hence, the left side of (23.9) converges absolutely as a double series for 
Xto < n/2. By our proof above, h = 0. Now 


« eto, 


F(x)« алу 


m з 
Thus, С(л/(х4,/2)) = 0. Hence, our findings are consistent with Ramanujan’s 
claim (23.10). 
On the other hand, suppose that the left side of (23.9) converges absolutely 
as a double series for 0 x x < хо. It follows that 


© о 
уз 2: |ф(4и)| k*" 7197 7&2 x4 « oo, X < Xp. 
Ac 
Comparing the sum on k with the integral of t" 1e"? over 0 € t < oo, we 


deduce that 


— 1)! 


xf" 
aoe < оо, X < Xp. 


Ў oan E 
Hence, 
a 4n 
|F(4n)o(4n)| < (= + ot) , 
Xo 


as n tends to oo. Moreover, if ф(5) is reasonably smooth, 


IF(3e(3) < (= + oD); 
Xo 


as s tends to оо. By examining the inverse Mellin transform of T (s)ọ(s) and 
moving the line of integration to the right, we deduce that G(t) = 0 for 
t > n/(2xg) =: tg. Again, this is consistent with Ramanujan's claim (23.10), 
since 


NE m = to /2 > tos 


and so С(л/(х J2) = 0 = 
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Case 2. Suppose that p(s) = 47°, where 2 > 0. Then G(t) = e^^ and F(x) = 
(1 + х4/44)7!. If f(x) denotes the left side of (23.9), we then find that 

_ & xk) sech(zk/2) 

IO) = È kt a ee) 

_ Э x(k) > Х(ЮК? sech(zk/2) 

"A kcosh(nk/2) A, К + 44/х* 
Applying Entry 25(vii) (or Entry 15) and the corollary to Entry 20(iv), and 
letting zA/x = u, we deduce that 


m л/4 
8 cosh(u/,/2) + cos(u/,/2) 


Comparing this with (23.9), we see that 


= 2 = -u 2 О -и/2: 
cosh(u/./2) + cos(u/,/2) TOR | 


- «(72) + O(eV?), (23.11) 


ЈО) = 


as x tends to 0. Hence, (23.10) is established. 
We have therefore shown that Entry 23(ii) is valid when (s) = 


Observe, from (23.11), that we may write h in the form 


һ = 3 ріл eriala 2) mika o /2) 
à |К| DT 
kzj-1(mod 2) 
=C) y (Gm - un) 
> к= E. Fined 2) x/2 


where G(t) = е^. This suggests that, for more general functions ¢ and G, 


0 В j (j + л 


КЕГП Timod 2) 
under suitable hypotheses. We now establish such a theorem. 

Н is clear that we now need to define G(z) in the quadrant О := {z: |arg z| < 
7/4}, instead of on just [0, oo). Thus, suppose that G is analytic on О and that 
G(z) = O(z ©) as z tends to oo in Q, for every constant c > 0. Define, as before, 
for Re s > 0, 


p(s) = Ге) nl G(t)t*^! dt. 


Hence, if о = exp(zi/4), 
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(—1)"— 1 x47 1 


I G(t)t^" ! dt 
=) Jo 


F(x)- =x Y 


= ф(0) — ix Г G(t) (o ѕіп(охі) + o! sin(o ! xt) dt 


0 


= (0) — ioxH(ox) — 1o ! xH(o ! x), 


by absolute convergence, where 


H(u) — | G(t) sin(tu) dt. (23.13) 
0 
Using Entry 25(vii) and the last expression for F(x), we find that 
о y(k)F(kx) 
Sup) У 
TO dà Ксозһ(тЕ/2) 
e x(m) Sire de 
= oH 0!H Я 23.14 
х 22 саца) {оН(отх) + e! H(o ! mx)) ( ) 
Since 
TE ols Y (n)e "> -0 
2cohy „^^ dis Pow 


the right side of (23.14) may be written in the form 


X XE У y(m)e """? H (comx) Lo! » ine? om. 
(23.15) 


We now assume that the real and imaginary parts of H(oxu)e "2? and 
H(o !xu)e """?. for each positive integer п, are integrable over (0, 5) for some 
6,0 < 6 < n/2, are of bounded variation over (ô, oo), and tend to 0 as u tends 
to œ. Then by Poisson's summation formula for Fourier sine transforms 
(Titchmarsh [2, p. 66]) (see also (9.2) above), the expression within curly 
brackets in (23.15) equals 


У xm) fo K e 7"? Н (сохи) sin(zmu/2) du 
m=1 0 


+ 07! | е" (бу % xu) ѕіп(лти/2) au} (23.16) 


0 


Next, replace u by c !u and ou, respectively, in the two integrals above. 
Assume that H(z) decays sufficiently rapidly in О so that we may apply 
Cauchy's theorem to replace the paths (0, co^! oo) and (0, ооо), respectively, 
by (0, oo). Collecting together the calculations from (23.14)-(23.16), we deduce 
that 
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x(k) F (kx) 
1 k cosh(zk/2) 


Ms 


9(0) — 


л 
8 k 


Ms 


=х by x(mn) |. H(xu) (e "9 '"? sin(zmo 'u/2) 


1 


Ш 


+ е-""®“ sin(tmou/2)) du. (23.17) 


Assume that the iterated sum above is equal to its double sum. Since the 
coefficient y(mn) is symmetric in m and n, we may interchange the roles of m 
and n in the second expression above. If we also employ the identity 


e 72^? sin(nmo 1u/2) + e^""""? sin(rnou/2) = ѕіп{л(оп + o !m)u/2), 
we find, from (23.9) and (23.17), that 


where x > 0. By the Fourier sine inversion of (23.13), 


Sh = y(mn) L H(u) ѕіп{л(оп + c !m)u/(2x)) du, 
0 


m H 


G(t) = 2 | H(u) sin(tu) du. 
T Jo 
Hence, for x > 0, 


hey 


2x 


л(оп + m 
1 


y(mn)G ( 


Setting j = (n + m)/2 and k = (n — т)/2, we find that the conditions m, n odd 
and positive are transformed into the conditions j, k integral, j 7 |k| -- 1, and 
}=К+1 (mod2) Also, y(mn) = (—1)^! and on + o 'm=(j+ ik) /2. 
Thus, for x > 0, we deduce (23.12). 

Аз an example, let 


G(z) = ze’, 
where c > 0. Then, initially for Re s > — 1, 


s+1 


7 eeer( 2 ) cree fg 
Q(s) 2 —— er dt = = , 
T(s) Jo 2T (s) (5) 
rT 5 


where lastly 5 is any complex number, by analytic continuation. Also, 
= : ли 
Н(и) = | te t? sin(tu) dt = Ули erao, 
0 


which can be obtained from differentiating formula 3.896, No. 4, p. 480, in 
Gradshteyn and Ryzhik's tables [1]. Lastly, 
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(0) — 4@xH(wx) — io !xH(o іх) 


2 
dx " одао) ХМ” ix ies gii 


8c? 


F(x) 


Thus, we have shown that, for x > 0, 


x? ® y(k)k sin(k?x?/(4c)) 
сэ? à cosh(xk/2) 


c(j + =) 


2x? 


= (217)? Ў («01 У (j +ik) е 
m pal ee 2) 


The analysis above can be strengthened by beginning with the Fourier sine 
transform (23.13), imposing conditions on H(u), and then defining F and G in 
terms of H. Furthermore, an analogue of (23.12) undoubtedly holds for Entry 
23(i) as well. However, in view of the limited applications that any more 
rigorous and/or stronger versions of Entries 23(i), (ii) might have, it seems best 
here to end our discussion of these entries. 


Entry 24. For z complex, 


ne 27 1 1 т 20 1 


22{соѕћ(2л2) — cos(2nz)) — 8nz? 7 422 Y 4z £z + (2 + п)? 


О п 
4 
+4 Узе Туду an) 


Proor. Let f(z) denote the left side above. We shall expand f by partial 
fractions. The function f has a triple pole at z = 0 and simple poles at z = 
+n(1 + i)/2, where n is a positive integer. By division of power series, it is 
easily calculated that the principal part of f about 2 = 015 
1 1 л 

жынды 24.1 

8л23 42? i 4z (xb 
Straightforward calculations show that 


1 


R(( + 002) = э-эк ту” 


R(n(1 — 0/2). 


Replacing n by —n above and manipulating slightly, we find that 


І 1 | 
ра a NA 02 


R(-n(1 + i)/2) = 


Now, 
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1 1 1 1 
2їп t + п(1 + 2/2 Tue n(1 — xi == TEST (24.2) 


After much, but routine, simplification, we get 


1 1 1 
2in(e?™" — 1) i — n(1 + 0/2 z-—n(1—iy2 


l 1 4nz 
T 1+ п(1 + i)/2 z+ п(1 = xil = (е2"" =e 1)(4z4 + n*) (24.3) 


Using the principal parts in (24.1)-(24.3), we easily deduce the desired result 
after employing an argument like that at the end of the proof of Entry 4. П 


Entry 24(1). For complex 2 we have 


1 со 1 Ш л 


52 + È 


cz tn? 22 z(e” — 1) 


This result is just a reformulation of (1.9). 


Entry 24(ii). Let z be complex. Then 


A proof of Entry 24(ii) is easily obtained by expanding the function on the 
left side above into partial fractions. 
The next entry is complementary to Entry 24. 


Entry 25. Let z be complex. Then 
пе" п $ 1 
4z{cosh(nz) + cos(uz)) 82 6022 + (2 + 2n + 1)? 
e 2n +1 
—4 эү л т л ш. 
2 D eF Nae + Ол 1) 


Proor. Let f(z) denote the left side above. We expand f into partial fractions. 
The function f has a simple pole at 2 = 0, and the principal part about 0 is 
easily seen to be z/(8z). Also, f has simple poles at 2 = +(2n + 1)(1 + i)/2, 
where n is a nonnegative integer. Routine calculations give 


i 
2(2n + 1) (e0"*U* + 1) 
= —R((2n + 1)(1 902) 


R(Qn + 1)(1 + i)/2) = 


and 
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i i 
2(2n + (eet) 2(2n + 1) 
= —R(-Qn + 1)(1 — 0/2). 


The sum of the principal parts for the four poles +(2n + 1)(1 + i)/2 is thus 
found to be 


R(—Qn + 1)(1 + 0/2) = 


1 u 42(2n + 1) 
P+(ztIntil? (et + 1)(42 + (2n + 14) 


The theorem now readily follows. o 


Entries 25(i), (ii). We have 


20 — Tr? 
25.1 
à ~ 180 650 
апа 
0 сощ 197” 
; 25.2 
РЭ Ег ~ 56,700 9) 
Both (25.1) and (25.2) are special cases of the more general formula 
y coth(zk) a 2204 2п+1 у (—1 y E Bj Вһ+2- -2k (25 3) 


kenti (2k)! (2n + 2 — 2k)!’ 

where n is an odd positive integer and В, denotes the jth Bernoulli number. 
Ramanujan does not state the general formula (25.3) in his notebooks. How- 
ever, it does follow quite easily from Entry 21(i). (See our paper [6, p. 155].) 
Formula (25.2) was communicated by Ramanujan in one of his letters to 
Hardy [16, p. xxvi]. Entry 25(i), in fact, was long ago established by Cauchy 
[1, pp. 320, 361]. Cauchy does not state the general formula (25.3), but he does 
give a general method for evaluating the series on the left side of (25.3). 
Preece [3] has established (25.1) and Sandham [1] has proved (25.2). The first 
statement of (25.3) known to the author is by Lerch [1]. Later proofs of 
(25.3) have been given by Watson [1], Sandham [2], Smart [1], Sayer [1], 
Sitaramachandrarao [2], and the author [6, p. 155], [5]. 


k=1 


Entries 25 (iii), (iv). We have 


tanh{(2k + 1)x/2} n? 
o k+’ 32 


Ms 
T 
хә 
кә 


k 
and 
2 tanh{(2k + 1)л/2} — 7л" 
à (2k + 1)’ ~ 23,040 


Both entries follow from the more general formula 
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tanh {(2k + 1)л/2} = nants y E Ej44(0  E,,., 5,(0) 
о (26 + 1"? 8 (4 (2k + 1)! (4n + 1 — 2k)!’ 


Ma 


(25.4) 


k 


where n is a nonnegative integer and Ех) denotes the jth Euler polynomial. 
Formula (25.4) cannot be found in the notebooks. The first proof of (25.4) was 
given by Phillips [1]. Later proofs have been given by Nanjundiah [1], 
Sandham [2], Smart [1], Sayer [1], and the author [7, Corollary 4.10]. 
Formula (25.4) is, in fact, a special case of a more general formula. Let 


a, B > 0 with aff = л?. Then 
q B 
„ tanh for + 03 , tanh ie + vf 
gt 


So (2k + 1H x: By" (2k + 1p" 


PE 1 к Ёзкх+1(0) Е,,-2к-1(0) „ок 
оа Ок n-k- P '/ 


where п is a positive integer. The first proof of this formula appears to be by 
Nanjundiah [1]. The author [7, Corollary 4.9] has also given a proof. The 
case п = 1 was established by Grosjean [3]. The case п = 2 was proved by de 
Saint-Venant [1] in 1856 and occurs in the determination of the torsional 
rigidity of a beam of rectangular cross section. This motivated a problem by 
Boersma [1] who asked for an asymptotic expansion of the series on the left 
side as a tends to 0. The identity above easily yields such a result. 
The author [7, Theorem 4.11] has evaluated 


" tan dO + 1) s 
2, 


an (2k + 1)?"*1 


for a very general class of real quadratic irrationalities Ө. 


Entries 25(v), (vi). We have 


X (- ie RU лэ 
E — 360 
and 
Э (— 1)** сѕсһ(лҝ) _ 137” 
ii К? 7 453,600 


Both entries follow from the more general formula 


æ (—1)**! csch(ak) L Ө. дай+3 22 , Ba) Ban+a—24(3) 
à "з =) à (=D (2k)! (4n + 4 — 2k)!’ (299) 


where n is an integer and B(x) denotes the jth Bernoulli polynomial. Formula 
(25.5) is essentially due to Cauchy [1, pp. 311, 361] who gave a somewhat less 
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explicit formulation. Otherwise, (25.5) was first established by Mellin [1]. 
Later proofs have been given by Malurkar [1], Phillips [1], Nanjundiah [1], 
Sandham [2], Riesel [1], Sayer [1], and the author [7, Corollary 3.2]. The 
general formula (25.5) does not appear in the notebooks. 

Formula (25.5) is an immediate consequence of the following more general 
result. Let a, В > 0 with «ff = x°. Then, for any integer n, 


a" Y (— 1961072"! csch(xk) 
К=1 


=(—Ю" Y, (А727 sch (Bk) 


nti B (2) В. 2 (2) 7 
2п+1 1 22 2п+2—2К\2 п+1—К ak 
+2" CU azap Be 


which has been proved by Mellin [1], Malurkar [1], Nanjundiah [1], and the 
author [7, Theorem 3.1]. 


Entries 25(vii), (viii), (ix). We have 


Е A л 
Ye 
E =e T 
n" x(k) — zs = = 768° 
апа 
20 кал) „ 23л? 
de x(k) ~ 1,720,320` 


All three entries follow from the general formula 


oo 4n+1 2n 
Ў uA = 5) у елж н чык. 
k=1 k=0 (2k)! (4n — 2k)! 
which can be easily deduced from Entry 21(ii). Here n is any integer. Entry 
25(vii) is a simple consequence of Entry 15 and was proved by Preece [3]. 
Zucker [2] has established Entry 25(vii) as well as some related results. Entry 
25(vii) was also submitted as a problem to the Mathematical Gazette [1], 
where several solutions are indicated and considerable discussion is found. 
Entry 25(viii) appeared in one of Ramanujan’s letters to Hardy [16, p. xxvi]. 
In addition to the proofs mentioned after Entry 21(ii), proofs of (25.6) have 
been given by Watson [1], Sandham [2], Riesel [1], and Sayer [1]. 


(25.6) 


Entry 25(х). We have 


o (К) 1 = 1 Sr? 1 (і tan x 
boa + 2 = 2 х 
à еа т) 82K cha) 96 2] x 
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Proor. Let 


1 
fe- z?(e?"* — 1) cos(nz)' 


We shall integrate f over the positively oriented rectangle Cy whose horizontal 
sides pass through +(N + 3)i and whose vertical sides pass through +N, 
where N is a positive integer. The function f has a triple pole at z = 0 and 
simple poles at z = +(2k + 1)/2, where k is a nonnegative integer, and at 
z = + Кі, where kisa positive integer. Routine calculations yield R(0) = 57/12, 


а 4(— pre 
R((2k + 12) = Ok + 1)°л(е 0 — 4)’ 
9 Чер 
R(—(2k + 1)/2) = R((2k + 1)/2) + (2k + Ln’ 
and 
. ыр 1 -— — i 
R(ki) m ~ Sak? cosh(nk) = R( ki). 


Hence, applying the residue theorem and letting М tend to oo, we find that 


1 
0 = lim — | f(z)dz 
N>% 21i Jc, 


82 x(k) 4 1 = 1 5л 
n К20(е"* —1) x Bye л 2, k? cosh(nk) * 12” (25.8) 


where L(s) is defined by (21.1). A comparison of (25.8) with (25.7) indicates 
that it remains to show that 


1 t SE 
f an ae = LO) (25.9) 
0 x 


Integrating termwise the Maclaurin expansion 


(— 1)*x 2k 


tan ! x So 
OLET 2k 1^" 


we readily deduce (25.9), and the proof is complete. g 


Entry 25(xi). We have 
Э 
& {k? + (k + 1)?}(cosh{(2k + 1)x} — cosh л) 


1 
73 sinh x 


i coth x —— jns). (25.10) 
л 2 
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Entry 25(xi) is in error in the notebooks, for Ramanujan has written 
sinh {(2k + 1)z} — sinh л instead of cosh{(2k + 1)x} — cosh л on the left side 
of (25.10). Ramanujan communicated (25.10), with the same error, in one of 
his letters to Hardy [16, p. 349]. Watson [1] established (25.10) by contour 
integration. Because Watson’s proof contains a few errors, we briefly sketch 
another proof by contour integration below. The calculations in both proofs 
are extremely laborious. Sitaramachandrarao [1] has found another proof 
based on Entry 20(1). Since his proof is very elegant and is likely the one which 
Ramanujan had, we shall give this proof as well. 


First Proor. Let 


Ж n sinh л 
2{соѕћ(л2) + cosh л} (cos(zz) + cosh z}? 


F(z) 


which has a simple pole at z = 0 and poles at z = i(2k + 1) + 1, if k is an 
integer, and at z = 2n + 1 + i, if n is an integer. These poles are simple except 
when k = 0, —1 and n = 0, —1 when the two sets coalesce to give double 
poles. Very lengthy calculations yield 


л tanh?(n/2) 
Rec 2 
О) sinh л 
RG2k+1)+1) = +1 k#0, —1 
^^ {i(k + 1) + 1} (cosh{(2k + 1)л} — cosh л)” dis 
RQn+1+i)= = п 50, —1, 


~ (2n +1 +i)(cosh{(2n + 1)л} — cosh л)’ 
and 


coth x 1 


R(41+i= А 
(xlii) 2sinhz  2zsinhz 


Integrate f over a square with vertical and horizontal sides passing through 
+2N and +2Ni, respectively, where N is an integer. Apply the residue 
theorem and let N tend to oo to deduce (25.10). g 


SECOND Pnoor. Let S denote the left side of (25.10). Since an elementary 


calculation shows that 


со (Кл) — coth (К + 1)z} ie 1 
2 sinh x ~ cosh((2k + 1)л} — cosh л’ 


we readily deduce that 


apie о coth(kz) — coth((k + 1)z} 
— 2sinh x i£ К? + (k + 1) i 


Transforming the right side by partial summation, we deduce that 
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coth x 2 1 1 
шт) 24 9e n —2k*1 2K +2К+ | 
=o п 4% k coth(xk) 
Е E АКФ 
о k coth( Un) 
= coth x 
m OR EIC 


Setting z = (1 + i)/2 in Entry 20(i), we easily find that 


© k coth(xk) 1 m 
= tanh?(x/2). 
D ЕР _+у!ап (л/2) 


Using this in the foregoing equality, we complete the second proof of Entry 
25(xi). 0 


Entry 25(xii). We have 


= 26+ 1 4689 (mn 
= ——— — — coth? (57/2). (25.11 
m {25 + (2k + 1/100) (c7 0*1) 11890 8 coth*(5n/2) (25.11) 


This entry again was communicated by Ramanujan in one of his letters to 
Hardy (16, p. 349]. The right side of (25.11), however, had the wrong sign on 
both terms. This error is also made in the notebooks. Furthermore, the left 
side of (25.11) is replaced by only the first three terms of the series in the 
notebooks, and the second term contains another misprint. It may be of 
interest to determine how well the first three terms on the left side of (25.11) 
approximate the right side. We note that 

1 3 5 


= 0.001665694154---, 
25.01(e" +1) 25.81" + 1) 31.25(е°* +1) » 


while on the other hand, 


4689 m 
— —— — ~ coth? (57/2) = 0.001665694195 --- 
11,890 8 coth*(5z/2) 569: 
Watson [1] has given a proof of (25.11) by contour integration. It will be 
shown below that Entry 25(xii) is a corollary of Entry 25; hence, this is 
probably the method used by Ramanujan to establish (25.11). 


Proor. In Entry 25 put 2 = 5i. After some simplification and rearrangement, 
we find that 


y 2k +1 5 ў 1 
в (e Dr + 1) {25 + (2k + D^/100)— ^ £e Qk + 1)? + 10Qk + 1)i — 50 
л coth? (57/2) 


Ser ae (25.12) 
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А comparison of (25.12) with (25.11) indicates that it remains to show that 
1 4689 


У , 25.13 
ЗУ Gea D + 10Qk + Di 50 — 11,890 eu) 


or equivalently that 
20 2k 1 4639 


= | 25.14 
x à (2k + 1) + 2500 11,890 09 


since (25.12) obviously implies that the imaginary part of the left side of (25.13) 
is zero. To show (25.14), write 

2k +1 

ne 4 (2k + 1)* + 2500 


iras 


oo 


E. 1 1 

E » i: + 1)2 — 10(2k + 1) + 50  Qk- 1)? + 10(2k + 1) + = 
e 

72 


k=0 
g 1 
i Qk + 1)? — 10(2k + 1) + 50 


© 1 
Е 2, (2k + 1— 10)? + 10Qk + 1 — 10) + 5 


5 x 1 
2 6% (2k + 1? — 10(2k + 1) + 50 
_ 4689 
~ 11,890’ 
and the proof of (25.14), and hence (25.11), is complete. [] 


Infinite series involving the hyperbolic functions have attracted the atten- 
tion of many authors. Our papers [6], [7] contain many such results as well 
as numerous references. Readers may also wish to consult papers by Cauchy 
[1], Zucker [1], [2], Ling [1], [2], [3], Forrester [1], and Bruckman [1] for 
additional results not examined in the aforementioned papers. The papers of 
Berndt [8] and Klusch [1] offer some hyperbolic series of different types. 


СНАРТЕК 15 


Asymptotic Expansions and 
Modular Forms 


The title of Chapter 15 does not entirely reflect its contents, because this 
chapter contains several diverse topics. Of the 21 chapters in the second 
notebook, Chapter 15 contains more disparate topics than the remaining 
chapters. Ramanujan appears to have collected here several “odds and ends.” 
While much of the material is fascinating, a few parts have little substance. 

The first seven sections are devoted primarily to asymptotic expansions of 
series. For example, Ramanujan derives asymptotic series, as x tends to 0+, 
for 


© oO km 


—xkP[,m—1 =kx I, 
у етк", Y e"'"Logk, and Yao 


Frequently, theorems about such series are established by us in greater gener- 
ality than indicated by Ramanujan. These generalizations not explicitly stated 
by Ramanujan are labeled as "Theorems" in the sequel, in contrast to our 
usual designations by "Entries" in relating Ramanujan's results. This has 
necessitated some reordering of Ramanujan's findings in our description of 
Sections 2-7 below. 

Ramanujan's discourse in Section 1 seems to indicate that he used the 
Euler-Maclaurin summation formula to establish his asymptotic expansions. 
However, his comments are so cryptic and obscure that we have been un- 
able to find a proper interpretation for them. At any rate, it appears that 
Ramanujan's use of the Euler- Maclaurin formula was formal and non- 
rigorous. Despite the nature of his methods, Ramanujan’s results are correct, 
except for some minor errors. Our original proofs were likewise based on the 
Euler- Maclaurin summation formula. These proofs were rather lengthy and 
involved. We are extremely grateful to P. Flajolet for suggesting that con- 
siderably shorter proofs could be achieved via the use of Mellin transforms. 
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In the second half of Chapter 15, modular forms, in particular, Eisenstein 
series, are at center stage. However, as our summary below indicates, there 
are many themes. 

One of the most interesting theorems in Chapter 15 is found in (8.3) below. 
This undoubtedly new result gives an inversion formula for a certain modified 
theta-function. It may be surprising that an exact formula of this type exists. 

Entry 11 is a beautiful and new reciprocity formula reminiscent of some of 
the formulas in Chapter 14. 

Section 12 contains several results found in Ramanujan’s famous paper 
[11], [16, pp. 136-162]. We mention, in particular, Entry 12(x) which is 
equivalent to the very interesting identity 


У eiQk + 1)оз(и – k) = L оой +1), n20, 

K=0 240 
where o,(m) = Y and" т # 0, and o4(0) = 515. Ramanujan states this identity 
without proof in [11], [16, p. 146] and indicates that he has two proofs, one 
of which is elementary. We have not been able to find an elementary proof in 
the literature nor can we produce one ourselves. All the results in Section 13 
can also be found in [11]. 

Entry 14 offers a new recursion formula for Eisenstein series. It is quite 
distinct from the most well-known recursion formula for Eisenstein series 
which was discovered by Ramanujan in [11], [16, p. 140]. 

In Section 10, Ramanujan defines some terminology in the theory of infinite 
series. His definitions are rather vague and do not seem to be important. 

The motivation for most of the material in the last two sections of Chapter 
15 is unclear. However, some of the work gains meaning when one realizes 
that it is precursory to Ramanujan’s profound work on modular equations in 
Chapters 19—21. This will be described in Part Ш [11]. 

Most of Ramanujan's results in Section 2-7 are expressed in terms of 
Bernoulli numbers B,. Recall that, for example, from Titchmarsh's book [3, 
p. 19], for each positive integer n, 


(1 — n) = (— 0"* B,n, (0.1) 


where C(s) denotes the Riemann zeta-function. Since the values ¢(1 — n), rather 
than Bernoulli numbers, arise naturally in our proofs, and since the former 
notation is more economical, we shall generally express Ramanujan's results 
in terms of C(s). 

We quote precisely Ramanujan's cryptic formulation of Entry 1 and its 
corollary. 


Entry 1. 


oo 


“h У olkh) = | Ф(х) dx + Fh), 
k-1 


0 


where F(h) can be found by expanding the left and writing the constant instead 
of a series and F(0) = 0." 
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If we formally apply the Euler- Maclaurin formula, (10.5) of Chapter 13, to 
f(x) = ф(Ах) on (0, со), we find that 


Sh a (ЙЕ k aix) ds 


-ў co a Pe 00) + ВЕ, (1.1) 


where here 


К сш: || B,(t руе) dt 


m! 0 


and where we have assumed that ф® P (oo) = Ofor 1 < k < m. If is such that 
(1.1) is valid and if furthermore hR,, tends to 0 as h tends to 0, then F(0) = 0 
as stated in Entry 1. 


Corollary. “If 
ho(h) = ah? + bh* + ch’ + аһ + 


then 
y й B,h? bB h! 
PE oe) dx 2B _ PBM y 
k=1 0 P q 


Apparently, Ramanujan assumes that p, q, ... are integers with 2 < p < 
q «in his application of (1.1). If (1.1) holds for g and А, = O(h™) for each 
m > 1, then this corollary yields a valid asymptotic formula as h tends to 0. 

Ramanujan next observes that “if the expansion of ф(Ю) be an infinite series, 
then that of F(h) also will be an infinite series; but if most of the numbers p, 
q,r, 5, t, etc., be odd integers F(h) appears to terminate. In this case the hidden 
part of F(h) can't be expanded in ascending powers of h and is very rapidly 
diminishing when h is slowly diminishing and consequently can be neglected 
for practical purposes when h is small." 

The first part of this observation refers to the fact that the coefficients B,, 
B, ... in the corollary vanish when p, q, ... are odd integers greater than 1. 
The latter part about “the hidden part of F(h)" refers to situations as in the 
following Example 1 (where o(h) = (1 + h?) 3) and Example 2 (where ф(А) = 
exp( — h?)), in which (1.1) takes the form F(h) = —h/2 + hR,, for any positive 
integer m. Ramanujan’s claim is that F(h) + h/2 = hR,, tends rapidly to 0 as 
h tends to 0. Indeed, in the corrected versions of his Examples 1 and 2 which 
we are about to present, it will be seen that F(h) + h/2 ~ exp(—2n/h) and 
F(h) + h/2 ~ exp( — z?/h?), respectively. It would be interesting to obtain 
asymptotic estimates of F(h) for other classes of even meromorphic functions 
o(h) as h tends to 0 (see Example (iv) of Section 3 and (8.3)). 
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Example 1. If (h) = 1/(1 + h?), then 


л һ 


F(h) = аъ р э: 


апа 


Proor. By Entry 1, 


k=1 
д 
=~ coth 
oka ae 2 
л һ 


o 


= ph v 


Ramanujan (p. 181) claims that F(h) = 2z/(e?"^ — 1), and so his value of 
F(45) is also incorrect. 


Example 2. If o(h) = exp( — А2), then 
Е( 5) & -h + ne 199", 


Proor. By Entry 1 and the well-known transformation formula for the classi- 
cal theta-function 0(2), found in the corollary to Entry 7 of Chapter 14, 


F(h)=h у ere | e* dx 
k=1 


[U 


ho RR ur IR 
2 


2 2 k-—-o 
h e —n2k2|h2 
= —+{/л У erem (12) 
2 к= 
The proposed approximation for Е(15) readily follows. LI 


In contrast, Ramanujan asserts that *F(45) is very nearly 10. /ле 109°” 


Entry 2 is the special case p == 1 of Entry 3 below. 
Example (i). As x tends to 0+, 


+ 4 Log(2z), 


ao усы 
У eo Log k же ОВЕ 
k=1 x 


where y denotes Euler’s constant. 
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Proor. This follows from the case p = m = 1 in Theorem 3.2, since ё'(0) = 
—1 Log(2n) (Titchmarsh [3, p. 20]). m 


Example (ii). Let d(n) denote the number of positive integral divisors of the 
positive integer n. Then as x tends to oo, 
У d(n ~ x Log x + (2y — 1)x, (2.1) 


п<х 


where y denotes Euler’s constant. 


This asymptotic formula is a well-known result in elementary number 
theory. Let A(x) denote the difference of the left and right sides in (2.1). By 
elementary methods, A(x) = O(./x), as x tends to oo. (See, for example, Hardy 
and Wright’s book [1, p. 264].) At present, the best O-estimate that we have is 


A(x) = Q(x??2**), 


for each e > 0, which is due to Iwaniec and Mozzochi [1]. On the other hand, 
Hafner [1] has shown that, for some constant c > 0, 


A(x) = О, (х Log x)'^(Log Log x)3*?24°82)4 exp(—c(Log Log Log x)'?)), 


which is the best Q theorem at present. The problem of determining the order 
of A(x) is known as the “divisor problem" and is one of the most difficult and 
famous problems in the analytic theory of numbers. It is conjectured that 
A(x) = O(x!^*") for every e > 0. For a fuller discussion of the divisor problem 
along with historical references, consult the books of Ivić [1, Chapter 10] and 
Graham and Kolesnik [1]. 


Example (iii). If p, denotes the kth prime, then 


© Log x 
-k 

È ep~ 2°? 

k=1 x 


as x tends to 0+. 


Proor. From Landau's treatise [1, p. 215], 
рк = k Log k + O(k Log Log К), 
as k tends to оо. Thus, as t tends to оо, 


F(t):= У p, = 3? Log t + O(t? Log Log t). 


k<t 


Therefore, by partial summation, 


о © 
e "p, = | F(t)xe '* dt 
rest 


=x | 1t^(Log t + O(Log Log t))e™ dt 
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aD 


1 оо 
= 22 [| ечи? Log(u/x) du +0 = | e "u? Log Log(u/x) iu) 
0 


3x 
—Log x |” j —Logx 
„у 8 uy? dy = —— E 
952 I e “ur du boc 
as x tends to 0+. Г] 


Example (iv). Write 


2 22] = у Цп)х", — |x|« t. 


k=—00 


Then “I(n) is of the order 


a; [con n/n E EVE 


This declaration essentially appears in Ramanujan's first two letters to 
Hardy [16, pp. xxvii, 352] and is not correctly stated. (This was pointed out 
by Watson [2].) However, a corrected version can be found in the famous 
paper of Hardy and Ramanujan [1] (Hardy [6, p. 334], Ramanujan [16, 
p. 304]), wherein their asymptotic formula for the partition function p(n) is 
established. Example (iv) is an analogue of this theorem in that the generating 
function for p(n), the Dedekind eta-function, is essentially replaced by the 
classical theta-function @(t), where x = —e "*. Littlewood [1] (see also 
Andrews’ book [2, pp. 68—69]) has written that in the collaboration with 
Hardy on p(n), Ramanujan kept insisting that a highly accurate formula for 
p(n) existed. This persistence especially pushed Hardy to the discovery of their 
amazingly precise asymptotic formula. Example (iv) shows that the founda- 
tion for Ramanujan's confidence originated in India several years earlier. 

In 1937, Rademacher [1] discovered an exact formula for p(n), which 
yields, of course, Hardy and Ramanujan's asymptotic formula as a corollary. 
(See also Ayoub's text [1, Chap. 3] for a proof of Rademacher's theorem.) 
Zuckerman [1] shortly thereafter found an exact formula for I(n) in Example 
(iv) as well as for the Fourier coefficients of the reciprocals of other modular 
forms including all the classical theta-functions. Simpler formulas for the 
Fourier coefficients of the reciprocals of the classical theta-functions, and 
simpler proofs, have been derived by Goldberg [1 ]. 

Riesel [1] examined Entries 3—5 below and asserted that they were incor- 
rect, because he interpreted them as exact formulas. As asymptotic formulas, 
Entries 3—5 are, indeed, correct. 

We begin Section 3 by stating Entry 3 and its corollary, as Ramanujan 
probably intended them. Throughout, y denotes Euler's constant and B, is the 
nth Bernoulli number. 


Entry 3. Suppose that m and p denote positive integers. Then as x approaches 
0+, 
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Y e "kml us Г(т/р) Y ( peo Bm+pk (х) 
к=1 рх"? уш, m+ рК К! 


Corollary. Suppose that р is a positive integer. Then as x approaches 0+, 


© ex Тору © By, (—x)* 
[= ty(1—1 1y* — А 


Ву (0.1), Entry 3 and its corollary follow from our Theorem 3.1 below. 

Throughout the sequel, Z~ denotes the set of nonpositive integers and 
с = Re s. The symbol Уу indicates that those values of k yielding undefined 
summands are excluded from the summation. The residue of a meromorphic 
function f at a pole z, is denoted by R(z 9). (The identification of f will always 
be clear.) 


Theorem 3.1. Let p > 0, let m denote a complex number, and define 
fœ) = Уе Е, 
к=1 


Then as x tends to0+, 


Г(т/р) г (—х)* 
fe) ~ Tair + У т pT, G.1) 
if m/p $ Z`, while if m/p = —reZ', 
fle) н, -tyi Log xh) 
yk 
+8 тр, в2) 
k= 5 
where у denotes Euler’s constant and 
rail 
ш 


Pnoor. We shall assume that m is real; the more general result can be estab- 
lished by similar lines of reasoning. 

Using the definition of f and inverting the order of summation and integra- 
tion by absolute convergence, we easily find that 


| fox)x* ! dx = Г()Ё(1 — m + ps), 
0 

provided that c > sup{0, m/p}. By Mellin's inversion formula (Titchmarsh 
[3, р. 33]), 


f(x) І р n T(s)€(1 — m + ps)x ? ds, (3.3) 


2ni a—ioo 


where a > sup(0, m/p}. 
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Consider now 
1 
Ім,т = xl Г(5)6(1 — m + ps)x ? ds, 
| 2ni Jeur 


where Сут is the positively oriented rectangle with vertices а + iT and 
—M + iT, where T > 0 and М = № + 2. Here N is an integer chosen suffi- 
ciently large to ensure that N > |т|/р. The integrand has simple poles at 
s = m/p and s = 0, —1, —2,..., —N on the interior of C, т, unless m/p = 
—reZ ,in which case there exists a double pole at s = —r. By the residue 
theorem, if m/p é Z7, 


Em: 
Tyo Ms y n t — m — pkl 9 (3.4) 
while if m/p = —reZ, 
N cow 
lu,r = R(-r +) * (1 тр. (3.5) 
k=0 . 
Now, 
EM UMP (= ТИ 
PED. К (Н, – ү) +, 0<js+r|<1, 
1 
кешесе уннщ (3.6) 
and 
x %=x'—x'(Logx)(s+trn+-::. (3.7) 
Hence, if m/p = -r e Z7, 
Rn = [sti +7 2 Log x} 2. (3.8) 
р р r! 


Putting (3.8) into (3.5), we see from (3.3)-(3.5) that, in order to establish 
(3.1) and (3.2), it suffices to show that 


| оге £ iT — m + plo + iT)" do = o(1) (3.9) 


as T tends to oo, and then that 
| Г(—М + i)((1 — m p( — M + it))xM " dt « xM, (3.10) 


as x approaches 0+. 
Recall (Copson (2, р. 224]) the following form of Stirling's formula. Uni- 
formly for с in any finite interval, as |t| tends to oo, 


|T(s)) ~ (Ол) е "112 |12. (3.11) 


Also (Titchmarsh [3, p. 81]), uniformly for с > ao, there exists a constant 
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k = К(со) > 0, such that 


C(s)  O(It|*), (3.12) 
as |t| tends to œ. Estimates (3.9) and (3.10) clearly follow from (3.11) and (3.12), 
and the proof of Theorem 3.1 is complete. Li 


The proofs that follow are similar to that of Theorem 3.1, and so we shall 
not provide all the details. In particular, estimates analogous to (3.9) and (3.10) 
are always needed, and they are always obtained in a manner very much like 
that described above. 

The case m = p = 1 of Theorem 3.2 below yields Example (i) of Section 2. 
Observe that Theorem 3.2 follows formally from Theorem 3.1 via differentia- 
tion with respect to m. This (nonrigorous) procedure may be what Ramanujan 
used to deduce Example (i) of Section 2. 


Theorem 3.2. Let p > 0 and define 
g(x) = Y, ек" Log К. 
k=1 


Then, if m/p ¢ Z ,as x tends to 0+, 


T — Г L © = хў 
ы = son meee È ea - m- py C. 


Proor. As before, we may, without loss of generality, assume that m is real. 
Inverting the order of summation and integration by absolute convergence, 
we readily deduce that 


L g(x)x* ! dx = – Г(5) (1 — m+ ps), 
o 


if o > sup(0, m/p}. From Mellin’s inversion formula, 


1 atioo 
g(x) = —— | Г($) (1 — m + ps)x ? ds, 
2ni a—ioo 
where a > sup(0, m/p}. 

Consider next 


1 
Iut = -53 | Г(8)'(1 — m + ps)x * ds, 
2ni Jou, 


where Cy. т denotes the same rectangular contour as in the proof of Theorem 
3.1. Since m/p ¢ 2, by the residue theorem, 


_ Гур) — V(m/p) Log x 


(=x) 
p?x™P Bd 


N 
2 eme m 


мт 


The remainder of the proof is similar to that of Theorem 3.1, but an estimate 
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just like (3.12) is needed for ¢'(s) in place of (5). This can be obtained 
by differentiating the formula for £(s) obtained from the Euler-Maclaurin 
formula, (10.5) in Chapter 13, with f(t) = t^, a = 1, b = oo, and m sufficiently 
large. Г] 


Ramanujan now records several examples to illustrate his results. Example 
(i) is the case p = 2 of the corollary following Entry 3. Example (ii) is the case 
p = 4, т = 2 of Entry 3. Example (iii) is the case р = 3, m = 2 of Entry 3. 


Example (iv). As x tends to0+, 


—k2 
екх д? 


У == + Z nx + O( /xe-*"*) 
Ei К 6 2 


Proor. From (1.2), as t tends to 0+, 


© 1 1 fn err 
ers + KE + o( ) 
2, 2 2Nt к Л 


Integrating this equality over [0, x], we find that 


o (J — —k?x К 
у ы RE TAX + O( /xe^* I), 
к=1 К 2 
as x tends to 0+. Since ((2) = л2/6, the proposed result follows. DH 


Example (v) records the case m — 3, p — 6 of Entry 3. 


Entry 4. Let p > 0 and let m and d be complex numbers with Re(pd — m) > 0. 
Define 


© km! 
ыру 


Then, if m/p ¢ Z^ , as x tends to 0+, 


F(m/pT(d —m/p г (х) 
а t h, (OLU -= т pyr 


where, as usual, (d), = V (d + k)/E (d). 


h(x) 


ProoF. As in previous proofs, we may assume without loss of generality that 
т апа d are real. 

Inverting the order of summation and integration by absolute convergence, 
we deduce that 


20 oo © uw! 
h(x)x* ! dx = km ips ——— du 
|, М à i TEN. 


I'(s (d — 
-( m py. 
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provided that m/p < о < dando > 0. By Mellin's inversion formula, 


1 Ж L(s)U(d — s) E 


h(x) = Эл Ta) C(1 — m + ps)x™ ds, 


where m/p < a < d and a > Q. 
With the same oriented rectangle C,, r as in previous proofs, we find that 


1 T(S) (d — s) 
2ni |. т T(d) 


Г(т/р)Г (d — m/p) 
РГ(4)х"!Р 


С(1 — m + ps)x ? ds 


(— х* 
k! » 


25 (d),C(1 — m — pk) 


by the residue theorem. The remainder of the proof now parallels that of 
Theorem 3.1. E 


Ramanujan concludes Section 4 with an example, which is the case p = 8, 
т = 2, d = lof Entry 4. 

Entry 5 is the case n = q = 1, m # p of Theorem 6.1 in Section 6. The 
corollary of Entry 5 is the case n = q == 1, m = p of Theorem 6.1. 

In the case m/p # n/q, Theorem 6.1 is a somewhat more general version of 
Entry 6, and in the case m/p — n/q, Theorem 6.1 generalizes a result marked 
by “N.B.” immediately following Entry 6. 


Theorem 6.1. Let p, q > 0 and let m and n be complex numbers. Define 


оо 
Í, (x) = ех ртт Е 1 
m,n У 


jk-1 


Then, if m/p, n/q Ф Z`, as x tends to 0+, 


fal 8) ~ vr пя ету + Ut — m + pj) 
+ троса п 0, уреза 
апа 
әд; 200 +a + (a) - tos] 
+ Y Q1 m= pot — n — a if pn = qm 
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where d(r) denotes the number of positive divisors of r. Titchmarsh [3, p. 140] 
used the asymptotic expansion for f, (х), which was first proved by Wigert 
[1], and which is a special case of Theorem 6.1, in obtaining mean value 
theorems for £(s). 


Proor. Without loss of generality, assume that m and n are real. 
Inverting the order of summation and integration, we readily see that 


I T: Geh dye CUu ae ps Eee dos 
0 


under the assumption that о > sup{0, m/p, n/q}. By Mellin's inversion formula, 


ati 


Р(х) = x ° T(s)€(1 — m + ps)C(1 — n + qs)x ? ds, 
2ni a-—ioo 


provided that a > sup {0, m/p, n/q}. 
Let C, т denote the rectangular contour given in the proof of Theorem 
3.1. By the residue theorem, 


1 


— T(s)€(1 — m + р5) (1 — n + qs)x ? ds 
2лї 


Cur 


N э 
= Smal R(m/p) КШ + У, c mo PONT =т= dues 


where ôn „= 1 if pn # qm, and à,,, = 2 if pn = qm. If pn # qm, the residues 
R(m/p) and R(n/q) are routinely calculated. In the case that pn = qm, the 
integrand has a double pole at m/p = n/q instead of simple poles at m/p and 
n/q. With the use of (3.6) (and its analogue with q and n in place of p and m, 
respectively), (3.7), and the Taylor expansion of T (s) about s = m/p, we may 
easily calculate R(m/p) for this double pole. The remainder of the proof is 
almost identical to that of Theorem 3.1. ГЛ 


Theorems 6.2 and 6.3 below supplement Theorem 6.1 by providing asymp- 
totic expansions when m or n or both are equal to 0. 


Theorem 6.2. Let p, q > 0 and let n be complex. Then, if n/q ¢ 77, 


EdE + pn/q) $C. — n) Log x " 
qx р 


fo, nl) A 


п 


+ Y 001 рю п ~ 40 
as x tends to 0+, where 


part M e 1 EJ - n). 
p p 
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Proor. The proof is identical to that of Theorem 6.1 except in one respect. 
The former simple poles of the integrand at s = 0 and s = m/p now coalesce 
to form a double pole at s = 0. An elementary calculation yields 


C(1 — n) Log x 


R(0) = A 
and the desired result follows. [] 


Theorem 6.3. Let p, q > 0. Let 
л? 1 1 1 p q 
Ao = + 16 + — ) c ( +=], 
? 12pq 2pq p а) M р 


^L 2 
s = lim ($5 E d 19 Ji 


поо r=1 


where 


Then as x tends to 0+, 


Log’ x (p+q-—1)y Log x 
fo, o(X) ~ E ев + Ао 


ра 
(—х)* 
k! ` 


Proor. The proof is the same as for Theorem 6.1, except that the former 
simple poles at s = 0, m/p, and n/q now coalesce to yield а triple pole at s = 0. 
To calculate R(0), we Had the Laurent expansions 


1 2 
r E us un 
(5) = er idi Д 0 < 15] < 1, 


1 
Са + ps) = pol ee 


1 
Са + 45) = +y- 105 +77, 
qs 


and 


Ts = 1 — s Log x + 4s? Log? x +- 


The Laurent expansion for l'(s) about s = 0 may be calculated from the 

Weierstrass product representation for T (s), while the Laurent expansion of 

((s)abouts = 1 is found in Entry 13 of Chapter 7 (Part I [9]). It transpires that 
Logx (p+q-— 1)у Іов х 


К(0) = — + Apo. 
2pq pd S 


The desired result now follows as in the proof of Theorem 6.1. [1 
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Note that А, does not approach A, as n tends to 0. 

Ramanujan concludes Section 6 with two examples. Example (1) is the case 
p = 2, n = q = 1 of Theorem 62, and Example (ii) is the case m = 3, р = q = 
n= 1 of Theorem 6.1. 

As customary, put o,(s) = У 4", where the sum is over the positive integers 
d which divide s. 

We next offer a corrected version of Ramanujan’s Entry 7. (Ramanujan 
mistakenly indicates o, ., (s) instead оѓо, _„(5) below.) 


Entry 7. As x tends to 0+, 


s" lo, (S) Lun Р 


+ LO tora bcm ec "е =й) 


(—х)* 
ga 


+5 C(1 — m — kl —n—k)f(—k) (7.1) 


provided that m + n, m X 1,n Æ 1, and m, n ¢ Z`. 


Setting s = jk below, we see that the sum on the left side of (7.1) equals 
Y s™ 1g, _ a(S) Y esx z= у g kyr ye 
5=1 і=1 i,j,k=1 


that is, the left side of (7.1) equals 


oo 


juge x dommages (7.2) 
i,j,k=1 
for the special choices p = q = r = l = 1. In Theorem 7.1 below, we give an 
asymptotic formula, as x tends to 0+, for the triple sum in (7.2), under 
the general conditions m/p, n/q, l/r ¢ Z~, qm # np, rm # pl, and rn + ql. 
Ramanujan's formula (7.1) then follows from Theorem 7.1 upon setting p — 
д=т=1{= 1. 


Theorem 7.1. Let p, q, r > 0 and let m, n, and l denote complex numbers. Let 
Ím.n i(X) be defined by (7.2). Suppose that m/p, n/q, ljr ¢ 27, qm £ np, rm # pl, 
and rn + ql. Then as x tends to 0+, 


Г 
Snn) ~ ic C(1 — n + qm/p)C(1 — 1+ rm/p) 
Г 
i (1 — m + pn/qC(1 — 1 + rn/q) 
n ) 


yi (i — m + pl/r) (1 — n + gl/r) 


(- L 


+ А (1 — m – р) С(1 — n — gk)C(1 — 1 —rk) 


к=0 
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Proor. The proof follows precisely along the same lines as the proofs of 
Theorems 3.1 and 6.1. Г] 


Ramanujan concludes Section 7 with an example, which is the case m = 3, 
n = 5 of (7.1). Again he mistakenly indicates o,.., (s) in place of o, _„(5) in the 
example, and, moreover, he inadvertently omits the term — 1/(1440x) in the 
asymptotic expansion. 

Clearly, the theorems that we have proved can be generalized and extended 
even further. In particular, restrictions imposed on the parameters can be 
lifted. The computation of the residues would then be somewhat more difficult. 

At the beginning of Section 8, Ramanujan remarks that “if F(h) in XV 1 
terminates we do not know how far the result is true. But from the following 
and similar ways we can calculate the error in such cases.” To illustrate these 
cryptic remarks, Ramanujan indicates a method for calculating the error in 
the asymptotic expansion 


о 1 п? 1 m 
È m бу + o + 4+ о(1), (8.1) 


as x tends to 0+, which is the case р = 2, q = m = п = 1 in Theorem 6.1. In 
fact, he indicates that the equalities 


I У e ** cos(ax) dx = 2 JB 


k=l 
a sinh(z./2a) — sin(z./2a) (8.2) 
73 2а cosh(z,/2a) — cos( (л/а) | 


сап be used to deduce the following exact formula extending (8.1). 


Entry 8. If x > 0, then 


© 1 mo imon i 
Šit fis 
cos (+ 2x E) ен SUE е (+) 
" [n $ 1 4 x 4 
2x & 
У ik cosh (2s =) — eos (2n EJ 


This is truly a remarkable formula. The left side can be construed as a 
modification of the theta-function 


e 
0(х) =1+2 У A 
к=1 € 


Thus, Entry 8 is an analogue of the inversion formula for 0(x). 
Before proving Entry 8, we first establish (8.2). 
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The first equality easily follows from inverting the order of summation 
and integration on the left side and using a well-known integral evaluation 
(Gradshteyn and Ryzhik [1, p. 477]). 

To prove the second equality, we shall expand the right side into par- 
tial fractions. An elementary calculation shows that the nonzero zeros of 
cosh(z.,/2a ) — сов(л.,/24) are at а= +k’i, 1 < k < оо, and that they are 
simple. Thus, if R(z;) denotes the residue of the function on the far right side 
of (8.2) at a simple pole zy, we find that 


aas ud 
R(+k*i) = +5: 


Thus, for some entire function g(a), 


т  sinh(x./2a) — sin(n./2a) i = | 1 1 | 
- -+ + 
2./2a созһ(л„/2а) — cos(n,/2a) 2 n a—- Ki а+ кі ga) 


Letting a tend to oo on both sides above, we find that g(a) tends to 0. Hence, 
g(a) is a bounded entire function, and so by Liouville’s theorem g(a) is 
constant. Clearly, this constant is zero. Hence, the proof of the second equality 
in (8.2) is complete. 

А different proof of the second equality in (8.2) may be found in a paper of 
Glaisher [1]. 


PRoor or ENTRY 8. Setting x = zy, we restate (8.3) in the form 


e 1 л 0) D 
3 = К, 8.4 
кә шс] (б 2 y ii 1) Hs 


where 


к=, — ны ше -j 
2421 kyl cosh2n /k/y) — cos(2n/k/y) 
2 £ Л шын 1. (8.5) 


— Ry Y 2./2a cosh(z,/ 2а) — cos(z4/ 2a) 


where a := a, := 2k/y. 
For brevity, set 


wu) = Y e u> 0. 
i 


Thus, by (8.2) and (8.5), with a — 2k/y, 


oo © d 
R=2 2, [f y(u) cos(2nku/y) = we} 

v 1 

» | V (uy) cos(2nku) du sl (8 6) 
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Now, for y > 0, 


Ed 1 
= ру (8.7) 
By (8.6) and (8.7), the proposed formula (8.4) now becomes 
г m. vias ele | 
(ky) = — ->= - = = 2 ii V (uy) cos(2nku) du — EL 
p 6y 2. J/ y 4 à 0 4. J ky 
(8.8) 


Let 0 < c < 1. Applying the Poisson summation formula, (6.1) of Chapter 
14, we deduce that 


Š у= | 
k=1 


£ 


oo 


V (uy) du + 2 3 Г V (uy) cos(2nku) du. (8.9) 
к=1 Je 
From (8.2), 


Ж л 
ji (иу) du = бу` 


Hence, by (8.9), 


Y yky - — = lim 2 Y | V (uy) соѕ(2лки) du. (8.10) 
k=l бу 5o« kat Je 
By (8.8) and (8.10), it remains to prove that 
к c dn [f y (uy) соз(2лКи) du — — (8.11) 
4 2. / y co0- k=l (Jo 4./ky 


From the corollary to Entry 7 of Chapter 14, for u > 0, 


1 1 1 1 
(uy) = — + + ( ) 
"n "2 Ja уу Wo 
Therefore, 


1 — di 


Е 1 Е 
uy) cos(2nku) du = ~ = | со$(2лКи) du + = 
[ V (иу) cos( 2 |. ( т 


* cos(2nku) (5) 1 Т 
di dim u. (8.12) 


The first term on the right side of (8.12) gives to (8.11) the contribution 
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o sin(2 
lim -2 У za om) lim Me —[e] - D — —4, (8.13) 


£20* £0t 


where we have used (5.2) of Chapter 14. The third expression on the right side 
of (8.12) contributes to (8.11) 


lim 2 » EOS LC PE = 0, (8.14) 


£204 k-1 JO E 


which can be seen after two integrations by parts. By (8.11)-(8.14), it remains 


to prove that 
1 90 E 
E il ха occa |. (8.15) 
0 


2 od Ju 2/k 


Now (Gradshteyn and Ryzhik [1, p. 395]), 


к= - [2 [ cos u? du = —— 
о Я, 


Using this in M we find that (8.15) becomes 


2) = lim 2 Э © cos(27ku) | 


£20t k=1 Je EVEN 


We shall again apply the Poisson summation formula. Let 0 <= « 1 < № 
and suppose N is not an integer. Then 


1 N du 
E» Jk ng 
The left side of (8.17) may be written as 
Ndu] -) [vu] —h4U" 1 (“i-u 
= + — M2 du. 
Е Ju Ju E 2 £ u 
Using this in (8.17) and letting N tend to oo, we deduce that 
1[*[u] -u , 4, [?cosQnku) 
Jets | pe du=2 У [ =, du, (8.18) 


where letting N tend to oo inside the summation sign is justified by two 
` integrations by parts. Combining (8.16) and (8.18), we see that we must show 


that 
9 = an ва 777 


и 


(8.16) 


I SOSU ОА (8.17) 


Ji 


But this last formula follows immediately from a well-known representation 
for (з) found in Titchmarsh’s treatise [3, p. 14, Eq. (2.1.5)]. Hence, the proof 
of (8.3) is complete. Г] 
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In the sequel, we shall set 
Se. " 
y= jeke”, (9.1) 
j,k=1 
where x > 0 and m and n are nonnegative integers. Without loss of generality, 
assume that m > n. In Theorem 6.1, an asymptotic expansion is given for 


Е, „(х) as x tends to 0+. Ramanujan begins Section 9 with the special case 
р= 4 = 1, т £n of Theorem 6.1. He then defines, for [q| < 1, 
ig gi 
L=1-—24 
2, ` Le 
со k? k 
М=1+240 Y, — 
ei l— q 
and 
k5 k 
= 1 — 504 X Я 
car 


The functions L, M, and N were thoroughly studied in a famous paper [11], 
[16, pp. 136-162] by Ramanujan, where L, M, and N are denoted by P, Q, 
and R, respectively. We now show that L, M, and N are essentially the 
Eisenstein series of weights 2, 4, and 6, respectively, on the full modular group 
Г(1). To see this, first let q = exp(2zit), where т is in the upper half-plane J£, 
and write 


у yk 


es uk 
k=1 


=: 2. k” p e?rük: 25 у, o, (r)e?"ir*, (9.2) 
where we put jk = r and where o,(r) = Y, K”. Next recall that the Fourier 
expansions of the Eisenstein series ? a(t), where n is an even positive integer, 
are given by (Rankin [2, p. 194]) 


oo 


E,(t )- 1—24 X о, (k)e?7** — — 
к=1 


= лу 
3 
= 1 — 240,(q) - — (9.3) 
лу 
апа 
2 © 
Et) =1— = У, а, (де? 
п К=1 
=1— 2.) n> 2, (9.4) 


where у = Im т > 0 and where B, denotes the nth Bernoulli number. Hence, 
L=E,(t) + 3/(ny) М = E,(1), and N = E,(t). 
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Ramanujan next claims that if m + n is an odd, positive integer, then the 
function F,, „(х) of (9.1) can be evaluated exactly in terms of L, M, and N. First, 
observe that, by setting jk = r in the definition of F,, „(х), we obtain 


Fan) = У, ro, (r)e ^. 
r=1 


Thus, with x = — 2літ, F» ,(x) is essentially an n-fold derivative of an Eisenstein 
series of even weight if m — n is odd. If m — п = 1 and n > 1, then Е, „(х) is 
clearly a multiple of an n-fold derivative of L. Suppose now that m — n is odd 
and > 1. By a theorem in Rankin’s text [2, p. 199], each modular form of even 
positive weight can be expressed as a polynomial in E,(t) and E,(t). Thus, 


oo 


у бы-„()е '* 
к=1 
can be so expressed, and since F, „(х) is, up to a factor of +1, an n-fold 
derivative of the function above, then F,, „(х) can be represented as a poly- 
nomial in M, N, and their derivatives. 

For further remarks and discussion, see Venkatachaliengar’s monograph 


[1, pp. 30, 31]. 


Entry 10(i) (First Part). For each positive integer n > 2, 


B, 8 WE 
Е»„(т) za Sa zb А 63, ,(k)e?7* 


can be expressed as a polynomial in M and N. 


This statement was verified in Section 9 where we appealed to Rankin's 
book [2, p. 199]. See also (14.2) and Entry 14 below. 


Entry 10(i) (Second Part). For each positive integer n, 


© К?°д* nL | B,, oo r4 
nX) = b n + 
Inf ) à (1 = 4%)? 6 4n k=1 1 = q* 


can be expressed as a polynomial in M and N. Here 6, = апі д, = lif n > 2. 


Proor. By (9.3) and (9.4), 
oo k?"g* 1 d Ban 
4n 


ERO), 
where 
3 ; 
Ej,(0)4 —-—L, ifn=1, 
Ty 


E, (x), if n 1. 
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Thus, for n > 1, 


ух) == Е, (т) = (Саг (т )+ ш IT „(т ). 


By the aforementioned theorem in Rankin’s treatise [2, p. 199], it suffices to 
prove that Е. (т) is a modular form on Г(1) of weight 2n + 2. We must therefore 
show that (Serre [ 1, Eq. (5), p. 80]) 


F,(— 1/1) = т?”*?Е (т), тє X. (10.1) 
Recall that for Ve = (ат + Б)/(ст + d) € Г(1) (Schoeneberg [1, pp. 50, 68]) 


(ct + а)?Е%(т) — бл lic(ct + 4), ifn = 1, 


E3,(Vt) = | 


(ст + dY" Ex), if n > 1. ue) 


By (10.2), ifn > 1, 


2 
m 1/t) = —— Qni" E, (0) + En (0) 


eser = e) v"E, (1) 
UR л 


1 
= 1{2"*2 (869 + ENS) 


4 
= 29221 р (0). 
B, 
This proves (10.1) for n > 1. A similar argument can be used for the case 
n = 1. О 


Alternatively, for и > 1, (10.1) follows from the theorem in Ogg’s survey 
[1, рр. 16, 17] that if f(t) is a modular form of weight k, then f‘(t) — 
(2xik/12)E¥(t) (т) is a modular form of weight k + 2. 

Ramanujan did not consider the case n = 1 in Entry 10(i). 

In the remainder of this long section, Ramanujan makes several definitions 
and offers many examples to illustrate his definitions, which, for the most part, 
are imprecise. For each definition, we quote from the notebooks (pp. 186, 187). 


Entry 10(1). “The degree of a series is the sum of the highest powers of the nth 
terms together with unity if the series contains all the powers of x or if the 
powers of x be in A.P. (arithmetic progression). 

If the coefficient of each nth term is homogeneous the series is said to be 
pure and in other cases mixed. 

The theory of indices holds good in terms of degrees of series. 

If F(h) in XV 1. terminates the series is said to be perfect. If not it is said to 
be imperfect. 

If F(h) = 0 the series is said to be complete in other cases incomplete. 
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A series is said to be absolutely complete when it remains complete when 
transformed or split up. 

A linear series can only be expressed by linear, double by double, treble by 
treble, pure by pure, perfect by perfect, imperfect by imperfect, and absolutely 
complete by absolutely complete adhering to the laws of indices in all cases. But 
a mixed series can be split up into a number of pure series of different degrees.” 


M. E. H. Ismail has suggested that the degree of a series is more properly 
defined in terms of the order of a singularity on the boundary of convergence 
of the series. Of course, this definition is possibly ambiguous if there is more 
than one singularity on the boundary. However, for some of Ramanujan’s 
examples, Ismail’s definition is more viable than Ramanujan’s definition. 

We do not know what is meant by “the theory of indices.” The definition 
of F(h) is given in Entry 1. 


Example 1. Let 
fib) = Y, kx’, jx| < I, 
k=1 


where n is a nonnegative integer. First, f, has degree п + 1 because the degree 
of k" is n and x* contributes 1 to the degree. Since f, has a pole of order n + 1 
at x = 1, f, has degree n + 1 by Ismail's definition as well. It is easily seen that 
К" is homogeneous; that is, if g(k) = К", then g( jk) = ( jk)" = j"g(k). Thus, f, is 
pure. Here g(t) = t"x'. Since qC* (0) is not necessarily equal to 0 for each k 
sufficiently large, F(h) does not terminate, and so f, is imperfect. It trivially 
follows that f, is incomplete. It is uncertain what Ramanujan means by 
“linear.” But if he means that the series is not a multiple series, then it is clear 
that f, 15 linear. 


Example 2. For x real, let 


бй 3 = 


k-i 


Now sin(kx) probably has degree 1 in Ramanujan's definition. Since 1/k has 
degree — 1, Ramanujan concludes that f; has degree 0. The singularities at 
x = 2nn, where n is an integer, are “jump” discontinuities, and so it is reason- 
able to say that they are of order 0. Hence, f; has degree 0 by this interpretation 
as well. The coefficients are equal to 1/k, and so f, is pure. It is clear that f; 
is linear by the interpretation of “linear” given in Example 1. Now F(h) £ 0, 
but g(t) = sin(tx)/t is an even function of t, and so 9O* (0) = 0, k > 1. Hence, 
f; is perfect and incomplete. 


Example 3. Consider F,,,,(x), defined by (9.1). Clearly, F,,,, is рше and is a 
double series. Now j”, k^, and e * are of degrees m, n, and 1, respectively, and 
so Fy ,(x) has degree m + n + 1. By Theorem 6.1, the order of the singularity 
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at x = 0 is not equal to т + n + 1, however. Also by Theorem 6.1, F,,,,, is 
incomplete. The series on the right side of Theorem 6.1 consists of terms of 
the form 

(—х)* = В,„+к+1 Burns (—x)* 


k! (т+К+1)(п+К+Е Dk 


(—т—Ю (—п—К®) 


by (0.1), if k = 1. If m + n is even, these terms will not be equal to 0 when m 
and k are of opposite parity. Thus, F,, , is imperfect if m + n is even. However, 
if m + n is odd, then either B,,,,,, or B,,,,, is equal to 0. Hence, if m + n is 
odd, F, , is perfect. 


Example 4. Let m and n denote positive integers with m z n. Let 


00 


9њ,п(Х) = е 
i,j,k=1 


~ Ulex pm fen 


Thus, in the notation of Section 7, 9, n(x) = fn+1.n+1,1- Ramanujan asserts 
that g,,,, is a treble, pure series of degree т + n + 1, which is clear. Note that, 
by Theorem 7.1, the alternate definition of degree fails here. Also, by Theorem 
7.1, ди, is incomplete. A typical term in the asymptotic expansion for g,, „(х), 
by Theorem 7.1 and (0.1), equals 


( түп B, aaa B, eai Bear X“ 
(m+ k+ 1)(n + k+ i(k + Ik 


Thus, if both m and n are even, we see that the asymptotic series does not 
terminate, and so g,,,, is imperfect. But if either m or n is odd, the expansion 
does terminate, and so gm,» is perfect in these cases. 


Example 5. Let m, n, and x denote real numbers with n > 0. Put 


© К" 
ha (X) = > 5. 
mak ) à (екх + e ^y 
Ramanujan claims that A, ,(x) is a double series, so that he evidently writes 
hy, »(X) in the form 


o o y 
h, „(Х) = à; Ў а n) o o me ~kex(n+ 2j) Xx. 


The coefficients are not wow and so the series is mixed. Ramanujan 
claims that h,,,, has degree m + n, but it seems to us that the degree is equal 
tom +n + 1, ѕіпсе k”, e^", and e ?"* have degrees m, n, and 1, respectively. 
Note that h,, , has an essential singularity at x = 0. It is easy to see that л, , 
is incomplete. 


Example 6. Consider the theta-function 


ою 1 2 5 
+ ¥ xk x, |x| « 1. 
к=1 “оу, 


15. Asymptotic Expansions and Modular Forms 323 


Clearly, f is pure. Since x" is an even function of t, it is trivial that F(h) 
terminates, and so f is perfect. Ramanujan also claims that f is a pure, double 
series. This is enigmatic, for if we expand х“ in a power series іп k, f is no 
longer pure. However, possibly, in this instance, Ramanujan intends “double” 
to mean “bilateral,” in which case, Ramanujan’s assertion is correct. Lastly, 
he asserts that f has degree 4. We are unable to justify this claim by using 
Ramanujan's definition of degree. Now f is analytic at x = 0. However, 
if we set x = е", т e Ж, then, by the theta-transformation formula (1.2), it 
may be loosely construed that /(е"“) has a “singularity of order 5 at t = 0.” 
Of course, this is not really the case, since the real axis is a natural boundary 
for (ет). Thus, a fuzzy interpretation of Ismail's definition has a modicum 
of viability. 


Example 7. Ramanujan remarks that L, M, and N are perfect, pure double 
series of degrees 2, 4, and 6, respectively. By expanding (1 — q^) ! in a geometric 
series, we readily see that L, M, and N are pure double series of degrees 2, 4, 
and 6, respectively, since 4,1 < j,k < oo, is of degree 1. Now apply Theorem 
6.1 with m=p=q=1, e* = д, and n= 2, 4, and 6, respectively. Since 
В, В, = 0, k > 1, L, M, and М are perfect. Lastly, Ramanujan assets that 
M and N are complete, but L is incomplete. It appears to us, however, that 
all three series are incomplete, for in Theorem 6.1, 


det E ROG 


x x^ 


z 0. 


Entry 11. If a, p > 0 and afl = п?, then 


12 1 1 = 1 
4 24 еа * 42, а 


— 20 У k? Log(t — e ?**) — 28 У К°Тор(1—е °#*) 
k=1 k=1 


v^ of 


120 12. 


Proor. By an elementary calculation, 


P k? Log(1 — e ?**) = — È 


о | е? 2e ^ 
i p H е2) T (1 — Pup] 


5 1 2 coshí(aj) (11.1) 
4 fai jsinh? (aj) | 


With (11.1) as motivation, we define 
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1 2a cosh(az) 
z? sinh?(az) z sinh3(az) J` 


Г) = п оа ( 


We shall integrate f over a suitable rectangle, to be described later, and apply 

the residue theorem. We let R(z) denote the residue of a specified function at z. 
First, f has simple poles at each nonzero integer k with 

_ 1 2 2a cosh(ak) 

7 k? sinh?(ak)  ksinh?(ak) ` 

By (11.1), the sum of all such residues is equal to 


© 1 00 
————.—1 k? Log(1 — e ?**), 11.2 
ute 525 5e e (Ua) 


R(k) 


Second, let f, (2) = p(z)/q(z), where p(z) = x cot(nz) and q(z) = z? sinh?(az). 
The function f, (2) has double poles at z = ikn/a, for each nonzero integer k. 
To calculate the residue at ikz/a, we shall use a formula from Churchill’s text 
[1, p. 160] for the residue of a double pole. Accordingly, 


2p'(ink/a) — 2p(ink/a)q" (ink/a) 
q" (ink/a) 3{q"(ink/a)}? 
Elementary calculations yield 
p(ink/a) = п cot(Bki), p'(ink/a) = — п? csc?(Bki), 
q'(ink/a) = —2n?k?, and q"(ink/a) = 12azki. 
Using these values in (11.3), we find that 
: 1 2 coth(Bk) 
R(ink/a) = — са 
nk) = -a nG p 
Thus, the sum of all such residues is 
20 1 4 = coth(fk) 
2 : 
à k? sinh?(Bk) à К? 


R(ink/a) = (11.3) 


(11.4) 


Consider a function F(z) = p(z)/q(z), where р and q are analytic at zo, 
p(zo) £ 0, and q has а zero of order 3 at zy. Then a somewhat lengthy, but 
routine, exercise shows that 


3p'(zo) 3p'(zo)a'? zo) 

q”) 244" (2о))? 

_ Зр(со)а%(2о) | 3p(zo) {4%(о))? 
10(4"(z,))? 8{4"(шә)}° 

Now set f(z) = р(2)/9(2), where p(z) = 2xa cot(nz) cosh(az) and q(z) = 


z sinh3(az). The function f,(z) has triple poles at 2 = ink/a, for each nonzero 
integer k. Elementary calculations yield 


R(zo) = 


(11.5) 
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p(ink/a) = —2(—1)*nai coth(Bk), 
p'(ink/a) = 2(—1)'x?« csch?(Bk), 
p" (ink/a) = 4(— 1) x? ai csch?(Bk) coth(Bk) — 2(— 1)*no? i coth( Bk), 
q” (пка) = 6(—1)*na* ki 
q'* (ink/a) = 24(— 1a, 
and 
q P (ink/o) = 60(— 1Y nat ki. 
Using these values in (11.5), we find, after much OK that 


R(ink/o) = - esch?( Bk) coth( Bk) + 2 5 csch? (k) + — 3 coth( Bk). 


ji 


Thus, the sum of all such residues, by (11.1), is equal to 


B а | © coth( Bk) 
—168 У k? Log(1 — e) +4 У Eo nen 
k=1 


11.6 
k=1 k? sinh2(Bk) zb ( ) 


Lastly, f has a pole of order 5 at the origin. We have 


fa- 1 mz EP ia. 1/1 ш IEE pu 
PRU AS CAD b ziaz 6 360 


Hence, 


RO = (s aA Бас дй (11.7) 


Consider next 
y= 2ni = f(3) 


where Cy is a positively oriented rectangle with sides parallel to the coordinate 


axes and passing through the points +(L/N ] +4) and in(N + 4)/a, where 
М is a positive integer. Note that Cy is free of poles of f. Estimating the 
integrand on the vertical and horizontal sides separately, we find that 


Iy « S/N e 28 + AA = o(1), (11.8) 


as N tends to oo. 
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Apply the residue theorem to Iy and then let N tend to oo. Using (11.2), 
(11.4), (11.6), (11.7), and (11.8), we deduce that 


25 — 16x Y k? Logi1 — e?* 
s ess К) 2l ОВЕ T) 


k=1 


v L2 КТГ 
+ 2 2 EENE sum — 168 p k? Log(1 — e ?^*) 


ap a? + В? 
9 157? 
which is readily seen to be equivalent to the proposed identity. О 


Another proof of Entry 11 may be constructed from results in Berndt’s 
paper [6, Theorems 2.2, 2.16] together with (11.1). 


Entry 12. Let L, M, and N be as defined in Section 9, and recall that E,,(t), 
n > 2, and Ф,(9) are defined by (9.4) and (9.2), respectively. Define the dis- 
criminant function A(1) by 


A()-2g[[(t-4)5 q= e, ce». 
к=1 


Then, for |q| < 1, 


(i) M? — N? = 1728A(2), 
(i) E(t) = М?, 
(ili) E,o(t) = MN, 
(iv) Е, (0) = M*N, 
© к24* М — L? 


(vi) A (1 41 720 
49 Кд _M — LN 
“) Laer 1008 ^ 
„о е kq LM? — MN 
LE cr ome oc 
(ix) L >, (1) ок + Lg? = У (1k + 1) ge, 


шы = (2k — 1)54* 
юму. а?! 2? 1-4% ` 


PRoors or (i)—(viii). Formulas (i)-(iv) are very well known and are special 
cases of the general theorem in Rankin’s book [2, p. 199] which we applied 
in Section 9. In particular, (i)- (iv) can be found in [2, pp. 195, 197, Eqs. (6.1.8), 
(6.1.9), and (6.1.14) ]. These formulas were also derived by Ramanujan in [11], 


[16, p. 141]. 
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Formulas (v)-(viii) are originally due to Ramanujan, and proofs can be 
found in his paper [11], [16, pp. 141, 142]. O 


First PRoorF or (ix). This formula is a special case of a general formula 
established by Ramanujan in Chapter 16. See Part III [11, Chap. 16, Entry 
35(i)]. Г] 


SECOND PROOF OF (ix). Rearranging in (ix), we find that 


x c(j)q! Pi (— 25 + 1)4*®+? 


j=i 
sum. У (—1)*(2k + pg? __ Y (—1)*(2k 4 prae 
ч 5 & 


Equating coefficients of q”, n > 0, on both sides, we find that 
a(n) — Зо(п — 1) + 5o(n — 3) — Te(n — 6)+ + = 0, (12.1) 
if n is not a triangular number, while if n = r(r + 1)/2 is a triangular number, 


a(n) — Зо(п — 1) + 5e(n — 3) — 70(п — 6 +: 


= (—1YQr + 1) — (-1yQr + 1} 


- s Intr +1)@ +1) 


= (1)! y Kk. (12.2) 
k=1 


Thus, formula (ix) is equivalent to the arithmetic identities evinced in (12.1) and 
(12.2). These identities are due to Glaisher [2] in 1884, although they are really 
consequences of a formula proved seven years earlier by Halphen [1]. Hence, 
appealing to the theorem of Glaisher and Halphen, we have shown (ix). O 


For generalizations of Entry 12(ix), see two additional papers of Glaisher 
[4], [5]. For further references to the literature, consult Dickson’s history 
[1, p. 289]. 


Proor or (x). If 


2nit 
, 


Дт) = 


define functions fp, fo, and f, 5 


а,4", а=е 


i 


fe 120) = Y ае”, 0) = 700) Y а", 
and 


1 oo 
ЛО = (4) = 2 a,(—1)"q"?. 
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Then Entry 12(x) may be rewritten in the form 


N, — No = 21M(L, — Lo). (12.3) 
If w = (т + 1)/2, observe that 
1—1т w-1 
2 T3. 1810 


Thus, from (10.2), we readily find that 
L(t + I= (т), Lo(t 1)—Li(0, Lilt + 1) = Lol), 


3 12 
L,(-1/) = 4210) +7, L7 1/0) = 47 Lu) + 77. 


12r 
Li(— 1/1) = L,G) + —. 
ni 
N.G + 1) = №.(0), Not + 1))2 NG, №( +1 = №0), 
1 
No(= 1/1) = gat Nol), No(— 1/1) = 641° №. (т), 
and 
N,(— 1/1) = т № (т). 
Next, define 
Xə = 1, — Lo Xo9-4L,—L,, Xi = Lo — 4, 
Zo = № — №, Zo = 643, – №, Zi = № — 64N,. 


Then the foregoing equalities readily imply that 


X(t +1) = —X,G) Xot +1) = —Хү(т, X(t + 13) = —Xo(t), | 

X,(—1/)- —1°Xo(t) Xo(—1/t) = –т2Х, (т), Х,(- 1/0) = — 17 X4 (0), 
(12.4) 

and 

Z(t +1) = -2.(0), 27+ Y= –2(0), Z(t + 1) = – 2062), | 

Z,(—1/t) = –т%20(0), Zo(—1/) = —1°2„(т, Z,(—1/0) = —т°2\(т). 
(12.5) 


Let M, denote the space of modular forms of weight К on the modular 
subgroup Г(2). If S(t) = т + 1 and T(z) = — 1/2, then, by a paper by Frasch 
[1, p. 245], generators of Г(2) are 


S?() and TS?T()- mE 
Using these generators and (12.4), we may easily verify that Xo, Xa € Mo. 
Suppose that k is even. Then from Rankin’s text [2, pp. 104, 105], dim M, = 


pa 
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1 + $k. Moreover, since 
Xo = 3 — 244'7 + Nq + (12.6) 


апа 
Xo = 484'?# + 19207? + (12.7) 


are obviously linearly independent in М,, we conclude that X%?, XE?! x, 
..., Xo XE? 1, ХА form a basis for M,. Now suppose that fe M, and that 
f(x) = o(q*^), as q tends to 0. Then from (12.6) and (12.7), f(1) = 0. 

In our situation, we take k = 6. Clearly, МХ, € Mg, and, from (12.5), we 
may verify that Z,, € Mg. From the expansion 


Za = 1008412 + 24595249? +, 


(12.7), and the definition of M, we find that 21M X,, — Z» = о(4??) as q tends 
to 0. Hence, 21M X,, — Za = 0, and (12.3) is proved. Г] 


We аге very grateful to D. W. Masser for supplying us with the proof above. 
Another proof of Entry 12(x) based on the theory of modular forms on I'3(2) 
was constructed for us by A. O. L. Atkin. 

Entry 12(x) was stated by Ramanujan in [11], [16, p. 146] without proof. 
Ramanujan indicated that he had two proofs, one of which was elementary, 
while the other used elliptic functions. However, he provided no hints to either 
proof. It is very unlikely that the proofs of Masser and Atkin are the same as 
either of Ramanujan's proofs. In her thesis, Ramamani [1, p. 59] has given a 
proof of Entry 12(x) that uses the theory of elliptic functions. Entry 12(x) is 
equivalent to the elegant identity 


ы 1 
3: oi (2k + 1)o4(n — К) = ——osQn + 1), п> 0, 
к=0 240 


where тз(0) = 515. It would be interesting to have an elementary proof of this 
identity and hence of Entry 12(x) as well. 
In his paper [11], [16, pp. 136—162], Ramanujan studies 


Frs (n) - à o,(k)o,(n = k), 

where r and s are odd, positive integers and o,,(0) = 4¢(—m). He establishes 
an asymptotic formula for У, „(п) as n tends to oo with an error term. 
He, however, conjectured a better error term [11], [16, p. 136, Eq. (3)]. 
This conjecture remained unproved until 1978 when Levitt [1] proved 
Ramanujan’s conjecture in his thesis. In some instances, Ramanujan showed 
that the error term is identically equal to 0. Levitt [1] established necessary 
and sufficient conditions for the vanishing of the error term and so showed 
that the instances of such found by Ramanujan are exhaustive. Such a theorem 
was also found by Grosjean [1], [2] who has made a systematic study of 
recursion formulas connected with )’, ,(n). 
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An informative survey paper on convolutions involving o,(n) has been 
written by Lehmer [1]. For other papers in this area, consult [1, Sect. A30], 
edited by LeVeque. 


Entry 13. Let ®,(q) be defined as in Entry 12. Then, for |4| < 1, 


(i) 691 + 65,520 ®, (q) = 441M? + 250142, 
(ii) 3617 + 16,320 Ф, ,(4) = 1617M* + 2000M N?, 
(iii) 43,867 — 28,728 ®,,(q) = 38,367M? N + 5500N?, 
(iv) 174,611 + 13,200 Ф, (4) = 53,361 M? + 121,250M2N2, 
(v) 77,683 — 552 Ф,,(4) = 57,183M^N + 20,500MN3, 
(vi) 236,364,091 + 131,040 Ф, (4) = 49,679,091M® + 176,400,000M? N? + 
10,285,000N'*, 
(vii) 657,931 — 24 Ф, (а) = 392,931М5 М + 265,000M? N?, 
(viii) 3,392,780,147 + 6960 ®,,(q) = 489,693,897 M + 2,507,636,250M^ N? + 
395,450,000M №“, 
(ix) 1,723,168,255,201 — 171,864 ®,9(q) = 815,806,500,201 M9 N + 
881,340,705,000M? N? + 26,021,050,000N5, 
(х) 7,709,321,041,217 + 32,640 04, (q) = 764,412,173,217M® + 
5.323,905,468,000M? №2 + 1,621,003,400,000M2 №. 


Note. 
dL 1-M ам LM-N g ,dN LN-M'* 
fmc amr ^ш gw ^ TRO 3 


Examples. Define, for |q| « 1, 


Ф, (4) = 2 4. 


js 1 
(Thus, Фе ,(q) = Ф,(4).) Then 


(i) 20,736 Ф, ,(q) = 15LM? + 10L*M — 20L?N — 4MN — L5, 
(ii) 1728 Ф, (4) = 2LM? — MN — L?N, 
(iii) 3456 Ф, (д) = LM —3L?N + 3LM? — MN. 


All of the foregoing results may be found in Ramanujan's paper [11], 
[16, pp. 141, 142], where the method of proof is indicated. 

Let c, and о, denote two complex numbers linearly independent over the 
real numbers. Put о = mw, + no, where m and n are integers. Recall that 
the Weierstrass 2 function A(z) is defined by 


1 1 1 
estia 


where the sum is over all pairs of integers (m, n) (0, 0). 

In order to prove Entry 14, we shall need the following facts about A(z) 
and Eisenstein series taken from Apostol’s text [3, pp. 12, 13], as well as a 
lemma. 
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For n > 1, put 
b(n) = 2(2n + 1)€(2n + 2)E;,,5(1), (14.1) 
where Е„(т) is defined by (9.4). Then, for n > 3, 


(2n + 3)(n — 2)b(n) = 3 bi b(k)b(n — 1 — k). (14.2) 
к=1 


(This is a more explicit version of the first part of Entry 10(i).) Furthermore, 
for |z| sufficiently small, 


1 
2° 


(2) = = + Y b(k)z?*, (14.3) 
к=1 


where о, = land w, = т, witht e Ж. Lastly, A(z) satisfies the two differential 
equations 
{P'(z)}? = 4P3(z) — 20b(1) A(z) — 28b(2) (14.4) 
and 
£"(z) = 6@°(т) — 10b(1). (14.5) 
In fact, (14.2) follows immediately from (14.5). 


Lemma. We have 
PHY(z) = 30{F'(z)}* + 240b(1) A(z) + 504b(2). 


Proor. Differentiating (14.5) twice, we find that 


PO (z) = 122" (z? + 122 (z)2"(z). (14.6) 
Also, by (14.5), 
12P(z)P" (z) = 722? (z) — 120b(1) Plz), (14.7) 
and by (14.4), 
7223(2) = 18P'(z)? + 360b(1) A(z) + 504b(2). (14.8) 
Substituting (14.8) into (14.7), we find that 
12P(z)P" (z) = 182" (z)? + 240b(1) Plz) + 504b(2). (14.9) 
Substituting (14.9) into (14.6), we complete the proof. О 


If n is an even positive integer, Ramanujan now defines 


(— 1)"2-1В © k"g* 
S= "ү үү у^ 
н a PED à tog 


where |4| <1 and B, denotes the nth Bernoulli number. If n> 1 and 
q = exp(2zit), with t € #, then, by (9.4), 


—1)""'B 
( ) 2n Es, 


S = 
an 4n 


(т). 
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Furthermore, from (14.1), 


(2n)! 


$5542 = 20x P0» п> 1. (14.10) 


In Entry 14, Ramanujan provides a recursion formula for $5,,; which is 
different from (14.2). It should be remarked that in his paper [11], [16, p. 140, 
Eq. (22)], where a different definition of S, is used, Ramanujan gives a very 
ingenious proof of (14.2). Rankin [1] has given an elementary proof of (14.2) 
as well as some other recursion formulas for S,,. His paper also contains other 
references to the literature. However, the recursion formula of Entry 14, which 
is incompletely stated by Ramanujan in his notebooks (p. 191), does not 
appear to have been given elsewhere in the literature. 


Entry 14. If n is an even integer exceeding 4, then 
(n + 2)(n + 3) _ п—2 
2п(п э 1) $2 = 20 2 S4S,-2 
[n-2)4) (yn 2 
: 3 — Sk)(n — 8 — 5k 
X ( m Jie +3 — Skin ) 
— 5(k — 2)(К + 3)} $2,028, 2i. 
where the prime on the summation sign indicates that if (n — 2)/4 is an integer, 
then the last term of the sum is to be multiplied by 1. 


Pnoor. First, rewrite Entry 14 in the form 


(n + 2)(п + 3) 5..5 „84 8-2 ln 2)4] 
2 wm 05 (n 4) 2 {(п + 3 — 5k)(n — 8 — 5k) 


$эк+2 S, 2k 
Э) (ОЮ! (n — 2k — 2) 


where n is even and at least 6. With n = 2(m + 1), where m > 2, the last 
equality may be rewritten as 


(m + 2)(2m + 5)b(m + 1) = 10b(1)b(m — 1) + 10 2 k(m — k)b(k)b(m — k) 
— (2m? — m) bx b(k)b(m — k), (14.11) 
where (14.10) has been employed. Now (14.2) can be written in the form 
(2m + 5)(m — 1)b(m + 1) = 6 2 b(k)b(m — k), m>2, (1412) 


where the prime on the summation sign indicates that if m is even, the last 
summand is to be multiplied by 3. Using (14.12) in (14.11), we find that 
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(т + 2)(2m + 5)b(m + 1) = 10b(1)b(m — 1) + 10 b k(m — k)b(k)b(m — k) 
k=1 


— (2m? — m)(2m + 5)(m — 1)b(m + 1). 
Thus, it remains to show that, for m > 2, 


352m + 5)(m + 1)2m? — 5m + 12)b(m + 1) 
= 2b(1)b(m — 1) + b k(m — k)b(k)b(m — k). (14.13) 
k=1 


Subtracting 2(m + 1)b(m + 1) from both sides of (14.13), we see that (14.13) is 
equivalent to 


Зот(т + 1)(2m — 1)(2т + 1)b(m + 1) 


= 2b(1)b(m — 1) + 5 k(m — k)b(k)b(m — k) — 2(m + 1)b(m + 1), 
k=1 


(14.14) 
for m > 2. 

Now observe that the first expression 2b(1)b(m — 1) on the right side of 
(14.14) is the coefficient of z?"~? in the power series for 2b(1)A(z), by (14.3). 
Also, by (14.3), the latter two expressions on the right side of (14.14) constitute 
the coefficient of z*"~? in the power series expansion for #’(z)?/4. Lastly, the 
left side of (14.14) is the coefficient of z?" ^? in the expansion of 2((2)/120. 
Thus, (14.14) follows from the lemma above, and this completes the proof. 

о 


Differentiating (14.5), we find that 2" (2) = 122(2) 2 (2), which yields 
another recursion formula for b(n) midway in complexity between (14.2) and 
(14.14). 

At first glance, the material in the next two sections appears uninteresting. 
However, it is a precursive introduction to Ramanujan’s work in Chapters 
18-21 on modular equations. The definition of “modular equation” given 
below is Ramanujan’s personal one and is different from the standard defini- 
tion which he used later and which can be found in Hardy’s book [9, p. 214], 
for example. See the author’s paper [10] for a discussion of the analogies 
between these two definitions. 

With F(x) = (1 — x) !?, Ramanujan begins Section 15(i) with the trivial 
identity 

FA) = (1 + t)F(t?) (15.1) 
+t) | 
written in terms of binomial series. If we set « = 2t/(1 + дапа B = 22/2 — a)?, 
then (15.1) may be written as 


F(a) = M2(x)F(B), (15.2) 


where М, (о) = 2/(2 — a). Ramanujan says that В = «?/(2 — a)? is a modular 
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equation of the second degree. The factor M;(a) appearing in (15.2) is the 
“multiplier.” Ramanujan also records the following representations for M; (a): 


M,(a) = 1+{/8 = |E- fia H+ 2f. 


Each of these formulas for М, (о) is easily verified. 
Consider now a more general equation 


F(a) = M,(a)F (8), (15.3) 


where f) = К„(о) is a function of “degree n" and F(x) is not necessarily equal 
to (1 — x) 12. The factor М, (а) is the “multiplier” of “degree n." The meaning 
of "degree" is not clear. In the sequel, modular equations and multipliers of 
degree 2” will be obtained by iteration. We emphasize that in standard 
definitions of modular equations, the meaning of “degree” is precise. 
Returning to the penultimate paragraph, we derive further modular equa- 
tions by iteration. To obtain a modular equation for n = 4, iterate (15.2) to 


find that 
2 2 {a?/(2 — ap y? 
ст е a= a 270 — 5r) 


_ -a p a* 

a^ — 8a +8 \(02 — 8x + 82/7 
Thus, f = «*/(a? — 8x + 87 isa modular equation of degree 4. This procedure 
only yields modular equations when n is a positive power of 2. However, 


Ramanujan claims that the modular equation of degree n, for any positive 
integer п, is given by 


4a” 
soar ПЕШ же PETER ратуе, 


Possibly Ramanujan established (15.4) by induction when n = 2” and then 
“interpolated” to obtain a general formula for each positive integer п. Note 
that when m = 0, 1, 2, (15.4) is in agreement with our previous calculations. 
The inductive proof of (15.4) for n = 2” is straightforward, but rather tedious, 
and so we shall omit it. 

We next calculate the function M,(a) corresponding to (15.4). For brevity, 


set 
Р, =(1+4/1 = 0)" + (1 04/1 о)" 


(15.4) 


апа 


Q | ( rlI-ar-ü-i-o 


1—« 


where n > 1. Then, by (15.3) and (15.4), 
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F(a) F(a) (Pr — 4a")? 0, 


М0) = gt) F(da"/P2) Pl а)? PB 


after a straightforward calculation. Observe that М, (о) is a rational function 
of а. In particular, if n = 3, 


Ramanujan asserts that 


M12 f- к 0 
a 1—@ 


and both equalities are readily verified. 

In a corollary, Ramanujan claims that “if 2nd be о? + 20 = fi, then the nth 
is == (x + 1)" — 1.” We have not been able to discern any connection between 
this statement and the original function F. It appears that Ramanujan is 
claiming that “modular equations” of degree 2" can be obtained from the 
given “modular equation” of degree 2 by iteration. Since 


{(x + 1k — 1}? + f(x + DE— 1) = (x + D2*— 1, 


for each positive integer k, Ramanujan’s assertion is easily established when 
п = 2", m > 0. As above, Ramanujan evidently used an "interpolative" argu- 
ment to establish his corollary for general n. It should be remarked that in his 
quarterly reports, Ramanujan defines the nth iterate of a function, for any real 
number n, by the same type of interpolative argument. (See Part I [9, 
pp. 324-326, 328--329].) 

Ramanujan commences Section 15(ii) with the following theorem and 
corollary. 


Entry 15(ii). “If pth and qth be ф(х) and w(x) and rth be f(x), then if pth and 
qth be oF (x) and wF(x), then rth is fF (x). And also if pth and qth be Еф(х) and 
Еу(х) then rth is Ff(x)." 


Corollary. *Thus we may add or subtract any constant and multiply or divide 
by any constant to x in each function or to each function." 


What can be said? It appears that Ramanujan is simply attempting to make 
some elementary remarks about the composition of functions. 
Define, for n = 2", where m is any nonnegative integer, 


F(x) = FF- F(x), (15.5) 
where F occurs m times on the right side. In particular, F(x) = x. 


Corollary (i). If f (x) = x and f(x) = x? + 4x, then 


ref Ee) (ey 
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Corollary (ii). If f(x) = x and f(x) = x? — 2, then 


9 = Е + / х2 =y 2 Е Ax? =y. 


2 2 


As above, these two corollaries are statements about the iterates of func- 
tions when n = 2". Ramanujan then presumably is assuming that his formulas 
are valid for all positive integers n by interpolation. For both corollaries, the 
inductive proofs are completely straightforward. 


Entry 15(iii). “If f(x) and F(x) be of the pth and qth degree, find ф(х) such that 


JJ of(x) =J OF (x) = x(x) (15.6) 
suppose, then the function for the rth degree = q^! (x(x))' and the self-repeating 
series is „"/ ф(х)/(у(х)ф'(х)), where n is any quantity and w(x) any suitable 


function. Supposing the series to be S(x) we have 


SF(x)_ "|p Wi) РО), o 

Sf(x) q WF (x) f'(x) 
We have quoted Ramanujan (p. 192) for Entry 15(iii), which is very enig- 
matic indeed. There is no guarantee that the function ф exists. It also is not 


clear what a self-repeating series is. 
We offer a proof under several assumptions. 


Proor. We shall assume that a function q exists so that (15.6) holds. Without 
loss of generality, we assume that p = 1; thus f(x) = x. We furthermore 
suppose that q and r are nonnegative powers of 2 with 2 < q x 2r. Since F is 
of “degree q”, we put F(x) = G(x), where G(x) is defined by (15.5). With 
our assumptions, (15.6) now takes the form 


ф(х) = e(F(x)), (15.8) 
and we are required to prove that 
G(x) = ф (ф(х). (15.9) 


We shall establish (15.9) by induction on r. For r — 1, (15.9) clearly holds. 
We shall now assume that (15.9) holds up to a fixed integer r > 1 and show 
that (15.9) is valid with r replaced by 2r. Using (15.8), (15.9) with x replaced 
by F(x), and (15.5), we deduce that 


Pex) = o"! ((o*0))?'^) 
= 9 *(e(F(x))") 
= бФ"®(К(х)) 
= G?2/9(G(x)) 
= G(x). 
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This concludes the proof of (15.9) and Ramanujan’s first assertion in Entry 
15(iii). 

We next prove (15.7). There is now no need to make any restrictions on p 
and 4, except that ра #0. We do need to assume that f, F, and are 
differentiable. 

Using the chain rule and (15.6), we find that 


SF(x) _ MEL 
Sf(x) | NU FGgd(oF)/dx of(x)f'(x) 


2 ( YFF (х) ФЕ(х)а(ФЕ а 
YF x) ф/(х)4(ФЕ)/ах 


p А _ l/n 
F i= Fy^ 1 
ufo ro) #0942 


PES (x) efix) 


(гоч 
PFOS 4 


which completes the proof. [1 


For the example below, which closes Section 15, we again quote Ramanu- 
jan (p. 192). 


Example. “If I = x and П = x? + 2nx, then if x is great 


3n(n 1) піп – D(n— 2)х 


Hic зн 
Bie RENEE = aye OXSESU SCA 


nearly.” (15.10) 


As in the examples above, we interpret this statement as an example in the 
iteration of functions. First, observe that, in the corollary in Section 15(i), the 
third function is equal to x? + 3x? + 3x, which agrees with (15.10) when n = 1. 
Second, by Corollary (i) in Section 15(ii), f(x) = x? + 6x? + 9x, which is in 
agreement with (15.10) in the case n = 2. 

In accordance with our comments made earlier in Section 15, Ramanujan 
probably derived a representation for the rth iterate when r = 2” and then 
replaced r by an arbitrary positive integer. He then evidently derived a type 
of asymptotic formula for the third function and terminated the series to 
obtain the given approximation. Thus, for r = 2", m > 0, define a sequence of 
polynomials P,(x) Бу P,(x) = x and 


P,,(x) = Р2(х) + 2nP,(x). 
We can prove by induction that for r = 2" > 2, 
Рх) = х" + rnx™!  àrn(1 + (r — 2)nx" ? 
+ $r(r — 2)n?(1 + n(r — 4)/3)x" 3+. (15.11) 


If we interpolate by setting r = 3 in (15.11), we find that 
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P3(x) = х? + 3nx? + n(n + 1)x + ĝn?(1 —n/3) +--+. (15.12) 


The first three terms on the right side of (15.12) agree with those in (15.10). 
However, the last term in (15.10) approaches, as x tends to oo, —n(n — 1) x 
(n — 2)/2, which differs from 3n?(1 — n/3) in (15.12). 

We do not know how to find a general closed formula for the coefficient 
of x* in (15.11). 


Entry 16. If the modular equation of degree n — 1 is 
Yab + YU — а)(1 — B) = 1, 
then the modular equation of degree (n — 1)? is 
Gat — В - ABU — y = {Va - BY + QA - B - X о)". 
Proor. For brevity, set 
А= Уа В= В, Co» а= 1 а, 
= .1- 8, and с= 4A - у. 


The modular equation of degree п — 1 for y as a function of a is 


AC +ac = 1, (16.1) 


and the modular equation of degree n — 1 for В as a function of y is 
BC + be = 1. (16.2) 


Thus, f is of degree (n — 1)? іп а, and we can determine the modular equation 
of degree (n — 1)? by eliminating y from (16.1) and (16.2). After subtracting 
(16.2) from (16.1), we readily find that 


A-B _ 1 Ti 
b—a y | 


or 


Substituting in (16.1), we arrive at 
| ^  A-B І n 
f[A-BY | **b-a|[A-BY В 
(=) +! (2) +! 
Multiplying both sides by {(A — В)" + (b — а)"}!" and simplifying, we deduce 
that 


Ab — aB = ((A — By + (b — ay)", 
from which the identity that we sought follows. o 
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